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Attract-Integral ~uations are derived for the ~p~~nta~~on of in-plane as well as transverse 
displacements of shallow shells undergoing small, quasi-static or dynamic deformations. A combined 
boundary/interior element method for static stress, free-vibration, and transient response analyses of 
shallow shells, based on these integral equations, is derived. Numerical results are presented to 
demonstrate not only the computational economy but also the superior accuracy realizable from the 
present approach, in contrast to the popular Galerkin finite element approach. 

For boundary-value/initial-value problems in (linear 
or nonlinear) solid mechanics, it is often possible to 
derive certain integral rep~~n~tions for displace- 
ments [l-3]. A key ingredient, which makes such 
derivations possible, is the singular-solution, in an 
infinite space, of the corresponding differential 
equation (in the fulty linear case) or of the highest- 
order differential operator (in the nonlinear case, or 
even in the linear case when the full linear equation 
cannot be conveniently solved) for a “unit” load 
applied at a generic point in the infinite space. When 
the problem is linear, and the singular solution can 
be established for the complete linear differential 
equation of the problem, the forementioned integral 
representation for dispia~ments involves only 
boundary integrals of the unknown trial functions 
and their appropriate derivatives. Such an integral 
representation, when discretized, leads to the so- 
called boundary-eIement method [I, 21. Such bound- 
ary-element methods are possible, for example, in 
linear, isotropic, elastostatics (see, for instance, ref. 
[I]) and in problems of static-bending of linear elastic 
isotropic plates [4,5]. On the other hand: 

(I) even for linear problems wherein the singular 
solution cannot be established for the entire linear 
differential equations, 

(2) for anisotropic materials, and 
(3) for problems of large deformation and material 

inelasticity, the integral representation, if any, for 
displacements would involve not only boundary 
integrals but also interior integrals (i.e. integrals over 
the domain) of the trial functions and/or their 
derivatives [3]. A discretization of such integral equa- 
tions would lead not to a simple boundary-element 
method, but to a sort of hybrid bounda~/inte~or 
element method [3]. 

The literature on the static or dynamic analysis of 
shells by the boundary element method is rather 
sparse. The primary objectives of this paper are: 

(I) to explore the integral equation fo~ulatjons 
for static and dynamic analysis of shallow shells: 

(2) to consider the discretization of these integral 
equations; and 

(3) to explore the advantages of the present ap- 
proach as compared to the usual Galerkin finite ele- 
ment approaches wherein higher-order continuities of 
trial solution for displacements, such as C’ continuity 
of transverse dispia~ment, has long plagued the 
successful development of shell finite elements. 

As is well known, due to the curvature of the shell, 
the in-plane dispIa~ments and the transverse dis- 
placement in a shell are inherently coupled in the 
kinematics of deformation as well as in the momen- 
tum balance relations for the shell. In the present 
integral equation fo~ulation, the test functions are 
chosen to be the singular solutions, in infinite space, 
of parts of the relevant momentum balance equa- 
tions. However, (1) when the dynamic motion of the 
shell is considered and (2) since the in-piane displace- 
ments u, are coupled to the transverse displacement 
w in the shell equilibrium equations, the presently 
considered test functions represent singular solutions 
to only the highest-order di~erential operator occur- 
ring in the elastostatic equilibrium equations of the 
shell. Due to this reason, the integral representations 
for the shell displacements involve not only boundary 
integrals, but also domain integrals involving the trial 
solutions for displacements. Thus, when discretized, 
the present integral equation approach leads to a 
hybrid boundary/domain element method. However, 
unlike in the Galerkin finite element method, in the 
present approach, the trial functions for transverse 
displacement need only be piecewise constant or 
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utmost C” continuous over each interior element. In 
this paper, several examples of quasi-static, free- 
vibration, and transient dynamic response analysis of 
shallow shells, based on the developed integral equa- 
tion approach, are presented. The present method for 
dynamic analysis of shells has some similarities to 
those developed in refs [5] and [6] for dynamic 
analysis of plates and plane, linear elastic, bodies. 

The remainder of the paper is organized as follows: 
Section 2 deals with the statement of the boundary- 
value/initial-value problem; Section 3 deals with the 
formulation of integral equations for shell displace- 
ments and a solution strategy; Section 4 with an 
algebraic formulation; Section 5 with numerical 
examples; and Section 6 with some concluding 
comments. 

2. THE BOUNDARY-VALUE/INITIAL-VALUE 
PROBLEM 

Consider a shallow shell of an isotropic elastic 
material with the mid-surface being described by 
z = z(x,), a = 1,2 (see Fig. I). The base-plane of the 
shell is defined by a domain R in the Ox, x1 plane, and 
R is bounded by a smooth curve r. Using Reissner’s 
linear theory of shallow shells [7], the pertinent 
equilibrium equations may be written as 

and 

N,,,,+b,=O (a,P = 172) (2.la) 

DV4w + R N”“-b,=f,, 
0s 

(2. I b) 

where NEa are membrane forces; ( ).! = a( )/13x,; 
w is the transverse deflection of the mid-surface of 
the shell; b,(i = 1,2, 3) are body forces;_& is the load 
normal to the shell mid-surface; D = [E1’/12(1 - v*)]; 
I is the thickness; E and v are the elastic constants; 
V’ is the biharmonic operator in the variables x,; and 

Ral, = - I/z.,~ (2. Ic) 

are the radii of curvature of the undeformed shell. 
Along r, the boundary conditions are 

u* = 4 at r,; Naana=P. at r,; 

f = r,UTT,, (2.2a, b) 

Fig. I. Nomenclature for a shallow shell 

where II, are the dlrection cosines of the unit outward 
normal to r in the base plane. The out-of-plane 
boundary conditions are 

it’ = ,i, or V” = P” 

Y0 = q, or M,, = M,,,> 

where 

(Xa) 

(2.3b) 

a a 
vn= -D~(v2W)+-M, 

cn Sr 

is the reduced Kirchhoff shear force; 

is the rotation around the tangent to f; 

and n and t are directions normal and tangential, 
respectively, to i- in the base plane. 

It is well known that the equilibrium eqns (2.1) can 
be written more concisely in terms of a stress function 
(for N,,) and the transverse displacement W. However. 
we leave the equations in the form (2.1), which is 
somewhat more general, so as to treat in-plane inertia 
forces and to extend the development to the case of 
general non-shallow shells, and nonlinear kinematics, 
in forthcoming papers. 

The in-plane strain-displacement relations are 

(2.4a) 

where u, are the in-plane displacements at the shell 
mid-surface. The in-plane stress-resultant/strain 
relations are 

N,, = C(c,, + \Y?~): 

N22 = C-k,, + vci,k 

N,, = C(l - I’)(,?, (2.4b) 

where C = Et/(1 - v*). The moment-curvature 
relations are 

M,, = -D(w,, + VW.~~); 

M,, = -D(H..?? + w,,); 

M,, = -D(l - V)W.,?. (2.5) 
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Finally, the initial conditions on the shell may be 
written as 

u,(xp, 0) = u,(xp) at f = 0 

ti,(x,,, 0) = liti at f = 0 

w(xp, 0) = w&p) 

ti(xp, 0) = ri~o(x,,) at I = 0, (2.6) 

where (’ ) P d( )/df. 

3. INTEGRAL EQUATIONS FOR SHELL 
DISPLACEMENTS AND A BOUNDARY 

ELEMENT SOLUTION STRATEGY 

In an approximate analysis of the boundary/ 
initial-value problem described in Section 2, let u, and 
w be the assumed trial solutions. We shall consider a 
general weighted-residual formulation, and let u: and 
w* be the corresponding test functions. In the famil- 
iar Galerkin finite-element method, the trial functions 
(u, and w) and the test functions (u.* and w*) belong 
to the same category of function spaces. In the 
present formulation, however, as will be seen, the test 
functions (u$ and w*) belong to an entirely different 
class of function space from that of the trial func- 
tions. With this in mind the combined weak forms of 
the equilibrium equations and boundary conditions 
for the in-plane [eqns (2.la) and (2.2a,b)] and out- 
of-plane [eqns (2.1 b) and (2.3a,b)] deformations, 
respectively, may be written (see, for instance, ref. [S]) 
as 

I (N,,,, ,I + b, )u : dQ 
n 

= c (P, - P,)u$ dT 
Jr, 

+ (ii, - u,)P: (u:) dT (3.1) 

and 

SC N.P DV’w+--bb,-f, w*dR 
n R ZP > 

= 

5 
(I',- V,,)w*dT 

rv 

+ 
i 

(li;i - M,)‘f’,+ di-, 
rM 

+ 
s 

(w - i?)V,* dl-. (3.2) 
r. 

To make a specific choice for the test functions that 
results in convenient integral representations for the 
shell-displacements u, and w, we rewrite the in-plane 
equilibrium equations in a slightly different form, as 
follows. From the relations between (Nip) and (u,, WY) 
as given in eqns (2.4a,b), we may write 

where 

N,, = N& + CK.!H’, (3.3) 

or 

N;, = C(u,,, + vu,,,); 

N;z = C(u,, + vu1.i ); 

N;z = :C(l - v )(u,.r + %I) 

and 

% = CM,, ~?.a (3.4) 

41 =$+‘; 
II 4, 

I v 
Kz2=-+-; 

41 41 

l-v 
Ku 

=R,,. 

Use of (3.3) in (3.1) results in 

W:,, + Ckp”‘)y + bzlu: df2 

= s (P, - P,)u: dT 
r. 

(3.5) 

+ r~(fi,+JP.‘(a:)df. 
I 

(3.6) 

Use of the Divergence theorem in eqn (3.6) results in 

+ C(K,,,W).& dD + b,u: dQ 
s n 

= s (Pm - P,)u: dT 
r. 

+ (ts, - u,)P,‘(u,l) dT. (3.7) 

Since the material is linear elastic and isotropic, we 
have 

N’ u* = f&ur,~u&= N;,+(u:)u:.., ab m.B (3.8) 

CAS 24;2--D 
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where the dctinitions of N:,* arc apparent. WC now 
introduce the additional notations: 

or 

P; = N:,tz,f; P, = N,,{t7,/ (3.9a) 

P, = P; + CtQ It’tzp. (3.9b) 

Using (3.8, 3.9~1. 3.9b) in (3.7) and applying the 
Divergence theorem. it is easy to obtain: 

- s CE,,~ wu: ,i dQ = 0, 
rl 

where 

(3.iOa) 

P,=P, at f,; and i?, = P, at r, (3.10b) 

and 

ii, = ii f at r,,; and ri,= u, at f,. (3.1Oc) 

Now, WC choose ud to be the “singular solution” of 
the equation 

vi,* (u,* G,, + 6 (.Yr - 5,&e, = 0, (3.1 I) 

where 6(x,, - <,,) is the Dirac delta function at 
s,, = f,,: 6,,, is the Kronecker delta; and e, denotes that 
the direction of the application of the point load is 
along the x,, direction. The “singular solution” of 
(3.11) will be denoted as u&; where u& is the 
displacement along the s, direction in a plane infinite 
body at any point s,,, due to a unit load along the xc, 
direction, applied at the location xlr = I&,. Likewise, 
P$;;I (x,,. i,,) will bc considered to be the traction 
along the x, direction on an oricntcd surface at x,,, 
with 3 unit normal t1,, due to a unit load along x,, at 
the location i,. These solutions are well known [9] 
and may be written as 

+o +Q-g 
1 

(3.12a) 
0 ‘1 

and 

(3.l’hj 

where p = lx,, - i,j is the radius vector from x,, to ;,, 
and G = E!i2 (1 +v). 

Due to the property of integrals involving Dirac 
functions, WC have 

s 
(A’:;).,+, dR = - 6(x, - &,) 

n s n 

S,~e,u,(x,) dfl t - u&,). (3. I 3) 

Using eqns (3.12) and (3.13) in (3.10a), we have 

YU,(~,) = 
I 

GQ&,(x,, t;,) dQ 
R 

- CK,~W(X.,)U,$,,~(X.,. &)dn. (3.14) 

It can be shown that while the coefficient y in the 
left-hand side of (3.14) is the unity when f, is in the 
interior of R, the value of y is (0.5) when ;,, falls on 
the “smooth” boundary r [I]. Equation (3.14) is the 
sought-after integral equation for u, in a shallow 
shell. 

We now choose the test function ~(.*(x,,) to be the 
“singular solution” in an infinite plate corresponding 
to a unit point load at the location &. Thus, it.* 
corresponds to the solution of the linear equation 

DV4w* = 6(x, - l,,) (3.15) 

in an infinite domain in the base-plane of the shallow 
shell. It is well known [9] that the solution for \I,* is 
given by 

1 

where ,Y = lx, - {,,I. 
Using eqns (3.16) and (3.3) in eqn (3.2) and em- 

ploying repeated integrations by part in the resulting 
equation, one easily obtains the integral equation 
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x (x,,b*(xp, 5,)dQ 

+ i {[M,]bc’* - [MF]w}, 
I 

where 

v.= -D-$‘w)+gM, 

(3.17) 

M,=M,,n:$2M,,n,n,-CM,,n: 

M, = (M22 - M,,hn, + M,,b: - 4, 

y = I for {,ER; 

y = $ for 5, E r (smooth). 

In eqn (3.17) the terms with the superposed symbol 
“^” should be taken to imply the respective pre- 
scribed values, if any, at f; otherwise, they are to be 
treated as the unknown solution variables. Also, the 
symbol [( )] denotes the jump in the quantity ( ) at 
a corner at r, in the direction of the increasing arc 
length along r; and the summat;on (1 to k) extends 
to all the k such corners. 

Using eqn (3.4) and the Divergence theorem, it is 
easy to see that 

- [CK,p’+‘*(X,,, t,)ly~&,) da. (3.18) 

Use of (3.18) in (3.17) results in the final integral 
equation for H’ as follows: 

W,(5,,) = s ~&)w*(x,,, t,)df 
r 

- 

s 
ni.(x,,W:(x,~ C,) dr 

r 

- j CK,n,fi&,)w*(x,, t,)dr 
r 

+ D&+‘*(x,,, &&&(x,)d~ 

w(x,)w*(x,, 5,) dR 

+ I h(x,,)w*(x,, t,)dQ 
n 

+ nX(x,)w*(x,,, t,)dn 
i 
k 

+ c IW,lw * - [MT]w}. (3.19) 

Since (&v/h) is also an independent variable at r 
in the present boundary-value problem of the shallow 
shell, an integral relation for (Jw/an), likewise, be 
derived as 

Remarks 

In summary, eqns (3.14), (3.19) and (3.20) repre- 
sent the complete set of integral equations for u,, w, 
and dw/dn. An examination of eqns (3.14), (3.19), 
and (3.20) reveals the following features: 

(1) For given body forces b,, the integral relation 
for I.+ [eqn (3.14)] involves the trial functions u, only 
at the boundary r. On the other hand, due to the 
curvature induced coupling of the trial functions 
(u, and w) in the shallow-shell problem, the integral 
relation for q contains a domain-integral (over n) 
involving the trial function for w. 
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(2) Jf the body forces b, include in-plane inertia 
forces (pii,), then the integral relation for X, involves 

unknown, one would easily obtain exactly as many 
equations as the number of unknowns, so that the 

a domain intcgraJ (OVCF a) Or ii, ilS WCfi. problem may bc considered as well posed. 
(3) Again. due to the curvatureinduced coupling 

of the in-plant and out-of-plant dispiaccmcnts m 
the presently considered shallow shell, the integral 
equations for II* and &j&r, cqns (3.19) and (3.20) 
respectively. contain domain-integrals (over Q) in- 
volving trial functions for both I$’ and u,. Also, in a 
transient dynamic anafysis. the term (ri:) appears 
inside a domain-integral, 

4. ALGEBRAIC FORM~JLATION 

(4) For reasons (1) to (3) above, unlike the classical 
homogeneous isotropic elasto-statics [l] wherein a 
dixretization of the relevant integraJ equations re- 
quires a use of basis functions for the dispiacements 
at the boundary alone, the prcscnt shallow-shell 
formulation requires the assumption of basis func- 
tions for the trial sofutions u, and ~1, at the boundary 
r as well as in the interior Q. Thus, the present 
solution methodology may, strictly speaking, bc 
classified as hybrid boundary-element/interior (finite) 
element method based on a direct discretization of 
integraJ equations 

We discretize the boundary into M segments r,. 
I?1 = I, I # M, such that the corner points, if any, on 
r coincide with the nodes of r,. The domain Q is 
discretized into t finite elements rt,. J i= J, . , f t. 
Aftogethcr, one has N nodes, of which A~, are on r 
and Nn inside R. Of course, the discretization is such 
that each rrn is a boundary segment of some R,. At 
each nodal point an the boundary, u,, w, do+& P,_ 
V,, and M, are treated as nodai variables; and at each 
point in the interior of R. only u, and H’ arc trcatcd 
as nodal variables. While a CD continuity is not 
necessary in the present fo~uJation for tl, and w 
inside Q, such a continuity is used in the present, for 
algebraic convenience (as well as for reasons of 
extending the present formulation to a finite defer- 
mation case). 

(5) Unlike in Ihc homogcncous isotropic clasto- 
statics [ 11, the prcscnt integral equations are no longer 
~undary-~ntegraJ equations alone. 

(6) Suppose now that in eqns (X14), (3.19), and 
(3.20) we Jet {,, tend to a point on the boundary, i.e. 
lr E r. Thus, we obtain three integral relations for the 
boundary values of@,, rsi’, and &v@. An examination 
of these relations reveals that, in order to discretize 
these equations. one needs to assume only very simple 
trial functions u,, W, do/& not only at the boundary 
but also in the interior of Q. For mstance, Q may be 
discretized into a number of finjtc elements and r 
into a number of boundary elements. As 5, tends to 
r, the integral relations (3.14), (3.19), and (3.20) 
clearJy show that K and u, need only bc piecewise 
constant functions in each finite element in R, in any 

discretization process. Finally, one may need only 
consider Co continuous functions for u*and u, in each 
efement (to extend the fo~uJations* later, to finite 
deformation cases). 

Let the numerals I, 2, 3, 4, 5 denote respectively: 
the vectors ur (values of in-plane displaccmcnts at 
nodes on r ); u, {values of in-plant displacements at 
nodes in Q); wr (values of out-of-plane d~spla~ments 
n* as weJJ as rotations &r/‘&r at nodes on r); wn 
(values of NV at nodes in Q): and Pr (values of in-plane 
tractions Nzpnp as well as out-of-plane generalized 
forces, viz. the reduced Kirchhoff shear and bending 
moments, at nodes on F). Using the above discussed 
interpolations, for the various variables in R and at 
r, in eqns (3.14), (3.19), and (3.20). it is easy to 
generate the algebraic equations: 

G,, ur + G,~wr + Gown + G,,Pr = P, (4.1) 

Gziur - Iu,+G,,w,+G,w~-cG?JP~=F~ (4.2) 

G,, u,. + G3:u, + G>rw, + G,wn + G,,Pr = 6 (4.3) 

G,,u, + G4+n + Gb3wr + G4wr-r 4 G,JP, = P,. (4,4) 

The notation in eqns (4.Jtf4.4) is as follows: 

(7) Jn contrast, it is recalled that in the Galerkin 
finite element method, u, need be Co continuous and 
us be C’ continuous in each element. The di%culties 
with such a finite eJement approach are too welt 
documented in literature to warrant further comment 
here. 

(I) the numerals 1, 2, 3, 4, 5 should be identified 
as explained before; 

(2) the matrices are defined such that, for instance, 
GII implies that it has as many rows as the dimension 
of the (2) vector, i,e. u,, and has as many columns as 
the (I) vector, i.e. u,; 

(8) At each point on the boundary, two of the 
in-plane variables z&x = t, 2X P&x = I, 2) are 
specified; and the other two are unknown. Likewise, 
two of the out-of-plane variables, V,, M,, IL,,, and 
no are specified; and the other two are unknown. 
At each point in R, as seen from eqns f3.f4), (3,19), 
and (3.20), the three displacements, u, and )1’, are 
unknown. Thus, if eqns (3.14), (3.19), and (3.20) 
are discretized, through finite as well as boundary 
elements and the nodal values of the variables are 
appropriately understood to be either specified or 

(3) likewise, far instance, F3 is a vector whose 
dimension is the same as the (3) vector, i.e. wr. 
Equation (4.2) can be trivially solved for the (2) 
vector, i.e. un, as 

u, = Gzru, + GUwr+ G,wn + G,,P, - Fz, (4.5) 

Use of (4.5) in (4-l), (4.3), and (4.4) results in 
equations in the only unknown variables, ufl wr, WQ, 
and Pr, thereby reducing the dimens~onai~ty of the 
algebraic equatians yet to be solved. 
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For dynamic response problems, one may consider 
the body forces b, and b1 to in&de the inertia t 

forces --pii, and -p@, rcspcctivciy. Thus, in cqns 

(4. I )-(4.4), for dynamic rcsponsc analysts, one may 
redefine F, . . . F4 as 

Ft=F:-Mu&-; F~-MZ2iin 

F, = F: - M3&vr; F6 = F$ - M,&. (4.6a-d) 

It should be noted that, in the present approach, the 
mass matrices, say for instance M,,, are obtained 
from integrals of the type 

Fig. 2. A shallow shell of a circular pian form. 

analysis, based on (4.1 I) is standard, and further 
details are omitted. 

It should be pointed out that a modat analysis of 
free vibrations of flat plates, similar to the one 
detailed above, has been presented in ref. [IO]. v&h&J-y,, FJdQ. (4.6e) 

Equations (4.6a)-(4.Sd) are now used in cqns 
(4.I)-(4.4)+ and the resufting equations are easily 
rearranged to read as 

Recall that the number (I) denotes ur and (3) denotes 
wr (including boundary rotations) and (5) denotes Pr 
(boundary nodal tractions). It is clear that, at the 
boundary nodes, the number of nodal generalized 
displacements is exactly the same as that of the 
generalized nodal tractions. Thus, the matrix 
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Here we present numerical results for the problem 
of a shallow spherical cap as shown in Fig. 2. for the 
present case, 

1 I 1 1 
A,=ir;l=j$ Ti;;=o; 

ifv 
ICI, = K22 ‘-.---; 

R 
K,* -c til, -0. (5.1) 

In the present series ofcompu~atjons, basis functions 
fog each of the trial functions are assumed as follows: 

(I) over each boundary element at f, the boundary 
variables u,, w, awl&r, P,, ,%I,, and V, were inter- 
poiated linearly, and 

(2) over each interior finite element, U, and w were 
interpolated bilineariy such that each of these func- 
tions is Co ~nt~nuous at the element boundaries. 

(4.9) 

is a square matrix. From (4.?), one may thus elimin- 
ate the unknown nodal generalized forces and write 
an equation of the type 

The boundary elements and interior fmite elements 
are shown in Fig. 3. Resufts were obtained for four 
different meshes, as shown in Fig. 4. The three-noded 
elements, each with a node at the center of the shell, 
are generated from the four-m&d element shown in 
Fig. 3 by co~la~sjng two of the nodes together. The 
boundary conditions at f are: (1) w = 0, &T/an = 0 
and (2) the shell is free to move in the in-plane 
directions (in-plane traction-fry). 

The deflection at the center of the shell (with 
the geometry: R = 100, r,, = LO), due to an applied 
concentrated load at the center of the shell. is shown 
in Fig, 5. It is seen that the numerical results for ah 
the meshes shown in Fig. 4 agree excellently with the 

When eqn (4.10) is used in (4.8), the resulting 
equations may be rearranged in the standard form, as 

Gq+Mq=F, (4.1 I) 

where now, q stands for the vector of generalized 
nodal displacements including both the in-plane and 
transverse type. The transient response, or modal Fig. 3. Interior and boundary elements. 
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mesh I mesh 2 

mssh3 mesh 4 

Fig. 4. Different meshes used in the analyses of a shallow spherical cap. 

exact solution[ll]. Note that the total number of 
degrees of freedom for each of the meshes is: 3 
(Mesh 1); 27 (Mesh 2); 99 (Mesh 3); 183 (Mesh 4). 
The shell, in this example, is very shallow and 
approaches the geometry of a circular plate. 

To examine the accuracy of the presently employed 
simple theory of shallow shells, problems of shells 
with various values of to/R (r,/R = 1 denotes a hemi- 
spherical shell) were analyzed under a uniformly 
applied transverse pressure loading (se-e Fig. 6). From 
the results for the crown deflection plotted in Fig. 6, 
it may be seen that for (r,,/R) S 0.3, the shallow-shell 
theory is a very good approximation (i.e. errors of 
less than 10%) to the deep-shell theory. 

The stresses in the present integral equation 
approach may be computed in several alternate ways. 
The first approach is to use eqns (3.14), (3.19), and 

“‘I 
O.OS L 
0 

0 II\ 0.0 

-EXACT soLulloN 
0 MEW I 

MESH 2 
: MESH 3 
0 MESH 4 

E = 1000.0 
Vs0.25 
R = 100.0 
,. = 5.0 
t f IO 

:I , 2\ 
!I 4 s r 

(3.20) for II,, HI, and do /an, respectively, and analyli- 
tally derive integral equations for the in-plane 
stress resultants NflB, bending moments M,. and the 
reduced KirchhoIT shear, directly. However, this pro- 
cedure involves rather tedious algebra. The second, 
and simpler, approach is to numerically differentiate 
the computed displacement field to derive the stress 
field. Both approaches are used in the present work. 
For the case of (rO/R) = (l/20), the obtained numcr- 
ical results for M, and M, are compared with the 
analytical results in Fig. 7. At the boundary, the exact 
solution for IU, is 3.09 (KN,). whereas that obtained 
through the direct integral representation is 3.08 
(KN,,,) and that obtained through numerical 
differentiation of the displacement field is 3.24 (KN,,,). 

Next, the eigenvalues of free vibration of the shell 
were computed for various values of (r,/R). The 

Fig. 5. Transverse displacement along a radial line in the base plane. 
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- Analytlcal SoluTbn for Spherkal Shell 
t using a deep-shell theory 1 

NXW Resent Numerlcal Solutkn uelng a 
Shallow - Shell Theory 

(wing merh 3) 

b/R 

0.1 a2 0.3 0.4 0.6 0.6 0.7 0.6 0.9 I.0 * 

Fig. 6. Crown deflection for shells of various depth ratios. 

Uniform Lwding 
I 

Uniform Loading -.-.- Present Solution 

Fig. 7. Results for radial and tangential bending moments. 
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Fig. 8. Time variation of crown deflection due to a concentrated pulse at the crown 



JIN-DONG ZHANG and S. N. ATLURI 

Table 1. 

Reissner (1955) 

100.0 60.0 I 45.0 I 35.0 25.0 

3.1988 
I I 

3.2344 3.2774 3.3409 3.4926 

3.2825 3.3395 3.4229 3.6180 

3.2466 3.3016 3.3823 3.5726 

Mode 
Mesh 2 

1 
Mesh 3 

7.0871 

6.8866 

7.2729 

7.0776 

7.1094 7.1364 7.1764 

6.9095 6.9373 6.9785 

Mode 
Mesh 2 

2 
Mesh 3 

7.6126 8.2359 

7.4264 8.0641 

7.6126 8.2359 

7.4264 8.0641 

12.4984 12.8875 

11.8741 12.2829 

12.4984 12.8875 

11.8741 12.2829 

,14.3436 14.6845 

~13.7913 14.1514 

7.0871 7.2729 

7.0776 

7.1094 7.1364 7.1764 

6.9095 6.9373 6.9785 

Mode 
Mesh 2 

3 Mesh 3 

12.1855 

11.5442 

12.2945 

11.6592 

Mode Mesh 2 

4 
Mesh 3 

12.1855 

11.5442 

12.2945 

11.6592 

12.1985 12.2142 12.2377 

11.5579 11.5745 11.5993 

14.0825 14.0961 14.1165 

13.5144 13.5289 13.5505 

Mode 
Meq,h 2 

5 Mesh 3 

14.0712 14.1659 

13.6029 

Mode 
Mesh 2 

6 
Mesh 3 13.5024 

results for the first six eigenmodes are shown in 
Table 1, for Mesh 2 (27 d.o.f) and Mesh 3 (81 d.o.f). 
For the first mode, even Mesh 2 gives an eigenvalue 
of acceptable accuracy, for all the (r,/R) cases, as 
compared to the analytical solution of [12]. From a 
comparison of the results for the six eigenvalues from 
the two meshes, it may be seen that even the 27 d.o.f. 
mesh gives results of acceptable accuracy for all the 

six modes. Also, Table 1 indicates the increased 
stiffening effect in the shell as the depth of the shell 
[(r,/R)] increases. 

The transient dynamic response of the shell sub- 
jected to a time-varying concentrated load at the 
center of the shell is analyzed for different types of 
time variation of the load. These results, computed 
from using the Mesh 3, are shown in Figs 8 and 9. 

Ttme 1 set 1 
Fig. 9. Time variation of crown deflection due to a concentrated force P(T) at the crown 
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with the time variation of the applied load being 
depicted in the inset of each of these figures. Thcsc 
results indicate that the frequency content of the 
response of the shell is, of course, altered by the 
nature of the applied load. 

6. CONCLUSION 

A simple “boundary-element/interior-element” 
method, based on an integral equation formulation 
for static and dynamic response analysis of shallow 
shells, is presented. Unlike in the Galerkin finite 
element method, the trial functions for displacements 
are not required to be C’ continuous in the present 
approach. Thus, the present approach is much 
simpler than the Galerkin FEM and yields results of 
acceptable accuracy with a discrete model of much 
smaller number of degrees of freedom. 
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