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Abstract This paper describes a new approach to study

the nonlinear dynamical behaviors of a belt-driven two-

coupled friction oscillator. First, using Buckingham’s

π theorem, several dimensionless and physically mean-

ingful parameters are derived. Their relationships with

the steady state responses of the system are revealed

through numerical simulations. Then a new mapping

tool named as sticking phase plot is developed to record

the transition process of stick-slip motion. It intuitively

shows how bifurcation occurs in sticking region and

transforms the dynamical responses. The bifurcation

diagrams of the system are obtained by sweeping the

dimensionless parameters. Some extraordinary bifurca-

tion phenomena are observed in this system. By using

sticking phase plot, it is found that the bifurcations

can be broadly divided into four main categories: the
Border-Collision Bifurcation, the Grazing-Sliding Bi-

furcation, the Multi-Sliding Bifurcation, and the Fixed-

Point Bifurcation. New nonlinear phenomena are found

herein, including chaos caused by the Border-Collision
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Bifurcation and the Sliding Bifurcations. The local and

the global changes caused by the Fixed-Point bifur-

cation are also observed. In numerical simulation, we

adopted the LVIM method proposed by the authors,

which can be used to integrate non-smooth systems

very accurately and efficiently.

Keywords Stick-slip vibration · Dry friction ·
Bifurcations and chaos · Sticking phase plot

1 Introduction

Stick-slip motion is widely observed in dynamical sys-

tems ranging from atomic level to macroscopic scale.

It is a non-smooth interrupted motion that often oc-

curs in structure with dry friction, material fracture,
and fluid. During stick-slip motion, a system involves

sliding surfaces cycling between static state and kinetic

state. This specific pattern of motion often leads to self-

excited vibration that is rather complicated and irregu-

lar. It not only causes early wear of contacting surfaces,

but also brings up difficulties in vibration control and

analysis. To better understand the nonlinear dynamical

behavior of stick-slip motion, the mechanism beneath

it is explored by many researchers through numerical

or experimental approaches.

A simple 1-degree-of-freedom oscillator is used by

Popp and Stelter [1] to study stick-slip vibration. The

system consists of a spring-mass-model excited by a

driven belt. Under external harmonic excitation, a route

to chaos is revealed by tracking the transition point

of stick-slip in the time history of displacement. (This

part of work by Popp and Stelter inspired our investi-

gation on the four bifurcation types in this paper. It is

also stated therein that the Coulomb’s model and other

friction model have the same qualitative behaviors.) In
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[1], Pop and Stelter also analyzed two discrete and two

continuous models of stick-slip systems, using numer-

ical and experimental approaches, respectively. Some

typical multiple periodic motion and chaotic motion are

presented therein, but without detailed explanations on

the underlying mechanism. The dry friction induced os-

cillation of a beam system is further investigated by

Stelter [2]. In that paper, a laser vibrometer and a

modal state observer were developed for experimental

measurement. The identification of correlation integral

was conducted to estimate the dimension of chaotic at-

tractor. Analysis was made therein to find the minimum

number of modes needed to estimate nonlinear contin-

uous system. Galvanetto and Knudsen [3, 4, 5] investi-

gated the dynamic features of a two degree-of-freedom

stick-slip system using a one-dimensional iterated map

(a Poincare map defined on the transition surface). It

provides a simple representation of chaotic motion and

bifurcation using iterated mappings approximated by

a cubic spline. However, this approach is limited to a

particular type of motion where driving velocity is very

small. In practical engineering problems, Yang et al.

[6] modeled a braking system with a three-degree-of-

freedom model and analyzed the stick-slip transitions

of the system. Grazing-sliding bifurcation and stick-slip

chaos are observed therein.

Due to the coupling effects of friction forces and non-

linear restoring forces, the analysis of multiple friction

oscillators in mechanical system could be complicated.

Following the work [1, 3], we focus on a low dimensional

system consisting of two-coupled friction oscillators and

concentrate on dynamical behaviors that are related to

the transition of sticking and slipping motion. Although

more sophisticated friction models are available in liter-

ature [7, 8], a relatively simple friction model (Coulomb

model) is used in this paper due to its concise portrayal

of discontinuity in the transition of stick and slip mo-

tion.

Recently, a model of dry friction oscillator with col-

lision is considered in [9], where the contact friction

forces are obtained from Coulomb’s law. Some peri-

odic orbits of the system were obtained in analytical

forms. However, the general solutions of nonlinear sys-

tems with dry friction force cannot be obtained an-

alytically. Kim and Perkins [10] proposed a modified

Harmonic Balance method for non-smooth dynamical

system, but this method is limited to a single-degree-

of-freedom model. To generally solve dry friction in-

duced nonlinear dynamical systems, numerical methods

are necessary [11]. So far, the most used approaches

to account for the non-smoothness of the system are

event-driven algorithms [12] and time-stepping algo-

rithms [13].

The event-driven approach combines time integra-

tion method and event-detecting process. Whenever a

transition is detected, the integration restarts from the

transition point. The determination of transition point

is often made by solving a system of nonlinear algebraic

equations or by Henon’s method [14]. Because of that,

the event-driven method shows high accuracy, but lacks

computational efficiency. In contrast, the time-stepping

method ignores event-detection, thus it is less accurate

but much faster when lots of contacts and impulses are

involved.

In this paper, we use the Local Variational Itera-

tion Method (LVIM) [15, 16] in conjunction with the

Henon’s method to accurately solve a non-continuous

system of two-coupled friction oscillators. Parametric

sweeping process is conducted to obtain bifurcation maps.

It is noted that the natural parameters of the system

affect the dynamical behavior jointly. For different sets

of parameters, the same motion could be observed un-

der rescaled space and time. In this circumstance, the

system responses are not uniquely determined by the

natural parameters. It would be in vain to plot bifur-

cation maps on natural parameters or simple combina-

tions of them. Considering that, we conducted dimen-

sional analysis first to this belt-driven two-coupled fric-

tion oscillator. The Buckingham’s π theorem is used to

synthesis the natural parameters, and to figure out the

potential groups of parameters that actually determines

the dynamical behavior. Several relevant dimensionless

parameters of the system are derived. The effects of

these dimensionless parameters on the dynamical be-

havior of the system are investigated through numerical

simulation.

A series of extraordinary bifurcation phenomena are

observed in the parametric sweeping process, involv-

ing limit cycle oscillation, quasi-periodic motion, and

chaos. To illustrate the occurrence of chaotic motion

and bifurcations of the system, we propose a mapping

tool named as sticking phase plot. It selectively records

the fragments of motion when at least one oscillator of

the system sticks to the driving belt. Then the locus of

the edited motion is plotted in the displacement space

of the multiple oscillators. In this way, we can intu-

itively display the border of sticking region and the lo-

cus of sticking phase. The investigation of sticking phase

plot during the parametric sweeping process (regarding

the dimensionless parameters obtained by the Bucking-

ham’s π theorem) shows that the nonlinear dynamical

behavior of the belt-driven oscillators is characterized

by the transition of sticking and slipping motion. It is

observed from the sticking phase plots that four main

types of bifurcations, namely, the Border-Collision Bi-

furcation, the Grazing-Sliding Bifurcation, the Multi-
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Fig. 1: A belt driven two-degree-of-freedom oscillator

with dry friction force

Sliding Bifurcation, and the Fixed-Point Bifurcation,

contribute to the rich nonlinear dynamical behaviors

of the multi-degree-of-freedom system induced by dry

friction force.

2 A Belt Driven Two-Degree-of-Freedom

Oscillator

As indicated in Fig. 1, we consider a belt-driven sys-

tem of multiple oscillators with cubic restoring force

and dry friction force. Similar systems have been stud-

ied in [1, 3, 18]. However, it is barely studied in those

works and the other previous studies where both non-

linear term of restoring force and external excitation are

included in the dynamical model. In [1, 3], the restor-

ing force is linearized and no excitation is imposed on

the oscillator except the friction force of driving belt.

In [18], external excitation is involved but only 1 os-

cillator is driven by the belt and the restoring force is

linear. With those differences in mind, the governing

equations of the dynamical model in this paper are de-

rived as following.

m1ẍ1 + c1ẋ1 + k1x1 + h1x1
3 + k2(x1 − x2)+

h2(x1 − x2)3 = f1
(1)

m2ẍ2 + c2ẋ2 + k2(x2 − x1) + h2(x2 − x1)3 =

f2 + F (t)
(2)

where mi, ci, ki, hi, fi, F are the mass, damping coef-

ficients, linear stiffness coefficients, nonlinear stiffness

coefficients, friction forces, and external force of the

oscillators (i = 1, 2) respectively. The friction force is

described by Coulomb’s model. As shown in Fig. 2, fr
and fs are normal friction forces in sticking and slipping

phases respectively, vr is the relative velocity between

the oscillator and the belt. Thus the sticking mode and

the slipping mode are defined as following.

Sticking mode: vr = ẋi − v0 = 0 and |fi| ≤ fr
Slipping mode: vr = ẋi − v0 6= 0 or |fi| > fr

rv

rf

sf

rf
sf

f

Fig. 2: The Coulomb’s friction force model

In sticking mode, the block masses move at a constant

velocity v0 along the belt. Thus the accelerations ẍ1
and ẍ2 are 0. From the governing equations (1, 2), we

can see that f1 equals the nonzero parts of the right

hand side, and f2 equals the nonzero right hand side

terms minus the external excitation force. The lower

and upper threshold of dry friction forces f1 and f2
is ±fr. Once the threshold is violated, the oscillator

leaves sticking. In slipping mode, the dry friction force

is simplified as ±fs in Coulomb’s friction model, where

the sign (− or +) is determined by the relative veloc-

ity between the block masses and the belt. The explicit

formulae of friction forces f1 and f2 are

f1 =


c1ẋ1 + k1x1 + h1x

3
1 + k2(x1 − x2)+

h2(x1 − x2)3, sticking mode

−sign(ẋ1 − v0)f1s, slipping mode

(3)

f2 =


c2ẋ2 + k2(x2 − x1) + h2(x2 − x1)3−
F (t), sticking mode

−sign(ẋ2 − v0)f2s, slipping mode

(4)

In the coupled nonlinear system that we investi-

gated herein, the dynamical behavior is not uniquely

determined by the natural parameters, but by the com-

binations of them. To provide a panoramic view of the

dynamical behavior of the system instead of focusing on

particular parameters, we conducted dimensional anal-

ysis using Buckingham’s π theorem. A set of dimension-

less parameters are obtained as combinations of natural

parameters. According to the Buckingham’s π theorem,

a system expressed as Φ(R1, ..., Rn) = 0 is equivalent

to Ψ(π1, ..., πn−r) = 0, where πi (i = 1, ..., n − r) are

dimensionless combinations of the variables Rj (j =

1, ..., n). It is noted that the dimensionless system in-

volves r less variables than the original one.
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Table 1: Dimensional matrix

Parameters m1 m2 c1 c2 k1 k2 f1r

L(Length) 0 0 0 0 0 0 1
M(Mass) 1 1 1 1 1 1 1
T(Time) 0 0 -1 -1 -2 -2 -2

Parameters f2r f1s f2s v0 h1 h2 F

L(Length) 1 1 1 1 -2 -2 1
M(Mass) 1 1 1 0 1 1 1
T(Time) -2 -2 -2 -1 -2 -2 -2

Given a system of n variables in k fundamental

physical dimensions, one can write the dimensional ma-

trix A, of which the rows are the fundamental physical

dimensions and the columns are the variables. Take fric-

tion force for example, its physical unit kg ·m · s−2 is

composed of length unit m, mass unit kg, and time unit

s, of which the power is 1, 1 and -2 respectively. Thus

friction force is in 3 fundamental physical dimensions

(length, mass, and time) and its dimensional matrix is

written as [1, 1,−2]T . From Eqs. (1) and (2), the di-

mensional matrix of the natural parameters is written

in table 1 (f1r, f2r, f1s, f2s, and v0 are implicitly in-

volved in the system, as shown in Figs. 1 and 2). The

dimensional matrix of the system is obtained as follow-

ing.

A =

0 0 0 0 0 0 1 1 1 1 1 −2 −2 1

1 1 1 1 1 1 1 1 1 1 0 1 1 1

0 0 −1 −1 −2 −2 −2 −2 −2 −2 −1 −2 −2 −2



The null space of the dimensional matrix can be

found by solving Az = 0. It can be done by rear-

ranging the matrix A into reduced echelon row, and

then finding the basis vectors of the null space. It is

easy to find that there are 11 linearly independent ba-

sis vectors. Each of them corresponds to a dimension-

less parameters πi as listed in table 2. For instance,

the first basis vector of the null space is obtained as

[0, 0,−1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]T . By checking table 1,

the corresponding dimensionless parameter can be de-

termined as π1 = c−1
1 c2. Dimensionless displacements

can be found by solving Ay = −a, where a = [1, 0, 0]T

is the dimensional vector of displacements. y is ob-

tained as [−1, 2,−1, 0, 0, 0, 0, 0]T , thus the dimension-

less displacements are x̄∗i = xim1
−1c1

2 f1r
−1, i = 1, 2.

Similarly, the dimensionless velocities are obtained as

v̄∗i =ẋic1f1r
−1. For simplicity, we let the friction forces

on oscillators 1 and 2 be the same, i.e. π5=1, π6 = π7.

Considering that the effect of damping ratio may be

relatively less concerned in steady motion, we modified

the dimensionless parameters and variables so that the

damping ratios ci (i = 1, 2) are removed. In table 3,

we list some modified dimensionless parameters that

will be further investigated in the parametric sweeping

process. Among them, v0 is the dimensionless veloc-

ity. It is obtained by combining π8 with π2 to elimi-

nate the damping ratio c1. It takes the form π8π
1/2
2 =

f−1
1r v0(m1k1)1/2, which is a dimensionless physical quan-

tity related with velocity v0 of the belt. rω is the dimen-

sionless ratio of natural frequency of oscillator 2 to that

of oscillator 1. rf is simply π6, denoting the ratio be-

tween normal friction forces f1s and f1r of oscillator 1.

h1 is a dimensionless quantity related with the cubic

stiffness h1 of oscillator 1. It is obtained by combining

π9 and π2 in the form of π9π
−3
2 = h1f

2
1rk

−3
1 . F̄ is simply

π11, which is the ratio of the normal external force to

the normal friction force f1r of oscillator 1. xi and vi
are the modified dimensionless position and velocity.

3 Sticking Phase Plot

In friction induced oscillator, the transition of stick-

ing and slipping motion characterizes the dynamical be-

havior of the system. To record the transition process

for further analysis, we proposed a mapping tool named

as sticking phase plot, where sticking region and locus of

displacement in sticking phase are displayed intuitively.

Fig. 3 is an example of sticking phase plot. Herein, stick-

ing region is defined as an area on the plane (x1, x2),

where the restoring force of the oscillator is smaller than

the normal friction force fr. For the system of Eqs. (1)

and (2), the sticking region is defined as following.

Sticking region I :

|f1| = |c1v0+k1x1+h1x1
3+k2(x1−x2)+ h2(x1 − x2)

3| ≤
f1r
Sticking region II :

|f2| =
∣∣∣c2v0 + k2(x2 − x1) + h2(x2 − x1)

3
∣∣∣ ≤ f2r + F

Sticking region III :

The common area of sticking regions I and II.

Unlike a one-dimensional system, of which the stick-

ing region is simply a segment of line, the sticking region

for two-dimensional system is an area as illustrated in

Fig. 3. Note that the sticking region could have differ-

ent shapes, depending on the types of restoring forces.

In Fig. 3, the blue lines indicate the upper bound and

the lower bound of sticking region of oscillator 1 (de-

noted as sticking region I), while the red lines indicate

those of oscillator 2 (denoted as sticking region II). The

colored area indicates the region where sticking motion
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Table 2: Dimensionless parameters

Parameters π1 π2 π3 π4 π5 π6 π7 π8 π9 π10 π11

Formulae c−1
1 c2 m1c

−2
1 k1 k−1

1 k2 m−1
1 m2 f−1

1r f2r f−1
1r f1s f−1

1r f2s c1f
−1
1r v0 m3

1c
−6
1 f2

1rh1 h−1
1 h2 f−1

1r F

Table 3: Modified dimensionless parameters and variables

v̄0 r̄ω r̄f h̄1 F̄ x̄i v̄i

π8π
1/2
2 (π3π4−1)1/2 π6 π9π2−3 π11 x̄∗i π2 v̄∗i π2

1/2

f−1
1r v0(m1k1)1/2 (k2m1k

−1
1 m−1

2 )1/2 f−1
1r f1s h1f2

1rk1
−3 f1r−1F xik1f

−1
1r ẋif

−1
1r (m1k1)1/2
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Fig. 3: An example of sticking phase plot. (a) Sliding

region and locus of sticking phase; (b) enlarged partial

view

of both oscillators could coexist (denoted as sticking

region III).

As marked out by the blue and red arrows in Fig.

3, displacements x1 and x2 increase by a constant ve-

locity in sticking phase. Since the belt always drives

the blocks in one direction, the locus of displacement

always approaches to the remote end of the sliding re-

gion, i.e. point P. The locus of oscillators 1 and 2 in

sticking phase are identified using blue and red colors

respectively. Three features of the loci of sticking phase

are listed as following.

(1) The locus is a straight line when both the oscillators

1 and 2 are in sticking phase.

(2) The locus always ends at the border, although it

may start anywhere in the sticking region.

(3) The locus always converges to the neighborhood

area of point P.

4 An Event-Driven Numerical Solver:

LVIM-Henon Method

To numerically investigate the dynamical behavior of a

non-smooth system, a key issue is to accurately deter-

mine the switching point where non-smoothness occurs.

For simple explicit and implicit finite-difference-based

integration schemes, this issue was addressed by Henon

using the approach proposed in [16]. However, the fi-

nite difference method in conjunction with Henon’s ap-

proach has some drawbacks. (1) the step size of finite

difference method has to be set very small to achieve

relatively high accuracy; (2) Since the step size is very

small, the computational cost of event-detection could

be very high.

Herein, we propose to use a more efficient and more

accurate method: the Local Variational Iteration Method

(LVIM) in conjunction with Henon’s method. LVIM is

a time-integrator based on variational iteration method

and collocation method. Compared with finite differ-

ence methods, the advantage of the LVIM is that it

provides analytical approximations of the solution in
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Fig. 4: Illustration of the LVIM method compared with

finite difference methods

relatively very large time intervals, while the transi-

tion between sticking and slipping phase can be easily

located in a relatively small time-segment between two

collocation points. Then the accurate time when transi-

tion happens can be easily obtained either by nonlinear-

algebraic-equation (NAE) solvers or by Henon’s ap-

proach.

Taking the integration time interval ti+1 − ti as the

step length of LVIM method, an illustration of this
method compared with finite difference method, of which

the step length is ∆t, is given in Fig. 4. As is shown,

in each time interval ti to ti+1, M collocation points

are selected to interpolate the approximated solution

by LVIM. Usually, the two ends of the time interval are

selected as the first and the last collocation points, i.e.

t1i = ti, t
M
i = ti+1. Noting that even the time step be-

tween two neighboring collocation points can be larger

than the time step ∆t used in the finite difference meth-

ods, the time interval (ti+1−ti) can be several hundreds

of times larger than the step size ∆t of finite difference

method. For that reason, where the common finite dif-

ference methods need to check hundreds of times to see

if there exists a switching point, the LVIM method just

needs to check only once. Once a switching point is de-

tected, it can be easily located between two neighboring

collocation points of LVIM, for instance, tM−1
i and tMi

in Fig. 4. After that, one may use Henon’s method to

refine the location of the switching point. The formulae

of LVIM and Henon’s approach are briefly introduced

as following. For detailed information, one may refer

to [14] and [16].

4.1 Henon’s approach

To account for the non-smoothness in dry friction

system, finite difference methods can be used in con-

junction with Henon’s approach to detect the values of

variables when system switches between sticking phase

and slipping phase. A brief illustration of Henon’s ap-

proach is made with Eqs.(1, 2). Let y1 = x1, y2 =

dx1/dt, y3 = x2, y4 = dx2/dt, the nondimensionalized

equations can be rewritten as a system of four first or-

der ODEs.

dy1
dt

= g1(y1, ...y4), ...,
dy4
dt

= g4(y1, ...y4) (5)

where

g1 = y2

g2 = f1/m1 − [c1y2 + k1y1 + h1y
3
1

+ k2(y1 − y3) + h2(y1 − y3)
3
]/m1

g3 = y4

g4 = (f2 + F )/m2 − [c2y4 + k2(y3 − y1)

+ h2(y3 − y1)
3
]/m2

(6)

The transition surface is generally defined by an

equation

S(y1, · · · , y4) = 0 (7)

It takes the following specific forms as the system enters

sticking phase and deviates from it.

Entering sticking phase:

y2i = v0, i = 1, 2 (8)

Deviating from sticking phase:

c1y2 +k1y1 +h1y1
3 +k2(y1−y2) +h2(y1 − y2)3 = ±f1r

(9)

or

c2y4 + k2(y3 − y1) + h2(y3 − y1)3 − F (t) = ±f2r (10)

Now that the value of y2i is known when the system

enters sticking phase, if we rearrange the system so that

y2i becomes the independent variable, and t becomes a

dependent variable of y2i, then the rearranged system

can be integrated exactly to y2i = v0, where the value

of t can be obtained. Thus, once the transition surface
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Fig. 5: Illustration of Henon’s method

is crossed, we rearrange the system as following so that

y2i becomes an independent variable.

dy1
dy2i

=
g1
g2i

, ...,
dy4
dy2i

=
g4
g2i

,
dt

dy2i
=

1

g2i
(11)

Then Eq. (11) can be integrated back to the time in-

stant where the transition happens, with y2i as the in-

dependent variable. After that, the integration scheme

shifts back to Eq. (5) and the calculation moves on. An

illustration of Henon’s method is given in Fig. 5.

To capture the deviation of the system from sticking

phase, we introduce additional variables y5 and y6,

y5 = c1y2+k1y1+h1y1
3+k2(y1−y2)+h2(y1 − y2)3 (12)

y6 = c2y4 + k2(y3 − y1) + h2(y3 − y1)3 − F (t) (13)

Let dy5/dt = g5(y1, ..., y4), and dy6/dt = g6(y1, ..., y4),

then the Henon’s approach can be used as shown in Fig.

5.

4.2 Local Variational Iteration Method

Generally, for solving a system of first order differ-

ential equations

ẏ = g(y, τ), τ ∈ [t0, t] (14)

the LVIM method approximates the solution at any

time t with an initial approximation y0(τ) and the cor-

rectional iterative formula as

yn+1(t) = yn(τ)|τ=t +

∫ t

t0

λ(τ){ẏn(τ)− g[yn(τ), τ ]}dτ

(15)

where λ(τ) is a matrix of Lagrange multipliers yet to

be determined. Eq. (15) indicates that the (n + 1)th

correction to the analytical solution yn+1 involves the

addition of yn and a feedback weighted optimal error

in the solution yn up to the current time t. λ(τ) can

be optimally determined by making the right-hand side

of Eq. (15) stationary about δyn(τ), thus resulting the

constraints.{
δxn(τ)|τ=t : I + λ(τ)|τ=t = 0

δxn(τ) : λ̇(τ) + λ(τ)J(τ) = 0
(16)

where J(τ) = ∂g(yn, τ)/∂yn.

First order Taylor series approximation of λ(τ) can

be readily obtained from the Eq. (16), in the following

form.

λ(τ) ≈ T0[λ] + T1[λ](τ − t) (17)

where Tk[λ] is the kth order differential transformation

of λ(τ), i.e.

Tk[λ] =
1

k!

dk λ(τ)|τ=t
dτk

(18)

Using Eq. (16), Tk[λ] can be determined in an iterative

way:

T0[λ] = diag[−1,−1, ...],Tk+1[λ] = −Tk[λJ]

k + 1
(19)

Let G = ẏn(τ) − g[yn(τ), τ ], by substituting Eq. (19)

into Eq. (15), we have

yn+1(t) = yn(t) +

∫ t

t0

{T0[λ] + T1[λ](τ − t)}Gdτ (20)

Suppose y(t) is approximated by a vector of trial func-

tions u. Let each element ue of the trial function be the

linear combinations of basis functions φe,nb(t)

ue =

N∑
nb=1

αe,nbφe,nb(t) = Φe(t)Ae (21)

Through collocating nodes in time domain, from Eq.

(20) we have

Un+1 = Un + (T̃0 − [T̃1 · t̃])ẼG̃ + T̃1Ẽ[̃t · G̃] (22)

which can be used to iteratively solve for the values

of y(t) at collocated time points. For higher compu-

tational efficiency and accuracy, we set the basis func-

tions as orthogonal polynomials. Herein, the first kind

of Chebyshev polynomials is adopted, and the colloca-

tion points in each time interval is selected as Chebyshev-

Gauss-Lobatto (CGL) nodes. For further details of Eq.

(22) please refer to [15,16]. A flow chart of LVIM method

is provided herein.

4.3 Numerical Comparison of LVIM and RK4-Henon

A comparison of the computational performance

of the proposed LVIM method and the RK4-Henon

method is made herein, through solving the dry friction

induced vibration system (Eqs. (1, 2)) without external
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Fig. 7: LVIM vs. RK4-Henon method

force. The system parameters are set as h1 = h2 = 0

and F = 0, the others are the same as table 5. The

numerical results are obtained during the simulation

time t = 1000s. As shown in Fig. 7, the time step size

of LVIM method can be selected as large as 0.2 s. To

achieve the same accuracy of LVIM method, the step

size of RK4-Henon method needs to be set at 0.001 s. If

a larger step size is used in RK4-Henon method, for in-

stance ∆t = 0.01s, there will be a discrepancy between

the numerical results.

The parameters of LVIM method and RK4-Henon

method, as well as the computational time, are provided

in table 4. By using the LVIM method, the number of

basis functions, which are selected as Chebyshev poly-

nomials, and the number of collocation points in each

time interval are set as N = M = 5. The mean num-

ber of iterations to converge in each time interval is 5.7

Table 4: Performance of LVIM and RK4-Henon method

Method ∆t N M Iterations Comput. Time

LVIM 0.2 5 5 28500 2.8 s

RK4-Henon 0.001 / / 400000 5.3 s

Table 5: Natural parameters of the system in simulation

m1 m2 c1 c2 k1 k2 h1 h2

1 1 0.05 0.05 1 1 0.1 0.1

f1s f2s f1r f2r F ω v0

2 2 2.4 2.4 1 1 0.2

Table 6: Dimensionless parameters of the system used

in simulation

v̄0 r̄ω r̄f h̄1 F̄

0.0833 1 0.8333 0.576 0.4167

for LVIM and 4 for RK4-Henon method. The compu-

tational time for these two methods is 2.8 s and 5.3

s respectively. Other numerical methods that can be

applied to solve the non-smooth system can be found

in [11–13,17], involving the Runge-Kutta Half-Explicit

Method (HEM), the generalized-α method, and the well

known Moreau-Jean Scheme. However, considering that

the switches between sticking and slipping motion can

be easily detected and calculated without causing large

computational burden, event-driven methods can be-

have nicely in solving this system.

5 Simulation and Bifurcation Analysis

In following parts, the simulation results of the belt-

driven two-coupled friction oscillator are presented. Based

on whether the system includes linear or nonlinear restor-

ing force, or if the system is affected by external har-

monic force, four cases are investigated separately. In

the simulations, unless otherwise mentioned, the nat-

ural parameters and the corresponding dimensionless

parameters are chosen as listed in tables 5 and 6. In

table 6, we only list the dimensionless parameters that

will be further investigated. The other dimensionless

parameters can be calculated from table 5.

5.1 Case 1: system with linear restoring force but

without external force

In this friction force induced linear oscillator, the ef-

fect of dimensionless velocity v̄0 is investigated first. By
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Fig. 8: Bifurcation diagram obtained by sweeping v̄0 in

Case 1

sweeping the value of v̄0 in the range [0.04, 0.22] and

recording the extrema of x̄1 in steady state motion, the

bifurcation map of v̄0 is obtained in Fig. 8.

As shown in Fig. 8, by increasing the nondimen-

sional velocity from 0.04 to 0.22, several bifurcations

are observed, accompanied with sudden jumps of ampli-

tude and mutation of periodicity. Since there is no other

source of nonlinearity except the dry friction force, these

bifurcations can be only caused by the transition of

sticking-slipping motion. To demonstrate how these bi-

furcations occur around the bifurcation point v̄0 = 0.1,

we investigated the change of locus of displacements

in sticking phase plots as shown in Fig. 9. It is ob-

served in Fig. 9a that the locus of sticking phase ap-

proaches to the upper bound of sticking region II as

v̄0 increases from 0.04 to 0.1. By further increasing

the nondimensional velocity, the locus coincides with

the upper bound of the sticking region II. It leads to

a border-collision bifurcation where the locus of stick-

ing phase in Fig. 9a becomes unstable and diverges for,

saying, v̄0 = 0.105 as shown in Fig. 9b.

At around v̄0 = 0.135, the grazing-sliding bifurca-

tion occurs because the oscillator 1 leaves sticking re-

gion. As indicated in Fig. 10a, at v̄0 = 0.14, the oscil-

lator 1 is purely sliding on the belt, while the sticking-

slipping motion of the oscillator 2 provides energy for

the system. Further increasing v̄0 changes the shape of

locus in Fig. 10a until another grazing-sliding bifurca-

tion occurs at around v̄0 = 0.15 when the oscillator 1

re-enters sticking region. The bifurcation leads to an

abrupt change in dynamical response as indicated in

Fig. 10b. When the velocity of the belt v0 is too large,

the motion will be purely oscillatory sliding without

experiencing sticking phase. Since there is no input of

energy through sticking motion, the vibration damps

down due to damping force. This explains the bifurca-

tion that happens at v̄0 = 0.185, which is also a grazing-
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Fig. 9: Sticking phase plots for illustration of the

border-collision bifurcation at around v̄0 = 0.1

sliding bifurcation. More illustrations about this kind of

bifurcation will be presented in other cases.

By varying the value of r̄ω in the range of [0.1, 1],

we obtained the bifurcation map in Fig. 11. It shows a

series of discontinuous bifurcations that cause period-

increasing of stick-slip vibration. The phenomenon of

period-increasing was also observed in [1] by decreas-

ing the damping ratio of a 2-DOF stick-slip vibration

system with linear restoring force and without external

excitation. However, [1] failed to explain the underlying

bifurcations that leads to this phenomenon. It simply

records the change of phase-plane plots of oscillator 1.

Regrettably, phase-plane plot can only demonstrate the

position-velocity trajectory of a single oscillator. It is

inadequate to capture the dynamical responses of two

coupled oscillators, which requires a 4-dimensional plot.

Due to that, it is very difficult to intuitively demon-

strate the trajectories of both oscillators using tradi-

tional phase-plane plot, not to mention the bifurcation

analysis. This issue is overcame by using the proposed

sticking phase plot. By investigating the locus of stick-
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Fig. 10: Sticking phase plots for illustration of the

grazing-sliding bifurcation at around v̄0 = 0.135 and

v̄0 = 0.15

ing phase for different values of 1/r̄ω, we found that

the seemingly disorganized diagram in Fig. 11 is ac-

tually dominated by two kinds of sliding bifurcations

that occur alternately. One is the grazing-sliding bifur-

cation, which can be found at around 1/r̄ω = 2.8, 4.5,

6.2, · · · . To illustrate the grazing-sliding bifurcation, we

increases 1/r̄ω from 2 to 3. In Fig. 12a, it shows two tra-

jectory branches of the oscillators 1 interacts with the

sticking region, as indicated by the blue locus. As 1/r̄ω
increases over 2.8, another trajectory branch of the os-

cillator 1 grazes on the sliding region and stays on it,

thus leads to the sudden change of motion as shown

in Fig. 12b. By further increasing 1/r̄ω, we found the

multi-sliding bifurcations occur to oscillator 2 at around

1/r̄ω = 3.3, 5.3, 7.4, · · · . As the natural frequency of the

oscillator 1 increases, its trajectory has more chances of

re-entering the sticking region during the sticking mo-

tion of oscillator 2. This phenomenon is illustrated by

the sticking phase plots at 1/r̄ω = 1/2, 1/4, and 1/9 in

Figs. 12a, 12c, and 12d.
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Fig. 11: Bifurcation diagram obtained by sweeping 1/r̄ω
in Case 1

5.2 Case 2: system with linear restoring force and

harmonic external force

In [18], a similar vibration system with linear restor-

ing force and harmonic external force is investigated,

but only oscillator 2 is driven by friction force. By di-

viding the dynamical responses of the oscillator into

several independent phases, closed form solutions are

obtained for each phase. Based on that, three types

of periodic orbits are found analytically. However, the

analytical method in [18] fails to work when both oscil-

lators are driven by friction force. Moreover, [18] only

demonstrates particular periodic solutions via analyti-

cal method, while we presents a panoramic view of the

dynamical behavior of the oscillator by using numer-

ical method. The proposed sticking phase plot is still

used to capture the bifurcations of the oscillator. How-

ever, due to the existence of harmonic external force,

the sticking region of the oscillator 2 is time-varying

according to the previous definition. Considering that,

the sticking region is redefined as an area on the plane

(x1, x2 − F sin(ωt)/k2) in Case 2, so that the upper

border of sticking region II is kept stationary.

By varying the value of r̄ω between [0.1, 1] and

recording the extrema of x̄1 in steady state motion, a

bifurcation map is obtained in Fig. 13. It shows that

a sudden change of limit cycle oscillation occurs at

around 1/r̄ω = 5.3. To figure out how this bifurcation

happens, the sticking phase plots are investigated for

1/r̄ω ∈ [5, 6]. In Fig. 14, it is found that the locus con-

verges to a simple curve for 1/r̄ω = 5, but diverges to

multiple curves for 1/r̄ω ≥ 5.3.

Herein, we make a definition of mapping point. As

indicated in Fig. 14a, it is a point on the border of

sticking region where a trajectory leaves. Similar to the

Poincare map, we can define a map from the boundary

of sliding region to itself using the mapping points. In
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Fig. 12: Sticking phase plots for illustration of the alternate grazing-sliding bifurcation and multi-sliding bifurcation

for r̄ω ∈ [0.1, 1]
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Fig. 13: Bifurcation diagram obtained by sweeping 1/r̄ω
in Case 2

Fig. 14a, where 1/r̄ω = 5, the mapping point converges

to a fixed point. As the value of 1/r̄ω increases over

5.3, the fixed point becomes unstable in the iterative

mapping process, thus the mapping points are diver-

gent. In result, the locus in sticking region diverges and

the dynamical response becomes multi-periodic, quasi-

periodic or even chaotic.

This type of bifurcation is accompanied with the di-

vergence of the mapping point, which was a fixed point

before the bifurcation. It indicates the loss of stabil-

ity of the fixed mapping point. Therefore, this type of

bifurcation is named as fixed-point bifurcation.

The fixed-point bifurcation can be observed more

clearly by sweeping the value of r̄ω from 1 to 10. As

shown by the bifurcation diagram in Fig. 15, the fixed-

point bifurcations occur at r̄ω = 2.4, 3.2, 7, and 9.9.

Each bifurcation leads to period-doubling or period-

halving. Taking the bifurcation around r̄ω = 7 for in-

stance, the period-doubling process is intuitively pre-

sented by the sticking phase plots in Fig. 16. It can

be seen in Fig. 16a that the mapping point is a stable

fixed point for r̄ω = 6.8. By increasing the value of r̄ω
to 7, the fixed mapping point becomes unstable and di-

verges to 2 mapping points. This type of evolution of

fixed mapping point leads to the period doubling phe-

nomenon, while the inverse results in period-halving.

Then the effect of dimensionless parameter r̄f is in-

vestigated. By varying r̄f from 0.4 to 1, we obtained

the bifurcation map in Fig. 17. It shows that the bi-

furcation diagram is highly discontinuous for relatively

small values of r̄f . It could be caused by many border-

collision bifurcations that occupy the parameters rang-

ing from r̄f = 0.4 to r̄f = 0.5. It means that, as r̄f
increases from 0.4 to 0.5, the motion of the system

repeatedly collides with the border of sticking region

and forms new motion. By taking the bifurcation oc-
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Fig. 14: Sticking phase plots for illustration of the fixed-point bifurcation at around r̄ω = 1/5.3
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Fig. 15: Bifurcation diagram obtained by sweeping r̄ω
in Case 2

curs at around r̄f = 0.665 for instance, the illustration

of border-collision bifurcation in this case is provided

in Fig. 18.

It shows that there are two segments of locus for os-

cillator 2 (red) in Fig. 18a. As we increase the value of

r̄f from 0.65 to 0.665, the tortuous locus deforms and

collides with the upper border of sticking region. It is

noted that the locus is plotted on the plane (x1, x2 −
F sin(ωt)/k2). Therefore, the upper border is not time

varying, but the locus of oscillator 2 becomes very tor-
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Fig. 16: Sticking phase plots for illustration of the fixed-

point bifurcation at around r̄ω = 7
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in Case 2
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Fig. 18: Sticking phase plots for illustration of the

border-collision bifurcation at around r̄f = 0.665

tuous. That could be the reason of intensive border-

collision bifurcations for r̄f ∈ [0.4, 0.5].

By varying F̄ , we obtained the bifurcation map in

Fig. 19. It shows that the bifurcation diagram is highly

discontinuous in a narrow range 0.05 < F̄ < 0.14. This

phenomenon could be caused by successive occurrence

of grazing-sliding bifurcation and border-collision bifur-

cation. At around F̄ = 0.142, the bifurcation points

form a vertical line, indicating that the motion may

become chaotic. These bifurcations can be investigated

using sticking phase plot. In Fig. 20a and Fig. 20b, the
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Fig. 19: Bifurcation diagram obtained by sweeping F̄

in Case 2

sticking phase plots at F̄ = 0.135 and 0.1355 are pre-

sented. It is observed that the grazing-sliding bifurca-

tion occurs as F̄ varies from 0.135 to 0.1355, where a

branch of trajectory of oscillator 1 (blue line) departs

from the sticking region. By further increasing F̄ , the

locus of oscillator 2 (red line in Fig. 20b) grows toward

the upper border of sticking region II and collides with

it at F̄ = 0.1417. As shown in Fig. 20c and Fig. 20d,

the border-collision bifurcation occurs at F̄ = 0.1417

and the system steps into a chaotic motion.

5.3 Case 3: system with nonlinear restoring force and

without external force

In the studies of dry friction oscillators, involving [1,

3, 18], the restoring force is often linearized in the dy-

namical model. It brings convenience to the analysis of
dynamical behavior. However, nonlinearity is inevitable

in real life. The coupling nonlinearity of restoring force

and dry friction force makes the dynamical behavior of

the oscillator even more complicated than those pre-

sented in cases 1 and 2. Herein, we include cubic non-

linear terms in the restoring forces. With the aid of

sticking phase plot, some unexpected new phenomena

are observed.

In this part, the effect of dimensionless parameter

h̄1 on the dynamical responses is investigated. By vary-

ing the value of h̄1 from 0 to 1.8, we obtained the bi-

furcation map in Fig. 21. As shown, the amplitude of

oscillation is not obviously changed in the parametric

sweeping process. A closer look at Fig. 21 shows that bi-

furcation happens at around h̄1 = 0.2, 0.4, and 1.34. By

investigating the locus of sticking phase in Fig. 22, it is

found that two successive border-collision bifurcations

occur at around h̄1 = 0.2 and 0.4. As shown, a seg-

ment of locus, which was parallel to the upper border

of sticking region II, approaches the border and collides
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Fig. 20: Sticking phase plots for illustration of the grazing-sliding bifurcation at around F̄ = 0.135 and the

successive border-collision bifurcation at around F̄ = 0.1417 in Case 2

with it as the value of h̄1 increases to around 0.2 and

0.4.

By further increasing h̄1 from 1 to 1.6, it is found

that the mapping points in Fig. 23a become unstable

at around h̄1 = 1.34. The fixed mapping points diverge

and each of them splits into two. It can be seen in Fig.
23b that the locus splits after the fixed-point bifurca-

tion. This phenomenon is not observed in self-sustained

dry friction oscillators with linear restoring forces.

5.4 Case 4: system with nonlinear restoring force and

harmonic external force

Dry friction oscillator with both nonlinear restoring

force and harmonic external excitation is seldom stud-

ied in literature. An interesting phenomenon is found

in this case that the amplitude of the oscillator signif-

icantly increases as v0 increases. It is counterintuitive

because the amplitude of dry friction oscillator usually

damps down for large v0. Due to the absence of stick-

ing motion, dry friction force of the belt only dissipates

energy when v0 is too large. However, the following re-

sults show that when v0 increases, it helps the oscillator

absorbs energy from external excitation.
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Fig. 21: Bifurcation diagram obtained by sweeping h̄1
in Case 3

By varying v̄0, we obtained the bifurcation map in

Fig. 24. Compared with the other bifurcation diagrams,

Fig. 24 shows significant differences. The most obvious

one is that the amplitude of oscillation shown in Fig.

24 keeps growing monotonically as v̄0 increases from 0

to 1.8. Actually, the amplitude of the oscillation with

nonlinear restoring force keeps growing until v̄0 = 4.

In this bifurcation diagram, two successive fixed-point
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Fig. 22: Sticking phase plots for illustration of the

border-collision bifurcation at around h̄1 = 0.2 and

h̄1 = 0.4

bifurcations happen at around v̄0 = 0.175 and 0.325. A

sliding bifurcation occurs at around v̄0 = 0.45, where

the velocity of belt becomes so large that oscillator 1

fails entering sticking region. The phase plane plots are

shown in Fig. 25.

A summary of nonlinear phenomena of a 2-degree-

of-freedom nonlinear system with dry-friction, found in

this paper, is made herein.

(1) The extensive category of bifurcations that exist in

this system can be divided into four main types: the

Border-Collision Bifurcation, the Grazing-Sliding Bi-

furcation, the Multi-Sliding bifurcation and the Fixed-

Point Bifurcation. These bifurcations are explicitly il-

lustrated and explained via the sticking phase plot.

(2) The Border-Collision Bifurcation could cause chaos

in the dry friction oscillators, as shown in Fig. 20.

(3) Aside from the sliding bifurcations that have been

mentioned in literature, two new types of bifurcation,

i.e., the Border-Collision Bifurcation and the Fixed-

Point Bifurcation are observed and revealed herein.

(4) In the case where cubic nonlinearity and harmonic

excitation are considered, a counterintuitive growth of

vibration amplitude is observed as the dimensionless

velocity v0 increases.
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Fig. 23: Sticking phase plots for illustration of the fixed-

point bifurcation at around h̄1 = 1.34
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Fig. 24: Bifurcation diagram obtained by sweeping v̄0
in Case 4

6 Conclusion

In this paper, we made a systematic study on the belt

driven two-coupled oscillators with dry-friction force.

A panoramic view of the dynamical behavior of the

system is demonstrated by considering both nonlinear

restoring force and external excitation in the dynami-

cal model. Buckingham’s π theorem is used to derive

the dimensionless model. A new event-driven numeri-

cal solver named LVIM is used to solve the non-smooth

vibration system. Through comparison with a conven-
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Fig. 25: Phase plane plots of oscillator 1 for various values of v̄0 in Case 4

tional event-driven method (Runge-Kutta-Henon method),

numerical simulations show that LVIM is superior in

computational efficiency. The dynamical behaviors ob-

served in this paper are even more complicated than

those of [1, 3, 18], where the dynamical model is sim-

plified by linearizing restoring force or excluding exter-

nal excitation. To overcome the difficulty of analyzing

the complex dynamical responses in 4-dimensional state

space, a so-called sticking phase plot is proposed to cap-
ture the characteristic segments of dynamical responses

on a 2-dimensional plot. By investigating the recorded

locus on sticking phase plot, it is found that the Border-

Collision Bifurcation, the Grazing-Sliding Bifurcation,

the Multi-Sliding bifurcation and the Fixed-Point Bi-

furcation lead to the complicated evolution of dynam-

ical responses as the system parameters change. The

mechanisms of these bifurcations are illustrated through

the sticking phase plots. Some interesting dynamical

behaviors are found in the numerical results, including

the Fixed-Point Bifurcation, the chaotic motion caused

by Border-Collision Bifurcation, and the counterintu-

itive growth of vibration amplitude with belt velocity.

At last, it is noted that the approach proposed to study

the 2-degree-of-freedom nonlinear system in this paper

is also applicable to dry friction induced system with

higher degrees of freedom.
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