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Abstract. Simple and economical procedures for large-deformation elasto-plastic analysis of frames, whose members can be 
characterized as beams, are presented. An assumed stress approach is employed to derive the tangent stiffness of the beam, 
subjected in general to non-conservative type distributed loading. The beam is assumed to undergo arbitrarily large rigid 
rotations but small axial stretch and relative (non-rigid) point-wise rotations. It is shown that if a plastic-hinge method (with 
allowance being made for the formation of the hinge at an arbitrary location or locations along the beam) is employed, the 
tangent stiffness matrix may be derived in an explicit fashion, without numerical integration. Several examples are given to 
illustrate the relative economy and efficiency of the method in solving large-deformation elasto-plastic problems. The method 
is of considerable utility in analysing off-shore structures and large structures that are likely to be deployed in outerspace. 

1 Introduction 

Space frames are versatile forms of structures that are widely used in diverse engineering applications 
such as off-shore structures in the petroleum industry or large structures that are intended to be 
deployed in outerspace for uses such as radio telescopes, space platforms, etc. The finite element 
method has an obvious natural appeal in solving such problems. Most  such solutions are currently 
limited to small deformation, linear elastic analyses, using stiffness matrices based on assumed 
displacement approaches. An efficient design, as well as integrity analyses, of  such structures often 
necessitates the study of  large-deformation, elasto-plastic behavior in the post-buckling range. 

At present, most nonlinear (either geometrically or materially nonlinear) analyses of frames are 
based on assumed-displacement type formulations, based on the variants of a Lagrangean (updated, 
total, corotational, or combinations thereof) approach, wherein the stiffness matrix is evaluated 
numerically several times during the analysis. Such displacement formulations were given, for 
instance, by Archer (1965); Argyris, Hilpert, Malejannakis and Scharpf (1979), and Saran (1984). In 
such formulations, polynomial type displacement fields (say, cubic for transverse and linear for axial) 
are assumed along each beam and appropriate nonlinear-terms are retained in the total strain- 
displacement relations. The nature of  these formulations is such that, in practice, several elements are 
needed to model each beam member of the frame in order to capture the effects of change in the axial 
length of the beam due to large deformations. This necessity to use a large number of elements, 
coupled with the need to numerically evaluate the (tangent) stiffness matrix of  each element several 
times during the analysis, renders the simple displacement-based finite element analysis of  
geometrically nonlinear behavior of  frames still not economically feasible. Symbolic manipulation 
procedures to explicitly evaluate the integrals in the stiffness matrix, based on assumed cubic or linear 
displacement fields, were used by Nedergaard and Pedersen (1985). On the other hand, Kondoh and 
Atluri (1984) and Kondoh, Tanaka and Atluri (1985a, b) presented procedures whereby the tangent 
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stiffness matrix of a beam element, undergoing large deformations, can be evaluated explicitly, 
without employing either numerical or symbolic integration and without using simple polynomial 
(linear or cubic) type basis functions for displacements of the beam. In these procedures, the polar- 
decomposition of the deformation is used to separate out the deformation of the beam into an 
arbitrarily large rigid rotation of the beam as a whole, on which are superposed only moderate axial 
stretches and moderate non-rigid (relative) point-wise rotations of the beam. The strongly nonlinear 
dependence of the total axial stretch of the beam on the arbitrarily large nodal displacements has been 
fully accounted for. The explicit expressions for tangent stiffness matrix of the beam, undergoing the 
above-described type large deformations, were obtained by Kondoh and Atluri (1984) and Kondoh, 
Tanaka and Atluri (1985a, b), using the exact solutions for the problem of a beam-column, subject to 
axial forces as well as bending moments, wherein the nonlinear coupling between the axial stretch and 
transverse deformation is accounted exactly and wherein the non-rigid (relative) point-wise rotations 
are only moderate in magnitude. Using an "arc-length" method for studying the response near and 
beyond critical points, Kondoh and Atluri (1984) and Kondoh, Tanaka and Atluri Cl985a, b) have 
presented studies of nonlinear behavior of various 2- and 3-D space frames and demonstrated that, 
even in situations of large deformations far beyond those that may occur in practice, each member of 
the frame can be modeled by a single element. 

It is important to point out that most of the above studies are restricted to conservative or dead- 
type loading that is independent of deformation. In practice, however, there is an important class of 
problems, wherein a non-conservative (deformation-dependent) distributed loading, on each member 
of the frame, plays an important rote. A case in point is the currently studied concept of distributed 
control of deformations of space frames through using piezoelectric lining all along the members of 
the frame. These distributed control devices, which are feedback-control mechanisms, exert non- 
conservative type distributed loading on the beams. The stiffness matrix of each member, under these 
conditions, ceases to be symmetric. It is well known that it is cumbersome, at best, to deal with such 
non-conservative loads in a displacement-based formulation. 

If any member of the frame undergoes plastic deformations, the effects of such deformations can 
be accounted for, either by a detailed study of the spread of plastic zones in the depth and length 
directions of the beam or by a simpler method such as the plastic-hinge method. The former method, 
in general, involves numerical integration through the depth and length of the beam in order to 
evaluate the tangent stiffness of the member and, hence, is computationally expensive. On the other 
hand, the plastic-hinge methods, as developed by Hodge (1959); Ueda, Matsuishi, Yamakawa and 
Akamatsu (1968); and Ueda and Yao (1982), are computationally very attractive. 

It is the purpose of this paper to present a new, computationally attractive alternative to the 
analysis of large-deformation, elasto-plastic behaviour of frames (with beam-type members), under a 
general non-conservative loading. The present formulation is based on assumed stress resultants and 
stress couples, which satisfy the momentum balance conditions in the beam a priori. The beam is 
assumed to undergo arbitrarily large deformations, which are decomposed into (i) an arbitrarily large 
rigid rotation of each beam as a whole, which is superposed on (ii) moderately large, non-rigid, point- 
wise rotations and displacements gradients. The nonlinear stretching-bending coupling is accounted 
for exactly in each element. A plastic-hinge method, wherein the hinge may form at an arbitrary 
location or locations along the beam, is used to account for plasticity. Under these circumstances, it is 
shown to be possible to obtain the tangent stiffness matrix of the beam (which is unsymmetric under 
nonconservative loading) in an explicit form. Several examples are included to demonstrate that, in 
most problems of practical importance, it suffices to use a single element to model each member and 
thus, the present procedure may be economically viable to analyse large space structures. 

The paper is organized as follows: Section 2 deals with the kinematics of large deformations as 
presently assumed for each element; Section 3 deals with momentum balance relations; Section 4 
deals with a weak (symmetric variational) formulation of the problem; Section 5 deals with plasticity 
effects; Section 6 deals with a brief description of the equation-solving algorithm; Section 7 deals with 
numerical examples and Section 8 deals with some concluding remarks. 

Notation Second-order tensors are indicated by capital bold italic and vectors by minor bold italic 
letters. For instance if A (Aijeiej) and B(Bi~e~ej) are two second-order tensors, then AB =AikBkje~ej 
and A :B =A~jBij. Matrices in general will be denoted by (A). 



K. Kondoh and S. N. Atluri: Large-deformation, elasto-plastic analysis of frames under nonconservative loading 3 

2 Kinematics of large deformation of a frame member 

For simplicity, we consider, without loss of generality, a beam of initial length/ lying along the xl axis 
and consider its deformation to be confined to the xlx2 plane 1. We invoke the familiar Kirchhoff- 
hypotheses and thus assume that the deformation everywhere in the beam is known, once the 
deformation of the reference axis is described. The case of arbitrarily large mid-plane stretches and 
rotations of beams, plates and shells has been comprehensively discussed in Atluri (1983). In the 
present paper, however, as shown in Fig. 1, the deformation of the beam is divided into two stages : (i) 
moderate stretch h and moderate rotation 0* relative to the undeformed configuration and (ii) 
arbitrarily large rigid rotations of the beam as a whole superimposed on the deformation in stage (i). 
Let dx ( =  dx~e~) be a differential vector along the reference axis of the undeformed beam. Let dy* be 
its map due to deformation in stage (i). Thus, 

dy* = R* Uodx - F*dx  , (2.1) 

where 

R* = (cos 0*elel - s i n  0*ele2 + sin 0*e2el +cos  0*e2e2) (2.2) 

and the subscript "0" denotes the value of the tensor at the reference axis of the beam. In (2.2), 0* is 
assumed to be ~ 1. Under  the present assumptions for deformation, the stretch tensor at the reference 
axis is expressed as 

U0 = (1 + h)elel  + e2e2 , (2.3) 

where h ~ 1. The displacements of the reference axis in stage (i) are u* and u~ along xl and x2, 
respectively and these are functions ofx~. The deformation gradient F~, at the reference axis, in stage 
(i), is 

F~' = (1 + u~,l) el el + u~,l e2el + n 'e2  , (2.4) 

where n* is the unit normal to the deformed reference axis after deformation in stage (i). 
F rom Eqs. (2.1)-(2.4) it follows that 

(1 + u * , 0 = ( l  +h )cos0*  , u*~=(1 +h)s in0*  (2.5) 

and 

h = { ( 1  -~- H~ , I )  2 --t- (b /~ ,1)2} 1/2 - -  1 . (2.6) 

Inasmuch as it is assumed that, in stage (i), h, U*,l, * u2,x '~ 1, we obtain from (2.6) the following 
expression for the total change in the length of the beam 

l 1 
H = 5 (1 + h) dx~ - l ~  5 U*l dx, = (~7") - 2u* -*u]  ~ , (2.7) 

0 0 

where =ul ~ (e = 1, 2) are displacements of the two ends of the beam along x~ axis. The final deformation 
of the reference axis of the beam, as assumed, results from the superposition of stage (ii) on stage (i) 

dy = R0dy* = RoF* dx  = FloR~ Uo dx  = Fo dx  , (2.8) 

where Fo is the total deformation gradient at the reference axis and/~o is an arbitrarily large rigid 
rotation, expressed as 

t~ 0 = (COS 0elel --sin 0ele2 + sin 0eze 1 + c o s  0eze2) . (2.9) 

If the total displacements from stages (i) and (ii) are ua and u2, we have, through the use of (2.2), (2.3) 
and (2.9) in (2.8), that 

dy = (1 + u1,1) dxj ea + u2,~ dxl e2 = (1 + h) cos (0" + 0")el dxl + (1 + h) sin (0 + 0")ezdx 2 . (2.10) 

1 The extension of the present work to a three-dimensional case is simple and follows the procedures outlined in Kondoh, 
Tanaka and Atluri (1985a, b) 
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Fig. 1. Nomencla ture  and schematics o f  kinematics o f  
large deformat ions  o f  a beam 

Hence, we have 
l l 

H = ~  (1 +h)  dxi 7-l=~ {(1 -[- U1,1)2 "{- (U2,1)2} 1/2 dxl - I  . (2.11) 
0 0 

Now, since/~ is a rigid rotation of the beam as a whole,  it is clear from Fig. 1 that H i n  (2.11) may be 
approximated as 

H ~  {(l + t~t) 2 + (,72): } i/2 - l  , (2.12) 

where a~ = 2u~ - iu~ (fi = 1, 2) and ~u¢ are displacements along x~ axis of the end ~ (a = 1, 2) of the beam. 
From Fig. 1, it is apparent that the rigid rotation 0 of the beam as a whole is such that 

tan 0" = ~2/(1 + ~t) . (2.13) 

From (2.12) and (2.13), it is clear that 

8H 8H 8H ~ 8H 8H 8H (2.14) 
c ° s 0 " - ~ - 8 ( Z u l  ) -  8(lul) ' sin0--SZTz-8~-u-2)- 8(lUz) " 

Note that 0"--0(~i, u2) and that 

80 sin0 sin0 80 cos0  cos0 (2.15) - -  ~ _ _ - -  ° m 

8ffl I + H  l ' 8t72 ( I + H )  ~ l 

Note that under the present assumptions, H < l .  
Let the total rotation of a differential segment of the beam be O, i.e., 0 = 0 + 0". Hence the relative 

rotations at the ends of the beam, (=0") (~ = 1, 2), are related to the total  nodal rotations of the beam, 
(~0), as 

( u 2 )  (2.16) ~ 0 * = ~ 0 - t a n - i  ~ " 

Finally, the normal to the undeformed reference axis of the beam is N =-e:. Due to the straining 
deformations in stage (i), this normal is mapped into n*" 

n *  = R * e  2 =- - sin 0*el + c o s  0 * e  2 ~ - 0 * e  I 4- e2 . (2.17) 

Since n* is assumed to be normal to the deformed reference axis, it follows that 0* = u~,l and that the 
curvature strain, ~, induced in the stage (i) deformation, is 
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- 0 , ' 1  . ( 2 . 1 8 )  

The normal  to final deformed reference axis, denoted as n, is given by 

n = F 0 e 2 ~ Ro R* Uo e2 ~ RoR~ e2 . (2.19) 

3 Momentum balance relations 

If the coordinates x I and x 2 are assumed to be convected with the deformed beam, the base vector 
which is tangential to the deformed reference axis, denoted as al ,  is given by 

l l l  = Foe1 = RoP~ Uoe , ~ RoP~ el , (3.1) 

since Uo ,~ I. Thus, al is approximately a unit vector. Let ~ be the tensor of Cauchy stress-resultants in 
the beam, which, for the present deformation hypotheses, is assumed to have the form 

rz = al (Naa + Qn) , (3.2) 

such that the force system on a cross section normal to the deformed reference axis, is given by [al (%)]. 
Likewise, the Cauchy stress-couple resultant in the beam is given by 

'% = al [Me3] , (3.3) 

where e3 =(e2 x el) as shown in Fig. 1. As discussed in detail in Atluri (1983), the second Piola- 
Kirchhoff stress-resultant tensor may be defined as 

rs = F o  I (rT) Fo  T(IF01) = Uo 1R~'T/~g (%) i~0R* Uo 1 (IF0 [) ~ P~'k~ (r,g) ~0Rg (3.4) 

since U o ~ I .  Also, for the same reason, the Jaumann stress resultant tensor may be written as 
(Atluri 1983) 

. ( 3 . 5 )  

Using (2.18), (3.1) and (3.2) in (3.5), it is easy to see that 

~r = (Nele l  + Qele2) . (3.6) 

Thus, in the present problem, the Jaumann stress-resultant tensor is such that it has the same 
components  (i. e. N and Q) in the basis system el and e2 as does the Cauchy stress-resultant tensor in 
the convected basis system (al, n). A similar interpretation holds for the Jaumann stress-couple tensor 
in the present problem. 

Under the assumptions of deformation (R* ~ I and Ro is a rigid mot ion of the beam as a whole, 
etc.) as in the present problem, the general and consistent forms of linear and angular momen tum 
balance relations, for Jaumann stress resultants and stress couples, given in Atluri (1983), may be 
simplified as 

8N 
8Xl t-41 = 0  ' (3.7) 

82M 8 ( 8u~"~ 
8x 2 t-~-xl \ N  ~Xl)q-42=0 , (3.8a) 

where ql and q2 are forces along el and e2 directions, per unit of undeformed length, where 

el =/~oel , e2 =/~oe2 (3.9) 

i.e., the vectors which result upon  rigidly rotating el and e2 by the rigid rotation ~ of the beam as a 
whole. 

The forces applied on the beam can be considered to be of both the "conservative" as well as of the 
"non-conservative" type. Let qlc and q2c be the "conservative" type (or "dead") loads along e1 and e2 
directions and per unit length of the undeformed beam. Let ql, and q2, be "non-conservative" type 
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loads per unit length of the beam which always remain tangential and normal to the rigidly rotated 
axis of the beam. Thus, it is seen that 

ql = qx, + qlc cos 0 + q2c sin 0" , (3.10) 

[12 = q2, - q l c  sin 0 +  q2c cos 0 . (3.11) 

In the sequel, we shall assume, for purposes of a discrete solution of the problem of a frame, trial 
functions for N and M that satisfy a priori Eqs. (3.7) and only the linear part of Eq. (3.8a), namely, 

~2M 
~x 2 ~-~2=0 . (3.8b) 

The corresponding test functions (or variations in N and M) are taken to satisfy the homogeneous 
forms (i.e., without 4~) of Eqs. (3.7) and (3.8b). The trial functions for N and M are thus 

N = n  + Np , (3.12) 

where 

N v = (N  m )  cos 0" + (Np~2) sin 0 + (Nv,) , (3.14) 

M v = ( - M m )  sin 0 +  (M;c2) cos 0 +  (Mp,) , (3.15) 

Nvcl = _x l  ql~dxl + l q lcdxl  dxt  , (3.16) 
o o 

M m = -  ~ qlcdxa d x l + /  ql~dxx dxl  . (3.17) 
0 0 

The quantities (Nv~2) and (Nv,) in (3.14) are obtained from (3.16) by replacing (ql~) by (q2¢) and (ql,), 
respectively. Likewise, (Mv~2) and (Mp,) are obtained from (3.17) by replacing (qac) by (q2~) and (ql,), 
respectively. 
The variations in N and M are assumed as 

3 N = v  , (3.18) 

(3.19) 

4 A formulation for obtaining a weak solution 

In this section, we shall consider the beam to remain elastic. We shall consider the effects of  plasticity 
in Sect. 5. The stress-strain relations between the conjugate pairs (Nand h) and (Mand  ~) are assumed 
to be satisfied a priori as 

al, V~ h ,  aW~ (4.1) 
aN aM 

where W~ is the complementary energy density. For a linear elastic material, when the reference axis of 
the beam is at mid-thickness, one has 

1 N(~_ M 2) (4.1a) 
' 

where A is the area and I the moment  of inertia of the cross section. Thus, it remains to enforce : (i) 
"compatibility" of deformation within each beam, (ii) momen tum balance conditions, (3.7) and 
(3.8a), within each beam element and (iii) thej oint equilibrium or "inter-element" traction reciprocity 
(Atluri 1975). 



K. Kondoh and S. N. Atluri: Large-deformation, elasto-plastic analysis of frames under nonconservative loading 7 

The "weak" forms of these conditions may be written, respectively, as follows 

(i) Compatibility 

i ~W~ vdxl=i u~,lvdxl=vH=v[{(l+fil)2+(u2)a} 1/2-l] o~N- o 
and 

o ~M-/~dxa = -Io ~Xl//dXl = --0*/./[g -4- 0I 0* ~ ~/* dXl . 

Since ~ - x = (  -#1  +~t2) 7 = c o n s t  and o ~ O*dxl =0,  we have 

! ~ -  # d x  I = - 0*#[g ~ - ( 2 0 * )  ,2  -1- ( 10.  ) "1 • 

(4.2) 

(4.3) 

(4.4) 

(ii) Interior Momentum Balance. Consider variations along the beam (or test functions) of 
generalized displacements, such that 6u* =v* and 60" =fl*. Let the momen tum balance relation 
(3.8a) be rewritten, in two parts, as 

~Q ~ M  ~u* = 0 . (4.5a,  b) ~x~- + q2 = 0 , ~x~- - Q + N ~xl 

We will assume that the linear momentum balance relations (3.7) and (4.5a) are satisfied identically a 
priori. The weak form of the remaining balance condition, (4.5b), may be written as 

i a(~77x-Q+NO* ) f l*dxa=0 . 
o 

(4.6) 

Recall that the trial functions for M assumed in each element satisfy only the condition (3.8b), i.e., 
(OM/~Xl)- Q = 0. Hence, in the present formulation, 

~MP (m2-ml) I ~(mPd) O(Mpc2) ~ 1  Q (m2 - m l )  ~_ _ 4_ sin 0"-4 cos 0 +  (4.7) 
l ~xl l ~Xl ~xl " 

(iii) Joint-Equilibrium Equation. The axial force N i n  each member is assumed to be along the axis of 
the rigidly rotated beam, i.e., along the line at angle 0 to el axis. The joint  equilibrium conditions at 
nodes I and 2 of the beam in question may be written as 

{~(=Ncos 0 - = Q  sin 0)} + =F1 = 0 (c¢= 1, 2) along el , (4.8) 

{~.(~NsinO+~QcosO)}+~F2=O (~=1,2)  along e2 , (4.9) 

{ ~ M } + ~ 2 1 4 = 0  ( e = l , 2 )  about e3 , (4.10) 

where the summation extends over all elements meeting at each of the nodes. In the above, aN, "Q, "M 
(e = 1, 2) are, respectively, the internal axial force, transverse force, and bending moment  at the ends of 
each member joined at the node;  "/Vx, ~/~2 and ~a~¢ are the externally prescribed forces along el and e2 
directions and moment  around e3 axis, respectively. In developing the individual element stiffness 
matrix, load vector, etc., the externally applied nodal loads F1, etc. will henceforth be omitted. They 
will be treated as global nodal loads once the system stiffness and loads are assembled in the usual 
fashion. One may also consider the externally prescribed nodal forces to be non-conservative, i. e., ~/>1 
and "/>2 in (4.8) and (4.9) to depend on nodal rotations, such as : ~/~a = ~Fa, cos 0-e/~Zn sin 0, etc., where 
~/~1, and ~/22, are non-conservative nodal forces. The algebraic details of such cases are omitted here 
for simplicity. 

Taking variations (or test functions) 6 ( 'ua)='va and 6(~0)= 3(0+'0")= (37+ ~fl*) at each node 
( e=  1, 2), one may write the weak forms of (4.8)-(4.10) as 
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and 

Thus, for this special case, through the use of Eqs. (2.15), (4.12), and (4.13), it can easily be shown that 

_2Q sin ~0(2vl) + 1Q sin 0(lvl) + 2Q cos 0"(2v/) _ I Q  cos 0(lv2) - 2 M ~ +  1M~7= 0 . (4.14) 

(iv) The combined weak form of compatibility and element as well as joint equilibrium. Bycombining(i)  
to (iii) above, one may write 

elem2 vg-- ~ v dxa -20"#2+10"#1 - ~ #dx l  +~0 NO*B*dxl+(2Nc°sO-2QsinO)2vl 

_(1Ncos  ~ _ I Q  sin 0) iv 1 + (2N sin 0+2Q cos 0)2v2 -(1Nsin 0 +  1Q cos 0")iv 2 

2B*) + 1M( + 1B*)} = 0 ,  (4.15) 

where, in the general case of distributed (conservative as well as non-conservative) loading in the 
beam, N is given by (3.12), M by (3.13) and Q by (4.7). In the special case when there is no distributed 
loading, Eqs. (4.12) and (4.13) hold and N=n. In this case, the use of (2.14), (3.12), (3.13) and (4.7) 
simplifies (4.15) to 

2 vH-  N vdxl -20*#2 +10"#1 -Io ~M- #dxl +of nO*fl* dXl 
elem 

(2B*) + ml (1B*)} = 0 (4.16) + (6HI n m2 

where (6H) is the variation in (H). 
Equation (4.15) will now form the basis of the present finite element development. It is worthwhile 

to comment  on some aspects of the weak form (4.15). The trial functions in (4.15) are : N as in (3.12); 
M as in (3.13) ; Q as in (4.7) ; the end values of N, M, and Q ; the nodal displacements ~ul, ~u2 which 
determine H as in (2.12); 0 asin (2.13) and the non-rigid nodal rotations 0". The trial function O* along 
the beam enters into only one term, i.e. the one involving the integral of (NO*B*). The unknown 
parameters in the trial functions are n, ml,  m2, ~ul, ~u2, and ~0". The test functions in (4.15) are: v, 
which is a constant, as in (3.18); # as in (3.19); the variation in the rigid rotation of the beam as a 
whole, i.e. i ;  the variations in the generalized nodal displacements, ~v~ (~, B = 1, 2) and ~B* (a = 1,2). 
The test function B* along the beam enters only in the integral of(NO*fl*). The unknown parameters in 
the test functions are v, #1, #2, a/)l, eU2, and aBt,. 

It can be seen that the only geometric quantity that must  be assumed along the beam in (4.15) is 0". 
Further, as discussed comprehensively in Karamanlidis and Atluri (1984), the term involving NO*B* 
contributes the so-called "initial-stress" stiffness correction to the tangent stiffness matrix. As also 
discussed in detail in Karamanlidis and Atluri (1984); Atluri and Murakawa (1977), and Atluri 
(1980), neglecting the term NO*B* in the formulation, while resulting in a slightly incorrect tangent 
stiffness matrix, is entirely consistent in the context of an iterative solution of a nonlinear problem, as 
in the present work. Henceforth, the term (NO*B*) will be omitted. 

2{  2NcOS 0(2Vl) -- 1Ncos 0(%1) + 2N sin 0(2V2) - aNsin 0"(%2) _2Q sin 0(2vl) 

+ 1Q sin 0(Ivl) + 2Q cos 0(2v2) - I Q  cos 0(lv2) -2M(~7 + 2fl.) 

+ 1M( + 1B*)} = 0 ,  (4.11) 

where ~Q, viz., the values of Q at the two nodes, are given by (4.7). It is of interest to note that when the 
distributed loading (both conservative and non-conservative) is absent, one has 

(m2 - m l )  
~Q = (4.12) 

l 
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Some details of the algebraic formulation of the stiffness matrix resulting from (4.15) are given in 
Appendix A. However, it should be noted that only two integrals over the length of the beam need to 
be evaluated in (4.15). When the material is linearly elastic, and the reference axis is at mid-thickness, 
one has 

i ~I'V~ z N i t o ~ V d x ~ = ~ o  vdx~= ~nv dx~+~o~NP vdxa , (4.17) 

i ~wc - i  M 0 ~ -  # dxt --0 ~ ~ dxl 

= i  ~ [ (  1 - / ) m ~  + ( / ) m 2 1  I ( 1 - / ) / q  + ( / ) # 2 1  dx~ 

+J 1 
0 EA- Mp I - #1 + #2 dxl • (4.18) 

Thus, it is seen that all quadraticfunctionals (or bilinear forms) involving trial function parameters 
and test function parameters can be evaluated trivially in an explicit form. Even for a nonlinearly 
elastic material, i.e. when ~ VV~/~N and (~ VV~/~M) are nonlinear in N or M, the integrals in (4.17) and 
(4.18) may be evaluated explicitly without much difficulty. Thus, it is easy to see (also from Appendix 
A) that the tangent stiffness matrix based on (4.15) can be evaluated explicitly, i.e. (i) without recourse 
to any numerical quadrature in each element and (ii) with recourse to assuming any shape functions 
for element displacement fields, Ul, u2, and 0", as in the conventional assumed displacement finite 
element approach. 

5 Plasticity effects in the large deformation behavior of frames 

When the material undergoes plasticity, the stress-to-strain transformation which was Hookean in 
(4.1) must be replaced by an elastic-plastic one, as derived from an appropriate flow theory of 
plasticity. Such an accounting of plasticity effects may be done in two ways: (i) a detailed procedure 
for the tracking of the plastic-zone development along the depth and length of the beam, (ii) a 
simplified procedure which accounts for the overall plasticity effects through the concepts of "plastic 
nodes" and "plastic hinges" (Hodge 1959 ; Ueda and Yao 1982). In the former case, assuming that an 
appropriate flow theory of plasticity is used, the incremental stress-strain relation may be written as 

6Gi~ (x2) = AeH (x2) E,(x2) = ( Ah + x2A~) E,(x2) , (5.1) 

where E, (X2)  is the current tangent modulus in the uniaxial stress-strain curve, depending on the stress 
level as well as a loading/unloading criterion. From (5.1) it follows that 

AN= DH Ah + D12Alc , AM= D21Ah + D22Al¢ , 

where 

D i ,  = S E,(x2) dx2 , z),2 = z)2, = S e , ( x 2 ) x ,  dx2 , 0 2 2  = ~ Et(x2)x  2 dx2 • 

(5.2) 

(5.3) 

Thus Dij (i,j = 1, 2) depend on the current load level and a loading/unloading criterion. The inverse of 
(5.2) may be written as 

Ah=CllAN+C12AM=Ah(N,M,  AN, AM) ,  Atc=C21AN+C22AM=-Atc(N,M, AN, AM) .  (5.4) 

Thus, in the elastic-plastic case, the compatibility conditions (4.2) and (4.4) must be replaced by an 
incremental one, in general, in the form 
l l 

AhAv dxt = ~ (Au*aAv) dxl = AHAv (5.5) 
0 0 
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and 
l l 

j" AteA/~ dx, = - j" A0** A# dx, = - A (20") A#2 + A (10") A#a 
0 0 

(5.6) 

Since plastic flow will, in general, develop progressively from layer to layer along the depth at each 
section of the beam, and from section to section along the length of the beam, the integrals in (5.3), 
(5.5) and (5.6) will need to be evaluated through numerical quadrature. Thus, in the presence of 
plasticity, as may be seen from (4.15) as well as Appendix A, the "tangent-stiffness matrix" of the 
element can no longer be evaluated explicitly. 

In this context, the "plastic-hinge" or "plastic-node" method has several advantages. Ueda, 
Matsuishi, Yamakawa and Akamatsu (1968), Ueda and Yao (1982) and Argyris, Boni, Hindenlang 
and Kleiver (1982) have earlier presented applications of the plastic-hinge concept in the context of 
the finite element method. However, in these studies, which are based on the assumed displacement 
method, the locations of the plastic hinges are restricted to be at the ends (nodes) of the element and 
the relations between the stress resultants and plastic deformations at the plastic hinge are replaced by 
those between the generalized nodal forces and the generalized nodal displacements. 

In the present approach, the plastic hinge is assumed to be located at an arbitrary point along the 
length of the beam. We first assume that the yield condition of the elastic-perfect-plastic type is given 
by 

f(N,M)=O at xl=lp, (5.7) 

the specific forms of which, for various cross sections, are given in detail by Hodge (1959). In the 
above, xl = lp is the location of the plastic hinge. The incremental plastic flow condition at the plastic 
hinge may be written as 

af A N + ~ A M = 0  at (Xl=lp). (5.8) 
aN 

The incremental "plastic deformations" at the hinge are assumed to be given by 

= (A2) ~ , (5.9) ( 6 H A , : , ,  
Xl=Ip 

(AoDx=,p = C f x, =,p, (5.10) 

where (AHp) is the increment of "plastic" elongation H v and A0* is the increment of plastic rotation 

Thus, in the present plastic hinge method, the incremental counterparts of the compatibility 
conditions (4.2) and (4.4) are replaced by 

'AN (af) , , ,=,=(zXH)Av ~ Avdxl+(A2) ~ Av , (5.11) 
0 

iAM~7- A# dx 1 + (A)~) ( a f ) A ~  : - - A ( 2 0 g c ) ( A ] . . / 2 )  --~ A ( 1 0 * ) ( A / ~ I )  . (5.12) 
0 ~ xl=lp 

From the above discussion, as well as Appendix A, it may be seen that the combined weak form of 
the compatibility and equilibrium (local and joint) conditions of the elastic-plastic frame, using the 
present "hinge" method, may be stated through "adding" the following terms 

corresponding to each member to the incremental counterpart of (4.15). Once again, since no 
integrations are involved in evaluating the terms in (5.13), the tangent-stiffness, as effected by 
plasticity, is still evaluated explicitly. 
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As discussed in Atluri and Murakawa (1977) and Atluri (1980), in an approach of the present type, 
iterations are performed in each increment of a nonlinear problem to "correct" the "compatibili ty" of 
total strains produced by the trial solutions for stresses. The weak forms of these "initial" 
compatibility conditions read as 

f N +(Hp)(Av) xl=lp ~ -  Av dx~ = (H) Av , (5.14) 

f M + = - 2 0 " A # 2  -I- 10"A/11 A p d x  I (O*A#) . (5.15) 
Xl~[p 

The above can be checked in an iterative scheme by retaining the "order one" terms as well as first- 
order terms in the increments of the parameters in the trial functions and the first-order terms in the 
increments of parameters in the test functions, as shown in Appendix A. 

6 Strategy for solution of tangent stiffness equations 

A large number  of solution procedures is available for nonlinear structural analyses. Some of these 
may be characterized as the standard load-control method,  the displacement-control method,  the 
perturbation method,  the method based on the current stiffness parameter and the so-called "arc- 
length" method. These have been summarized by Gallagher (1983). In the present paper, either the 
load-control method or the arc-length method of R a m m  (1980) and Crisfield (1981), with 
modifications as described in Kondoh  and Atluri (1984a, b), are employed. Further details are 
omitted here. 

7 Numerical examples 

Example 1. The problem is that of a cantilever bar which, in its undeformed state, is inclined at an 
angle q5 to the vertical line and is subjected to a vertical concentrated load at the tip (Fig. 2a). The bar is 
of a rectangular cross section and of an elastic-perfectly-plastic material. The structure is modeled by 
a single finite element, and five different cases of ¢ = 0  °, 2.5 °, 10 °, 30 °, 60 ° are analysed using the 
standard load control method.  

While the theoretical development presented earlier and in Appendix A is valid for finite 
deformations, this incremental formulation is employed to solve the present example wherein 
deformations are small. A "detailed" elastic-plastic analysis, based on a flow theory, is employed and 
Eqs. (5.4)-(5.6) are used as the incremental compatibility conditions. For evaluating the integrals 
involved Numerically, the depth of the beam is divided into 20 layers and the length into 20 strips, and 
over each subdomain the stress and strain are assumed to be constant. Assuming that Aa in the finite 
element (in this case, the entire beam), as defined in (A.5), is determined from (A.23); the plasticity 
algorithm proceeds as follows. 

(i) F rom Aa(An; Am1 ; Am2) and the known ANp and AMp, determine AN and AM. 
(ii) Using the value of (C), as defined in (5.4), at the beginning of the increment and compute the 

strains from a . {2hc}=fl(C) {AAN}i where // is scaling parameter, 0 < f l < l  

(iii) Calculate Aoh i = Et (Ah + xzA~c), where x2 is the coordinate of the center of each layer in the 
depth, and Et is the tangent modulus of the stress-strain curve at the current stage. Determine fl in (ii) 
above such that it is the min imum value required to produce a new "plastic" layer at the section along 
length in question. 

(iv) Let AN* = AN- . [  Aall dx2 and AM* = AM-J" AO-llX 2 dx2. 
(v) If AN* and AM* are not zero, use them as the additional values in the iterative process, 

beginning with step (i). Also, at the beginning of iteration, the value of(C)  is updated to correspond to 
the total stress at the beginning of iteration. 
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Let the yield stress of the present elastic-perfect-plastic material be at.  The axial force and 
moment at the root of the beam are 

N = - P cos ~b , M = P sin q~L . (7.1) 

Let the stress field in the beam be tensile in the region ~ < x2 < D/2 (D being the depth of the beam) and 
compressive in the region - HI2 <= x2 <= ~. If the width of the beam is B, it is then seen that 

N =  - ~ -  No , M =  1 - Mo , (7.2) 

where N o = B H a r  and Mo=¼BH2Gy. From (7.1) and (7.2), it follows that 

cos (b'~2 p2 /sin~b ) +~No-o q P - l = 0  , (7.3)  Coj 
where 

~1 = (NoL/Mo) . 

Thus, the limit load on the beam is obtained as 

p _  No [{1 +¼q2(tanq~)2}l/2-½~/tanq~-t/] . (7.4) 
COS ~) 

Equation (7.4) is shown plotted in Fig. 2a, along with the presently obtained numerical results for P, 
using a single element. The plastic zones at near the collapse load for each value of ~b are shown in 
Fig. 2b. 

Example 2. The second example is that of a uniformly loaded beam, of rectangular cross section and 
of  elastic-perfectly-plastic material, subject to boundary conditions as shown in the inset of Fig. 3a. 
The variation of the transverse displacement at the center of  the beam with applied load is shown in 
Fig. 3a, from which it can be seen that the present method predicts well the collapse load of  (PL/Mo) 
= 11.657, where Mo is the fully plastic bending moment, as determined analytically from classical 
limit analysis. Figure 3b shows the development of plastic zones for various values of (PL/Mo). 



PL/Mo 

I2 

10 

PL/Mo=76032 
11.657 

/ 

:,°:Lo,,.,. 
- -  o N ] .  

I '  L "l 
B= H=tO (crn), L= 20.O(cm) 
No. of Elements,2 

DMe~g.r ~-et ; I ; '  P'Far.,:::OB: :ding M . . . .  , 

8.9810 

K. Kondoh and S. N. Atluri: Large-deformation, elasto-plastic analysis of frames under nonconservative loading 13 

C 
10.291 

[ 

11.07L 

E - 
11.718 

0 ~ i m Plastic Region. 
0 o.oL oh8 0.12 0.16 

M 0 L 2 b ~ Region of Strain Reversal 

Fig. 3a and b. a Load-deflection diagram of a cantilever-simply supported beam of elastic-perfectly-plastic material, b 
Progressive development of plastic zones in the problem of Fig. 3a 

It is noted that in the present example, as well as in Example 1, wherein the material is elastic- 
perfectly-plastic, the plastic-hinge method as described in Sect. 6 is employed when the fully plastic 
conditions reach at any section along the length of the beam. 

Example 3. In this example, concerning a gable frame as shown in Fig. 4a, the plastic-hinge method is 
employed with the yield condition: (M/Mo) 2 - 1 = 0, where Mo is the fully plastic bending moment. 
This yield condition is continuously checked, in the present incremental analysis, at each of 20 
sections along the length, including the end points of each beam. The loading consists of both a 
conservative-type distributed loading as well as concentrated nodal loading, as shown in Fig. 4a. Each 
of the four members in the frame is modeled by a single element. The variations of the displacements 
61, &2, 63 (as defined through the insert in Fig. 4b) with applied load (PL/Mo) are shown in Fig. 4b, 
which also shows that the presently determined collapse load agrees with that determined from a 
classical limit analysis of(PL/Mo) = 1.9153 (Hodge 1959). The progressive formation of plastic hinges 
at various locations, as the load increases, is shown in Fig. 4c. 

Example 4. The fourth example is that of a two-bay, three-story frame, with geometrical details being 
given in Fig. 5a. The material is elastic-perfectly-plastic and a plastic-hinge method is employed with 
the yield condition (M/Mo) 2 = 1. The structure is modeled by 15 elements. The results obtained are 
summarized in Figs. 5b and 5c. Figure 5b shows that the present method predicts the collapse loads 
well, as compared to the results of classical limit analysis (Hodge 1959) which are: P = 2.667 (M~/L) 
(upper bound), where Mo is the fully plastic bending moment of member 1 and P = 2.500 M*/L (lower 
bound). The presently computed value is P=2.6186 M*/L. 

It should be noted that in Examples 3 and 4 only the effect of the bending moments is considered 
at the plastic hinge. If the effects of stress resultants were also considered, the collapse loads may have 
been found to be slightly lower. 

The Examples 1 to 4 above may be considered to fall into the category of small-deformation 
elasto-plastic analysis. Now, three additional numerical examples falling into the category of finite 
deformations are presented, the solutions which are obtained through the arc-length method. 
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Progressive development of plastic hinges in the problem of Fig. 4a 

Example 5. This concerns a cantilever beam of uniform cross section, subjected to different types of 
loading as shown in Fig. 6a. The beams are assumed to remain elastic. The non-conservative loads are 
assumed to remain normal to the deformed axis. Large deformations of cantilevers under 
conservative loading were studied, for instance, by Barten (1945), Bisshop and Drucker (1945), 
Rohde (1953), Wang, Lee and Zienkiewicz (1961) and Schmidt and Dadeppo (1970); while those 
under non-conservative loadings were studied by Bathe, Ramm and Wilson (1975) and Argyris and 
Symeonidis (1981). To test the convergence of the present scheme, the beam was modeled successively 
by 1, 2, 4, and 8 elements. The present results for the four cases are summarized in Figs. 6b, c, d, e 
along with appropriate comparison results. In Fig. 6b the theoretical result for a cantilever subject to a 
dead-type tip load is due to Bisshop and Drucker (1945) and the analytical solution for dead-type 
distributed loading is due to Schmidt and Dadeppo (1970). Figures 6d and 6e show, respectively, the 
differences in the present results (obtained using eight elements) for the cases of conservative and non- 
conservative concentrated and distributed loadings, respectively. The deformed shapes of the beam at 
various load levels, for each of the four cases of loading, are shown in Fig. 6f. 

From Figs. 6b and 6c, it can be seen that an idealization by two elements alone gives results of 
acceptable accuracy. While this example concerns a single beam, when the beam is considered to be a 
member of a frame structure, the present results using a single element in Figs. 6b and 6c, demonstrate 
that a single-element representation of each beam in a structure may be adequate to study the 
nonlinear behavior of the structure as a whole. 
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Example 6. This concerns a tip-loaded (dead-load) cantilever beam of  uniform cross section and of a 
bi-linear stress-strain law, as shown in Fig. 7a. This problem, with identical material properties, has 
also been studied by Tang, Yeung and Chon (1980) and by Yang and Saigal (1984). A linear kinematic 
hardening rule is employed, in accounting for reverse plasticity. To study the convergence, the beam 
was modeled successively by 1, 2, 4, and 8 elements. A detailed elastic-plastic analysis, based on an 
algorithm as described under Example 1, has been used. 

Figures 7b and c show the relations between the applied load and displacements at the tip in the 
"small" deformation range and "large" deformation range, respectively. Also shown in Figs. 7b and c 
are comparison results based on a geometrically linear elastic-plastic analysis. The shapes of the 
deformed beam and the development of  plastic zones, in tension as well as in compression, are shown 
in Figs. 7d and e, respectively. 

The beam begins to yield at the extreme fibers along the depth, at the fixed end, at approximately 
P = 25 Lb. The results of  the present large-deformation, kinematic-hardening analysis agree with 
those from a small-deformation, elastic-plastic analysis until a vertical displacement value at the tip 
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of  5v = 1 in Fig. 7b. At this point, the stiffening effects of  axial tension, in the present (consistent) 
large-deformation analysis, begin to manifest themselves as do the effects of  strain-hardening of  
the material in the plastic zone. Figures 7b and c show the influences of  these hardening effects. 
Figures 7b and c also indicate that convergence may have been achieved with a four-element 
discretization, as in the elastic large-deformation case of  Example 5. The deformed shapes of  the beam 
at various load levels are shown in Fig. 7d and the development of  plastic zones in tension and in 
compression are shown in Fig. 7e. The present results also indicate that when the beam in question is a 
member of  a frame, a single element representation of  each member may be adequate to study the 
large deformations of  practical interest to the structure as a whole. 

Example 7. This final example concerns a column, fixed at the base and subjected to a concentrated 
(dead-type) vertical load at the other end, as shown in Fig. 8a. Here, the material property is assumed 
to be specified directly as a relation between moment and curvature, as 

M = (Do - D1) ~Co tan (~¢/~o) + D1 tc , (7.5) 

where D o and D1 are characteristic flexural rigidities as shown in Fig. 8a and ~c o is a material constant. 
This relation, in which no unloading is considered, is analogous to that also employed by Oden and 
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Childs (1970) and by Yang and Wagner (1973) in their numerical analyses of the post-buckling of a 
cantilever bar. In this problem, the axial rigidity is assumed to remain constant. 

In (7.5) the parameter (~:oL) may be regarded as a measure of the relative importance of linear 
elastic behavior and (D1/Do) indicates the relative stiffness of the material after it yields. Thus, 
(Dt/D2) = 1 indicates linear elastic material behavior. The analyses were carried out for K0L = 0.05 and 
0.4 and (Dr/Do)= 0.25, 0.5, 0.75, and i, respectively. Also, an imperfection was introduced into the 
problem through the application of  a small (dead-type) horizontal load of magnitude (P/104) (where 
P is the vertical dead load) at the tip. To study convergence, analyses were performed with 2, 4, and 8 
elements over the length of  the column, in the two cases of (Di/Do) = 1 and 0.25 and ~coL = 0.05, while 
all other problems were solved using four elements. A detailed elastic-plastic analysis, based on an 
algorithm similar to that in Example 1, was employed, except for the difference that no integration 
through the depth of  the beam is needed in the present problem as compared to Example i since the 
material constitutive law is prescribed directly in terms of  M and t¢ as in (7.5). 

Figure 8b shows the results for large deformation, linear elastic material behavior [(D1/Do)= 1], 
along with the classical elastica solution (Timoshenko and Gere 1961). Converged results appear to 
have been obtained with four elements. Figure 8c shows the results for the large-deformation, post- 
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buckling behavior, with troL = 0.05 and (D1/Do)= 0.25, along with comparison results of Oden and 
Childs (1970), who directly solve the governing differential equations using the Newton-Kantorovich 
method. Figure 8d shows results for the cases t%L = 0.05 and (D1/Do) = 0.25, 0.50, 0.75 and 1.00, while 
those in Fig: 8e correspond to ~coL = 0.4 and the same four values of (D~/Do). It should be remarked 
that the present results in Figs. 8b, c were based on using four elements (with the results based on using 
only two elements being also of acceptable accuracy). 

The deformed shapes of the bar for the two cases of (D1/Do)=I and of (D1/Do)=0.25 and 
~0L=0.05 are shown in Fig. 8f. 

The above examples effectively serve to illustrate the accuracy, versatility and efficiency of the 
presently developed simplified procedures for finite element analysis of large-deformation, inelastic 
analysis of structures consisting of beam-type members. 

8 Closure 

The salient features of the developments in the present study may be summarized as follows: 
(1) Arbitrarily large rigid rotations are accounted for while the non-rigid relative rotation and 

axial stretch of the beam are assumed to be small. The axial stretch, however, is a highly nonlinear 
function of the nodal displacements of the beam. 

(2) As long as the material remains elastic, or when a plastic-hinge method is used to account for 
plasticity, the tangent stiffness matrix of the beam element can be developed explicitly for all 
deformations of the type described under (1). 

(3) The assumed-stress approach as in the present problem makes it very simple and convenient to 
treat non-conservative loading, either distributed along the length of the beam or concentrated at the 
joints, even when the beam undergoes arbitrarily large deformations of the type described in (1). 

(4) Available evidence, based on several numerical examples, suggests that the present 
development is a very economical and accurate procedure for analysing large-deformation, elasto- 
plastic behaviour of frames, as compared to the standard finite element displacement method based 
on assumed displacements, over each beam, of a simple cubic type: 

The extensions of the present approach to treat elasto-plastic, large-deformation dynamic 
response of space frames is underway and will be reported on soon. The method has also a potential 
application in treating arbitrary shell structures as a network of space beams. 
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Appendix A 

Explicit expressions for tangent stiffness matrix and load, and compatibility correction vectors, for a 
beam undergoing large deformations and plastic-hinge formations are given here. 

First, we treat the case when the frame remains elastic. The combined weak form of the 
incremental compatibility conditions, joint equilibrium conditions, as well as "checks" on these 
conditions at the beginning of an increment/iteration, may be derived from Eq. (4.15) by retaining 
only terms of the first order in the increments of the parameters in the test functions and terms of order 
one, as well as of first order in the increments, of the parameters in the trial functions. While this 
process involves rather straightforward algebra, it is of interest to note here some special features of 
considering appropriate increments in a term of the type, for instance, 

(2Ncos  0 - 2 Q  sin O)(Zvl) (A.I) 

in Eq. (4.15). Using relations (2.14), (2.15), (3.12), (3.13) and (4.7) in (4.15), it can be seen that the 
"incremental" form of (A.1) may be written as 

(2Ncos  0 - 2 Q  sin 0") A (Zvl) + [A(2N) cos 0 - A ( 2 Q )  sin 0] A(2Vl) 

[ ~2H ~2H ~2H aZH ] 
+ (2N) ~ Aft, +(2N) ~ Aff2 _(2Q) ~ Aft2 _(2Q) ~ Aft1 A(2vl) , (A.2) 

where 

A Q -  A(m2 - m , )  . ~(AM,) A(m2 - m l )  + AQp (A.3) 
1 -e ~ l ' 

AN= An + ANp etc. .  (A.4) 

Now, we introduce the notations for the following vectors in each element 
Aa x= JAn; Aml ;Amzl , (A.5) 

3AaX= [Av; A#1 ;A#2] , (A.6) 

d = [lu i ; 2ui ; *u2 ; 2u2 ; 10; 20j (1.7) 

with Ad being the increment of the vector in (A.7); 

R~c=[ -i  Npci ; zNpd ; -[d@l (mpc2)]x,:o ; I~--~l (Mvc2) ]xl:l ; O; OJ (1.8) 

with ARac being the increment of the vector in (A.8); 

RT:i{-aN, ~H i(dM'n~lOO~.{2N,. ~H 2[dM,.'~ 
, 

{ }{ 00}  _iN," eH l (dM, ,~  80 2Np, eH 2(dMp,~ l ;0;0 (A.9) 
ell 2 ~ dx1 J l ~ 2  ' ~22 + \ dx1 ) 
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with ART. being defined from (A.9) by replacing 

[ l(dMpn'~'2(dMpn'~ [ l{dAMpn'~.2(dAMpn'~ 
1Npn;2Npn; \ dx I ] '  \ dxi ] ]  by AaNvn;A2Nv"; \ ~ / 1 '  ~ dxl /l 3 ' 

respectively; 

=l{i } { i ( )  t {i ~W~ 8W~ - 1  dx~-O~ RJ ~ d x ~ - H  ; ~-~ 1 8W~ 

R~o = - n ~ [ + ( m z - m i )  , n ~ - 1 + ( m 2 - m l )  ; - n a~-2 + ( m z - m l )  ; 

n ~-2 +(m2 - m i )  ; ml ; -m2 

With these notations, the incremental form of (4.15) may be written as 

(A.10) 

(A.11) 

0 = ~ {3AaT< -- (A)..Aa - (AR.c + AR..) - R. + [(A)~ao - (A)~ncl Ad> 
elem 

+ 6 (Ad) <(A)TdoAa + [(A)aao -+- (A)ddn] Ad + (ARdc -+- ~iRdn ) -4- (Rdo -+- Rdc + Ra.)>} 

2 { ~AaT< -(A),~,,Aa-AR,~-R,~+(A),,aAd> 
elem 

+ 6 (Ad) <(A)To Aa + (A)aaAd + ARa + Ra>} , 

where [1 
( A ) ~ = !  (H)[(C)(H).dxl , (H)~= 0 

(C) = 8~ 82W¢ 1 8N 2 8NSM 
82 W~ 82 W~ 

8NSM 8M 2 

0 0 
I --X 1 xa , 

l l 

(A. 12a, b) 

(A.13) 

(A.14a) 

which, for a linearly elastic material, and when the reference axis of the beam is at mid-thickness, may 
be written as 

Cil = 1/EA , C12 = 0 , C22 = 1/EI , 

1 ~AUpcl cos ~ + ANpc2 sin 0 } 
AR~ = ! (H)[(C) ( _ AM m sin 0+  AMp~2 cos 0 dx~ 

AR.=! (~)~(C) (AM..J dxx, 

8 H  IT 

80 IT (A)*ao = -~ff [  

80 IT 

8H 
- - I  T 0 

- - - - I  T 1 

80 
- - I  T 0 

0 

0 , 

- 1  

(A.14b) 

(A,15) 

(A,16) 

(AA7) 

IT=[--1, 1],  (A.18) 
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(-Npclsin"O+Npc2cos'O "} \ SO IT;oT] 
(A'adc----(i (")T(c){-MpcicosO-M, c2sin~ dx1) [~@1 / T ; ~  

where 0 is a null vector with two components. 

(A)dao: i n O2H ago ~+(m2 --ml) ~ )  (E) 

where 

[, (E)= - 1  

(A)aa,, = 

Sym. 
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, (A.19)  

~2 H 020 
(E) 

In ~2H . , ~2"0 + (m2 - m l )  ~ I ( E )  

0 0 

0 0 

0 0 

0 0 

, (A.20)  

I],  A21, 

- ' N p ,  ~(t71) 2 t- \ ~x, J Or71 05, ~ t 7 1 ~  + \ 0x, J ~tT, ~ff2 IT 0T 

I ~2H [ i(~Mpn ~ ~H ~'01 i T [ 1Npn ~2H ~_l(~Mpn ~ ~H ~01 , T 0T 
-~Np. chS, Sa2 [,, 5x, //8ffz 05, (852) 2 t,,, 5xl ,,] 01,72 

[ oo},. [2,+.. o. o, 
2Np" 85,852 \ 8x, ] a52 ~5, 5(a2) / \ ax, } &72 

0 T O T 0 T 

0 T 0 T 0 T 

(A.22) 

Since, in (A.12b), the parameters (6Atr T) are independent and arbitrary in each element, it follows 

Aa = ( A ) ~  [(a)~dAd-R~ - AR~] . (A.23) 

Upon substituting (A.23) in (A.26), one obtains 

6(Ad)  [(K)TAd - AQ + R] , 
elem 
where 

(K) T = element tangent stiffness = (A)Tao(A)~ A~a + Aae , (A.24) 

AQ = ( A ) T o ( A ) ~  AR~ - ARa , (A.25) 

R = - (A)T  O ( A ) ~ R ~  + Rn • (A.26) 

It is clear that, in the presence of non-conservative distributed loading, the stiffness matrix (K) T in 
(A.24) is unsymmetric. 

One can easily extend the development of the element-load vector as in (A.25) and (A.26) to the 
case wherein the externally specified nodalloads in the frame are also non-conservative, viz., those that 
depend on the nodal rotation. Such details are omitted here for the sake of brevity. 
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We now turn to the case of development of plastic hinges as discussed earlier in Sect. 5. 
In the elastic-plastic case, as explained in Sect. 5, the incremental compatibility conditions as well 

as the "check" on initial compatibility are appropriately altered by augmenting the incremental total 
"weak" form in (A.12) by terms 

ek~m +{&)L(~fxAv+~fMAl~)+HpAv+O*&lt}xl=tp-{3A)~(~fNAm+-~fAM)x~=tp (1 .27)  

This modification to (A.12b) may be best accommodated by writing 
~ T  A 0= ~ {bA~r(-(A.~)A~-Af~.-[Io+(Aoa)Ad)+bAd((Aoao)Aa+(Aaa)Ad+ARa+Ra} (A.28) 

e l e m  

and, by redefining appropriate matrices as follows: 

A~T= [Aa T, zX,~l , 

of A/~ = ~ f  ANp + ~ AMp 

- I - 

(A.29) 

(A.30) 

(A.31) 

(A.32) 

(A.33) 

(.~e) = I ( ~ a ) l  , (.~oao)T = I(A£~°) 1 . (A.34) 

From (A.28), since A~ are arbitrary for each element, A~ is eliminated at the element level and 
expressed in terms of Ad. As a result, we obtain an expression for the stiffness matrix (/~) as 

(A.35) 

(A.36) 

(A.37) 

(A.38) 

(K) = (K) -(Aaao)T (A**)- l Ai2CT (A.a) , 

where (K) is given in (A.24), and 

CT= [A~r2(A~)-1112]-1A[2(A~) -1 

t~ = - (A~ao) T (Ao~)-1 (1~, - A 12CTt~,) + Ra , 

0. = (A.ao) T (A**)- 1 [A/~. - A 12C TA J~o'] - -  A R d  • 

Once again, the tangent stiffness matrix is explicitly derived and may be unsymmetric in general. 
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