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Analysis of Interaction Behavior of 
Surface Flaws in Pressure Vessels 
The evaluation of stress intensity factors for surface flaw problems and, in par
ticular, semi-elliptical surface cracks in cylindrical pressure vessels has been well 
developed using the finite element alternating method. Some of the examples 
presented here include the interaction effects due to multiple internal longitudinal 
surface cracks in cylinders as recommended for analysis in the ASME Boiler and 
Pressure Vessel Code (Section XI). For each crack geometry, several loading cases 
are considered including internal pressure and polynomial pressure loadings from 
constant to fourth order. By the method of superposition, the magnification factors 
for internally pressurized cylinders are rederived using the polynomial influence 
functions. These influence functions give useful information for design purposes 
such as in the analysis of a thermally shocked cylinder. The problem of a single cir
cumferential crack in a cylinder is also investigated using the finite element alter
nating method, and a number of results for such problems are also presented here. 

1 Introduction 
It is usually sufficient to approximate flaws in structural 

components, such as pressure vessels by elliptical or part ellip
tical cracks [1]. Accurate estimates of the stress intensity fac
tors along the flaw border are needed for a reliable prediction 
of crack growth in addition to cracks under the thermal shock 
condition. 

However, when interacting multiple elliptical cracks exist in 
a structural component, the analysis becomes extremely dif
ficult. In the literature, there appears to be a lack of informa
tion for the interaction behavior of. three-dimensional multiple 
cracks. Only a limited number of results for such problems 
have been obtained. These include multiple semi-elllipitcal 
cracks in a semi-finite solid [2-4] and multiple cracks in a 
hollow cylinder [4-6]. 

For finite bodies with complex geometries, it is necessary to 
resort to numerical techniques to obtain stress intensity fac
tors. A finite element alternating technique has been 
developed by Nishioka and Atluri [7] which has many signifi
cant advantages in comparison with the classical alternating 
method of Shah and Kobayashi [8, 9]. In the new alternating 
method, the general analytical solution for an embedded ellip
tical crack in an infinite solid, subjected to arbitrary traction 
on the crack surface [7, 10] was combined with the finite ele
ment alternating method. This alternating method has been 
successfully applied to obtain accurate stress intensity factors 
in many engineering problems such as a semi-elliptical surface 
crack in finite thickness plates [7], in pressure vessels [11], and 
for a quarter elliptical corner crack emanating from a pin hole 
in plates and in aircraft attachment lugs [12]. 

It was demonstrated that the present alternating method is 
approximately one order of magnitude less expensive in com-
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puting costs as compared to some of the other numerical 
methods reported in the literature. These include three-
dimensional finite element techniques as employed by Atluri 
and Kathiresan [13], McGowan and Raymund [14], Newman 
and Raju [15], and Miyazaki et al. [6], while the boundary in
tegral equation method was implemented by Heliot et al. [16]. 

In the present paper, the problem of interacting multiple 
cracks in pressure vessels is investigated. Earlier the present 
authors developed a solution technique for the case of multi
ple coplanar elliptical cracks in an infinite body [17], and this 
technique is implemented with the finite element method to 
evaluate the appropriate stress intensity factors. Results are 
also presented for the situation of a single circumferential 
crack in a cylinder. 

2 Analytical Solution for an Elliptical Crack in an In
finite Solid With Arbitrary Crack Face Traction 

In this section only the Mode I problem is considered. The 
complete general solution including Modes II and III is given 
in references [7, 10]. Suppose that xy and x2 are cartesian 
coordinates in the plane of the elliptical crack and x3 is normal 
to the crack plane, such that 

(t)' + ( T - ) ' - ' ••>* 
describes the border of the elliptical crack of aspect ratio 
a,/«2. as in Fig. 1. The foregoing geometry is more con
veniently described in an ellipsoidal coordinate system. The 
necessary ellipsoidal coordinates £a (a = 1, 2, 3) are the roots 
of the cubic equation 

Let the normal traction along the crack surface be expressed 
in the form 
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Fig. 1 Elliptical crack in an infinite solid 

1 = 0 J = 0 m=0 « = 0 

where the yl's are undetermined coefficients and the 
parameters / and j specify the symmetries of the load with 
respect to the axes of the ellipse x t and x2. 

The solution corresponding to the load expressed by equa
tion (3) can be assumed in terms of the potential function 

where 

i = 0 j=o k=0 1=0 

g2k+i+j 

2k-2l+i,2I+j (4) 

2*-2/+/.2/+y dx2k-2l+idx2l+j 

ds 

(!," ̂ ""'"^m ] (5) 

and 

Q{s)=s{s + a2){s + a2
2) (6) 

and the C's are also undetermined coefficients. 
The components of displacement ut and the stress a^ in 

terms of / 3 are given by 

ul=(l-2v)fiA+xif„l {la) 

u2 = (l-2p)f32+Xlfijn {lb) 

M3 = - 2 ( 1 - y ) / 3 , 3 + ^ 3 / 3 , 3 3 (7c) 

where 
ff„ = 2ft(/3ill + 2 J ' / 3 I 2 2 + ^ 3 / 3 I 3 1 1 ) (8a) 

<?22 =2»tfl,22 + 2 c / 3 , l l +^3/3,322) (8*) 

°"i2 = 2/i (/3 , i2 - 2^/3,12 +^3/3,312) (8c) 

"•33 = 2/* ( - / 3 , 3 3 + ^3/3,333) (8<# 

ff31 =2^1X3/3,33, (8e) 

= 2/^X3/3, (87) 
where /* are v are the shear modulus and Poisson's ratio, 
respectively. For convenience, the stresses given by equations 
(8) through equations (4)-(6) are expressed in a matrix form 

M = IP] (C) (9) 

6 x 1 NxN Nxl 

where [P] is a function of the coordinates (x,, x2, x3) and N is 
the total number of coefficients A or C. 

Satisfying the boundary condition on the crack surface, the 
relation between the coefficients A and C can be summarized 
in a matrix form 

[A] = W] [C] 

Nxl NxN Nxl 

(10) 

The detailed complete expression of components of [B] is 
given in reference [7]. 

For a complete polynomial loading expressed by equation 
(3), the maximum degree of polynomial Mc and the number of 
coefficients N can be expressed, respectively, by Mc = 2M + 
1 and N = {M + 1)(2M + 3). For an incomplete polynominal 
loading in which the symmetries of the problem are ac
counted, the maximum degree of polynominal and the number 
of coefficients depend not only on M but also on parameters ;' 
and j . 

Once the coefficients C are determined by solving equation 
(10) for a given loading on the crack surface, the stress intensi
ty factor corresponding to this load is evaluated from the 
following equation: 

* , = 8 M ( — ) 
\a,a-, / 

1 M 

1=0 J = 0 k = 0 1 = 0 

(-2) 2k + i+j, {2k+i+j+iy. 

I /cosd\2k~2l+i / s i n0 \ 2 / + _ . .. 
— ( — ) ( — ) < » , (11) 

ala2 \ a, / V a2 J 

where d is the elliptic angle measured from the x\ axis and 

^ = a ? s i n 2 e + a^cos26» (12) 

3 Finite Element Alternating Method for Multiple 
Cracks 

The alternating method has frequently been used in solving 
fracture mechanics problems [8, 9, 17], but initially it was sub
ject to drawbacks in so far as it was only possible to consider a 
crack subjected only to a cubic polynomial distribution. Due 
to recent advances [7], it is now possible to investigate cracks 
subject to arbitrary crack face tractions. 

Two basic solutions are implemented in the present alter
nating method: 

Solution 1: The complete general analytical solution for an 
elliptical crack subject to arbitrary loadings on the crack sur
face in an infinite solid as explained in the previous section 
and in reference [7]. 
Solution 2: A general numerical solution technique such as 
the finite element method or the boundary element method. 
The finite element method is utilized here on account of its 
simplicity. 

It is important to note that since a number of cracks exist 
here, each crack will have separate sets of coefficients {A}„ 
and (C)„ in relation to Solution 1, where n is the number of 
the crack and there are Nc cracks in all. In the following, the 
subscript n will be used to denote crack number. The steps re
quired in the present alternating method for the case of multi
ple cracks in a finite body are as follows. This procedure is 
summarized in Table 1. 

1 Solve the uncracked body under the given external loads 
using the finite element method. The uncracked body has the 
same geometry as the given problem but for the cracks. 

2 Using the finite element solution, compute the stresses at 
the locations of each of the original cracks in the uncracked 
solid. 

3 Add the stresses in Step 2 for each crack to the stresses on 
the cracks from Step 8. The resultant stresses are the residual 
stresses on the crack surfaces. This step is skipped in the first 
iteration. 

4 Compare the residual stresses on each crack calculated in 
Step 3 with a permissible stress magnitude. A suitable choice 
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Table 1 Flow chart for finite element alternating technique 

START 

X 
STEP 1 Solve the Uncracked Body Under External Loads 

by Using the Finite Element Method 

STEP 2 

STEP 3 

STEP 4 

STEP 5 

Using FEM Solutions Compute Stresses 
at the Crack Locations 

Add the Stresses in Step 2 to Those in Step 

Are the Stresses in Step 3 Negligible'! 
Yes 

No 

Determine Coefficients A n in the Applied Stresses 
by Fitting Crack Face Stresses in Step 3 

STEP 6 Determine Coefficients C n in the Potential Functions 

STEP 7 
Calculate the K-Factors for Each Crack 

for the Current Iteration 

STEP 8 

For Each Crack, Calculate Residual Stresses (i) on 
External Surfaces and (ii) at All of the Other Crack 

Locations. Reverse Stresses (i) and Calculate Equiva
lent Nodal Loads. Add the Contributions to Both (i) 

and (ii) from Each Crack. 

STEP 9 
Consider the Nodal Forces in Step 8 as External 

Applied Loads Acting on the Uncracked Body 

I 

Add the K-Factor Solutions of All Iterations 

END 

for this stress magnitude is one percent of the maximum exter
nal applied stress. 

5 To satisfy the stress boundary condition on the surface of 
each crack, reverse the residual stresses computed in Step 3. 
Determine the coefficients [A} „ of equation (3) for each crack 
using the following least squares fitting: 

4 = L «n-°fl„)2dS, n = \,2...Nc (13) 

where o§3 is the reversed residual stress for the «th crack and 
SCn is the" region of fitting and /„ is the corresponding func
tional to be minimized. 

Rewriting equation (3) in matrix form 

o®=a<)TiA] (14) 

and substituting equation (13) into equaton (14), we obtain the 
relation between the coefficients \A}n and the residual 
stresses 

lA}„ = [H\nllR) (15) 

[H]n=\ [L}{L] 

{*)„=[ [L)of3 

dS 

dS 

(16) 

(17) 

where 

6 Determine the coefficients [CJ„ in equation (4) for the 
potential functions by solving equation (10) ({C)„ = 
Wrl{A}n). 

7 Calculate the stress intensity factors at each crack front 
for the current iteration by substituting coefficients [C)„ in 
equation (11). 

8 Now considering each crack as a single crack in an infinite 
body, calculate (Q the residual stresses on the external surface 
of the body, and (ii) the stresses at each of the other crack 
locations due to the applied stresses in Step 5. 

(0 To satisfy the stress boundary condition on the external 
surfaces of the body, reverse the residual stresses and 
calculate equivalent nodal forces. These nodal forces 
(Qj,„ can be expressed in terms of the coefficients 
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O'O 

0§3 = ^ ^ ( X L O ) o»3(Xi,X2) 

' SURFACE ELEMENT 

- V ^ 2 j . v 2 , v 2 

SEMI E L L I P T I C A L 
CRACK 

Fig. 2 Distance of surface element from nth crack 

\Q] 
and 

[G]„ 

•lG]m„[C}„ (no sum on n) 

[N]T[n][P]„ dS 

(18) 

(19) 

where m denotes the number for surface elements (see 
Fig. 2), [N] is the matrix of isoparametric shape func
tions, [n] is the matrix of normal direction cosines, and 
[P]n is the basis function matrix for stress as defined in 
equation (9). The different sets of nodal force vectors 
IQlmn due to the TV different cracks are added to get 
the overall residual forces {Q]%. 

In order to save computational time, the matrices 
[G]„,„ are calculated prior to the start of the iteration 
processes. Although the matrix [P]„ Irsis the singularity 
of order 1/V7at the crack front, the magnitude of the 
stress decays rapidly with distance from the crack 
front. Thus, the matrices [G]mn for the nth crack are 
calculated only at the surface elements which satisfy the 
following condition: 

, < 5alT (20) 

where rmin is the distance of the closest nodal point of 
each surface element from the center of the nth ellip
tical crack as shown in Fig. 2. 
Each crack location will have a contribution to the 
residual stresses from each of the other cracks. These 
stresses may be expressed as follows: 

^qn = [P\qn{C}n, q*n (21) 

where a33,„ are the stresses on the gth crack due to the 
nth crack. The stresses on each of the Nc cracks are 
summed over n, and it is these stresses that in Step 3 
will be added to those in Step 2. 

9 Consider the nodal forces (Q j * in Step (8) as external ap
plied loads acting on the uncracked body. 

Repeat all steps in the iteration process until the residual 
stresses on each crack become negligible (Step 4). To obtain 
the final solution, add the stress intensity factors of all 
iterations. 

The analytical solution for an elliptical crack in an infinite 
solid requires the residual stresses to be defined over the entire 
crack plane including the fictitious part that lies outside the 
finite body. As the result of numerical experimentation, it was 
concluded that the optimum pressure in the fictitious region, 
— a2 < x < 0, was a distribution that remained constant in the 

x2 direction and varied in the x{ direction. This configuration 
is shown in Fig. 3. The procedure is slightly more complicated 

O33A 

|0 R 33] 

|o§3) 

S O L I D 

Fig. 3 Residual stress distribution over the entire crack surface on the 
nth crack 

for the case of a circumferential crack. Here the^ external 
boundary is the arc of a circle and not a straight line as before. 
The pressure in the fictitious region is still assumed to be con
stant in the x2 direction, taking on the corresponding value on 
the inner surface of the cylinder. 

4 Results and Discussion 

The types of problems considered in this analysis are linear 
elastic multiple Mode I fracture problems, and results are 
presented for (/) multiple coplanar longitudinal semi-elliptic 
internal surface flaws in pressure vessels, and (//) a single semi-
elliptic internal circumferential surface flaw. 

4.1 Multiple Longitudinal Flaws. It is convenient to express 
the effects of boundary conditions, crack aspect ratio, 
cylinder thickness, curvature of cylinder and so on by means 
of a stress intensity magnification factor Fp defined as 
follows: 

FA9)=-
K,(6) 

E(k) 

(22) 
7ra2 

where 

Rj-Rf 
Rl+R} 

(23) 

E(k) is the complete elliptic integral of the second kind, and A 
is given by equation (12). The denominator on the right-hand 
side of equation (22) corresponds to the stress intensity factor 
for an elliptical crack, with the pressure a, on the crack sur
face, in an infinite solid, cr, is, in fact, the Lame solution for 
the hoop stress in an internally pressurized cylinder at the in
ner surface. 

Polynomial influence functions were also investigated in 
these studies, and the polynomial loadings took the form 

a°i= Dj ( — M ( n o s u m on y; y = 0, 1 ,2 . . . ) 
\ a2 / 

where Dj are undetermined coefficients. 

(24) 
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2L 

Fig. 4 Geometry of flawed cylinder 

The polynomial influence functions corresponding to these 
loadings are defined by 

Lj(0)=. 
K^e) 

D, 

E{k) 

(25) 

Once the coefficients Dj are determined, the polynomial in
fluence functions may be superimposed to determine the stress 
intensity factors. 

To obtain the relation between the magnification factor 
Fp(6) and the polynomial influence functions Lj(6). Lame's 
solution for the hoop stress in an internally pressurized 
cylinder is used (see Fig. 3). 

^ = ^ T ^ r V 1 + ^ - J (26) 
Using a power series expansion for l/R2, the coefficients Dj 

can be determined, such that 

- -£M^) J (27) 

where 

DD = <x, (28a) 

^ = ff^^-iyt/+1)(f-)y t^1'2-'-) <*»> 
Therefore, the magnification factor Fp(8) for an internal 

longitudinal surface flaw in a pressurized cylinder can be ex
pressed as follows: 

rl 

Fp1.2 

TWO CRACKS 

SINGLE CRACK 

0 30 60 90 120 150 180 

ELLIPTICAL ANGLE 0 (DEG.) 

Fig. 5 Comparison of magnification factors for two cracks and single 
crack in thin cylinder {a2lt = 1/2) 

a^t = 2/3 

t /R, = 1/10 

TWO CRACKS 

NGLE CRACK 

30 60 90 120 150 

ELLIPTICAL ANGLE 0 (DEG.) 

Fig. 6 Comparison of magnification factors for two cracks and single 
crack in thin cylinder (a2/( = 2/3) 

FPm=—Y,b]L]{B) (29) 

The type of problem examined here consists of multiple in
ternal surface cracks in cylindrical pressure vessels subject to a 
uniform internal pressure pt. The cylinder was assumed to 
have two equal coplanar surface cracks as shown in Fig. 4. 
These conditions will lead to Mode I type fracture problems. 
Stresses ou, corresponding to the plane strain condition (ou 

28/Vol . 108, FEBRUARY 1986 Transactions of the ASME 

Downloaded 22 Mar 2011 to 128.195.143.162. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



2?1 2a 1 

a 2 / t 

t /R, 

1/3 

1/10 

1.50 

© 1 . 2 5 

a-j/a, = 2 / 3 
2 a t / d = 3 / 4 

30 60 90 120 150 
ELLIPTICAL ANGLE 0 (DEG.) 

Fig. 7 Polynomial influence functions for two cracks in a thin cylinder 
(a2lt = 1/3) 

1.7 5 

© 1 . 5 0 

to z 
2 1.25 
o z 

S LOO. 
z w 

0.75 

1 
0.50. 

a 2 / t = 1/2 

t /R, = 1 / 1 0 

ag/a, = 2 / 3 

2 a , / d = 3 / 4 

0.25 

0 30 60 90 120 150 180 
ELLIPTICAL ANGLE 0 (DEG.) 

Fig. 8 Polynomial influence functions for two cracks in a thin cylinder 
(a2lt = 1/2) 

30 60 90 120 150 
ELLIPTICAL ANGLE 0 (DEG.) 

Fig. 9 Polynomial influence functions for two cracks in a thin cylinder 
(a2lt = 2/3) 

= -V(<JRR + crw)) (where the cylindrical coordinates consist 
of (xu R, 4>) as shown in Fig. 4), were imposed on the end of 
the cylinder (xi = L) to account for the end condition of the 
problem. Due to the various symmetries that exist here, it is 
only necessary to analyze one-quarter of the cylinder as shown 
in Fig. 4. 

Although the general procedure of the finite element alter
nating method for multiple cracks was presented in Section 3, 
in the example problems considered here, it is possible to treat 
a single crack imposing the symmetry condition with respect to 
Xi = 0 (i.e., olR = <j10 = 0 and ux = 0 at x{ = 0). 

The matrices [G]m, as given in equation (19) are calculated 
on the surfaces of the cylinder (Fig. 4). It is noted that the 
subscript n should be omitted since the solution for a single 
crack is utilized. These surfaces correspond to R = Rh R = 
R0, and Xx = L; and it is only necessary to calculate them on 
those regions satisfying rmin < 5ax. This is carried out prior to 
the start of the iteration process. In addition, since X\ = 0 is a 
plane of symmetry, it may be seen that the shear stress is zero 
on this surface and so [G]m matrices that reflect the zero shear 
condtion are also calculated on this surface. 

Six separate loadings for each of the crack geometries are 
considered. These consist of: 

1 internal pressure pt on the vessel wall 

2-6 CT!,03> = Dj ( - ^ - ) (no sum on j , j = 0,1,2,3,4) 

The results for loading 1 for the case of a thin cylinder {t/Rj 
= 1/10) with a2/t = 1/2 are presented in Fig. 5. The 
magnification factor Fp{6) as defined in equation (22) are 
compared with a single crack of the same size in a cylinder of 
identical geometry and under the same loading with 0 = 0 cor
responding to the point B and 6 = 180 corresponding to point 
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Table 2 Comparison of magnification factors—(a2/f = 1/3, t/Rj = 1/10, a2la^ = 2/3, 2a-|/d = 3/4, Fig. 7) 

9 

F p (9 ) 

F*(8) 
P 

Ve) 

ve ) 
F p 2 ( 9 ) 

0 

1.352 

1.322 
( - 2 . 2 ) 

1.330 

1.321 

1.321 
( -2 .3 ) 

30 

1.229 

1.206 
( - 1 . 9 ) 

1.221 

1.203 

1.203 
( -2 .1 ) 

60 

1.144 

1.126 
( - 1 . 6 ) 

1.147 

1.123 

1.124 
( -1 .8 ) 

90 

1.117 

1.103 
( -1 .3 ) 

1.126 

1.100 

1.101 
( - 1 . 5 ) 

120 

1.159 

1.138 
( -1 .8 ) 

1.163 

1.138 

1.139 
( - 1 . 8 ) 

150 

1.273 

1.247 
( - 2 . 0 ) 

1.263 

1.246 

1.246 
( - 2 . 2 ) 

180 

1.421 

1.392 
( - 2 . 1 ) 

1.400 

1.390 

1.390 
( -2 .2 ) 

Table 3 Comparison of 

9 

F (8) 
P 

F*(e) 
p 

V9) 

Ve) 

F p 2 ( 9 ) 

0 

1.622 

1.592 
( -1 .9 ) 

1.607 

1.590 

1.591 
( - 2 . 0 ) 

magnification factors—(a2/( 

30 

1.395 

1.372 
( - 1 . 6 ) 

1.397 

1.368 

1.369 
( -1 .9 ) 

60 

1.240 

1.226 
( - 1 . 0 ) 

1.260 

1.222 

1.224 
( -1 .3 ) 

= 1/2, m, = 

90 

1.190 

1.181 
( -0 .7 ) 

1.217 

1.176 

1.178 
( - 1 . 0 ) 

1/10, a2la-i = 

120 

1.260 

1.247 
( -1 .0 ) 

1.280 

1.242 

1.244 
( -1 .3 ) 

= 2/3, 2a ild = 

150 

1.460 

1.436 
( - 1 . 6 ) 

1.462 

1.433 

1.434 
( - 1 . 8 ) 

3/4, Fig. 8) 

180 

1.730 

1.698 
( - 1 . 9 ) 

1.714 

1.695 

1.696 
( -2 .0 ) 

(%): Difference from F (8) 
P 

Table 4 Comparison of magnification factors—(a2/f = 2/3, tlR; = 1/10, a2/a-! = 2/3, 2a-|/d = 3/4, Fig. 9) 

9 

F (9) 
P 

F*(8) 
P 

F n ( 8 ) p0 

F . ( 6 ) 
p l 

F , ( 9 ) 
P 2 

0 

1.874 

1.845 
( -1 .6 ) 

1.868 

1.839 

1.840 
( -1 .8 ) 

30 

1.509 

1.492 
( -1 .2 ) 

1.525 

1.483 

1.485 
( -1 .6 ) 

60 

1.257 

1.254 
( -0 .3 ) 

1.296 

1.243 

1.247 
( -0 .8 ) 

90 

1.176 

1.176 
(0 .0 ) 

1.223 

1.165 

1.170 
( -0 .5 ) 

120 

1.279 

1.275 
( -0 .3 ) 

1.318 

1.264 

1.268 
( -0 .9 ) 

150 

1.600 

1.581 
( - 1 . 2 ) 

1.616 

1.572 

1.574 
( - 1 . 6 ) 

180 

2.040 

2.009 
( -1 .5 ) 

2.035 

2.002 

2.004 
( - 1 . 8 ) 

A. The interaction effect of the two cracks is clearly evident 
since the magnification factor increases at all points on the 
crack surface. The largest increase occurs at point A since this 
is the point closest to the other crack and so should be the 
most critical. Another example of the interaction effects is 
shown in Fig. 6 with a2/t - 2/3, and here the magnification 
factors are higher due to the greater crack depth. 

The polynomial influence functions Lj(8) for a thin 
cylinder (t/Rj = 1/10), and for three crack depths (a2/t = 
1/3, 1/2, 2/3) are shown in Figs. 7-9. The magnitude of the 
polynomial influence functions Lj(6) decreases with the order 
of the polynomial, since the total pressure acting on the crack 
surface decreases. 

It is also possible to check the internal consistency of the 
present analysis by re-evaluating the magnification factors 
Fp(6) using the influence functions Lj(d). These results as 
well as magnification factors obtained directly by the analysis 
of the pressure loading case are summarized in Tables 2-4. 
The magnification factors F*(6) were obtained by 

F*(d)=L0(6)- R0+R, 

Rl+Rl 
Lx(6) (30) 

In the foregoing, the linear interpolation of Lame's hoop 
stress expressed by equation (23) was used between the points 
on the inner and outer surfaces. The other approximation used 
was 

*•**«»=—Ew*> (31) 
" ' 7=0 

where k is the number of terms for approximation, and the 
D/s are given by equation (28). 

It can be seen from the tables that both approximations are 
in close agreement with the values of F„ (6) obtained from the 
actual analysis. In each case the results agree to within 2 per
cent. It was also found that the values oiFpk(d) converge at k 
= 2 for all the cases considered here. 
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Fig. 10 Cylinder with single circumferential crack under shear load 
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Fig. 12 Stress intensity magnification factor for circumferential crack 
in a cylinder (a2/a-| = 0.8) 

4.2 Circumferential Shaped Crack in a Cylinder. The type 
of problem investigated here consisted of a single circumferen
tial crack in the inner surface of a cylinder subjected to a shear 
load. The cylinder is shown in Fig. 10. The deformation in the 
xrx2 plane was not constrained at the fixed end A-A'. It is 
again possible to take advantage of symmetry in this problem. 
This cylinder is similar to that analyzed by Miyazaki et al. [6]. 

These results are compared with the results of the present 
analysis in Fig. 11, and it may be seen that both sets of results 
are in good agreement. It was not possible to analyze the case 
of a circle directly using the finite element alternating method 
due to numerical difficulties in dealing with an aspect ratio of 
one, but the results for a circle may be interpolated. One other 
difference that existed was that the center of the circle in the 
two analyses differed slightly, but this should only have a 
minimal effect on the answers. In [6] the center of the circle 

was at the boundary of the cylinder, while in the present 
analysis, the center was located as shown in Fig. 12. 

Results are plotted in Figs. 12 and 13 for aspect ratios of 
a2/a'\ =0.8anda2/ff, = 1.25. It was not possible to analyze 
the case of a circle using the finite element alternating method 
due to difficulties in dealing with an aspect ratio of one; but 
the results for a circle may easily be interpolated. 

In the results presented here a normalized stress intensity 
factor is used, and this is defined as follows: 

M„=-
K,(d) 

(32) 
^ . J l / 4 

E(k)^> «, 

where E{k) is the complete elliptic integral of the second kind 

Journal of Pressure Vessel Technology FEBRUARY 1986, Vol. 108/31 

Downloaded 22 Mar 2011 to 128.195.143.162. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Ri 

a / 

0.28 

1.25 

-7^= 0.094 

0.68 

1.25 

1.00 

DC 
g 0.75 
O < 

0.50. 

0.25 

0.0 

0 30 60 90 

ELLIPTICAL ANGLE 0 (DEG.) 

Fig. 13 Stress intensity magnification factor for circumferential crack 
in a cylinder (a2/a-| = 1.25) 

and A is given by equation (12). cr* is the stress at the inner sur
face on the x2 axis as given by simple beam theory. 

5 Concluding Remarks 
The applicability of the finite element alternating method to 

problems in complex structural components has again been 
demonstrated here. The results presented in this paper show 
the significant effect of crack interaction on the appropriate 
stress intensity factors. The recommendations of the ASME 
Boiler and Pressure Vessel Code in Section XI for multiple 
cracks has been examined in [4], and it has been shown that 
they will tend to underestimate the design life of a flawed 
structure. The usefulness of the polynomial influence func
tions in obtaining stress intensity factors has also been in
dicated. In addition these influence functions give useful in
formation for design purposes such as in the analysis of a ther
mally shocked cylinder. 

Results have also been presented for a circumferential crack 
in a cylinder, and it may be seen that these results are in good 
agreement with those of other researchers. 

Acknowledgments 
The results presented herein were obtained during the 

course of investigations supported by AFOSR under grant 
81-0057C to Georgia Tech. This support and the encourage
ment of Dr. A. Amos are gratefully acknowledged. It is a 
pleasure to thankfully acknowledge the assistance of Ms. J. 
Webb in the preparation of this manuscript. 

References 
1 ASME Boiler and Pressure Vessel Code, Section XI, Rules for Inservice 

Inspection of Nuclear Power Plant Components, 1977. 
2 Murakami, Y., and Nisitani, H., "Stress Intensity Factors for Interacting 

Two Equal Semi-EUiptical Surface Cracks in Tension," Transactions of the 
Japan Society of Mechanical Engineers, Vol. 47, 1981, pp. 295-303. 

3 Murakami, Y., and Nemat-Nasser, S., "Interacting Dissimilar Semi-
EUiptical Surface Flaws under Tension and Bending," Engineering Fracture 
Mechanics, Vol. 16, No. 3, 1982, pp. 373-386. 

4 O'Donoghue, P. E., Nishioka, T., and Atluri, S. N., "Multiple Surface 
Cracks in Pressure Vessels," Engineering Fracture Mechanics (submitted). 

5 Gyekenyesi, J. P., and Mendelson, A., "Three-Dimensional Elastic Stress 
and Displacement Analysis of Finite Geometry Solids Containing Cracks," In
ternational Journal of Fracture, Vol. 11, 1975, pp. 409-429. 

6 Miyazaki, N., Watanabe, T., and Yagawa, G., "Calculation of Stress In
tensity Factors of Surface Cracks in Complex Structures: Application of Com
puter Program EPAS-J1," Transactions of the 6th International Conference on 
Structural Mechanics in Reactor Technology, Paper G10/1, Paris, France, 
August 17-21, 1981. 

7 Nishioka, T., and Atluri, S. N., "Analytical Solution for Embedded Ellip
tical Cracks, and Finite Element Alternating Method for Elliptical Surface 
Cracks, Subjected to Arbitrary Loadings," Engineering Fracture Mechanics, 
Vol. 17, No. 3, 1983, pp. 247-268. 

8 Shah, R. C , and Kobayashi, A. S., "On the Surface Flaw Problem," The 
Surface Cracks: Physical Problems and Computational Solutions, ed., J. L. 
Swedlow, ASME, 1972, pp. 79-124. 

9 Kobayashi, A. S., Enetanya, A. N., and Shah, R. C , "Stress Intensity 
Factors of Elliptical Cracks," Prospects of Fracture Mechanics, eds., G. C. Sih, 
H. C. Van Elst, and D. Brock, Nordhoff International, Leyden, 1975, pp. 
525-544. 

10 Vijayakumar, K., and Atluri, S. N., "An Embedded Elliptical Flaw in an 
Infinite Solid Subjected to Arbitrary Crack-Face Tractions," ASME Journal of 
Applied Mechanics, Vol. 48, 1981, pp. 88-96. 

11 Nishioka, T., and Atluri, S. N., "Analysis of Surface Flaws in Pressure 
Vessels by a New 3-Dimensional Alternating Method," ASME JOURNAL OF 
PRESSURE VESSEL TECHNOLOGY, Vol. 104, No. 4, 1982, pp. 299-307. 

12 Nishioka, T., and Atluri, S. N., "An Alternating Method for Analysis of 
Surface Flawed Aircraft Structural Components," AIAA Journal, Vol. 21, No. 
5, 1983, pp. 749-757. 

13 Atluri, S. N., and Kathiresan, K., "Influence of Flaw Shapes on Stress In
tensity Factors for Pressure Vessel Surface Flaws and Nozzle Corner Cracks," 
ASME JOURNAL OF PRESSURE VESSEL TECHNOLOGY, Vol. 102, 1980, pp. 
278-286. 

14 McGowan, J. J., Raymund, M., "Stress Intensity Factor Solutions for In
ternal Longitudinal Semi-EUiptical Surface Flaws in a Cylinder Under Arbitrary 
Loadings," Fracture Mechanics, ed., C. W. Smith, ASTM STP 677, American 
Society for Testing and Materials, 1979, pp. 365-380. 

15 Newman, J. C , Jr., and Raju, I. S., "Stress Intensity Factors for Internal 
Surface Cracks in Cylindrical Pressure Vessels," ASME JOURNAL OF PRESSURE 
VESSEL TECHNOLOGY, Vol. 102, 1980, pp. 342-346. 

16 Heliot, J., Labbens, R. C , and Pellisier-Tanon, A., "Semi Elliptical 
Cracks in a Cylinder Subjected to Stress Gradients," Fracture Mechanics, ed., 
C. W. Smith, ASTM STP 677, American Society of Testing and Materials, 
1979, pp. 341-364. 

17 O'Donoghue, P. E., Nishioka, T., and Atluri, S. N., "Multiple Coplanar 
Embedded Elliptical Cracks in an Infinite Solid Subject to Arbitrary Crack Face 
Tractions," IJNME (submitted). 

18 Smith, F. W., and Kullgren, T. E., "Theoretical and Experimental 
Analysis of Surface Cracks Emanating from Fastner Holes," AFFDL-
TR-76-104, Air Force Flight Dynamics Laboratory, Feb. 1977. 

32/ Vol. 108, FEBRUARY 1986 Transactions of the ASME 

Downloaded 22 Mar 2011 to 128.195.143.162. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm




