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Abstract-In this paper, the influences of local (individual member) buckling and minor vari- 
ations in member properties on the global response of truss-type structures are studied. A simple 
and effective way of forming the tangent stiffness matrix of the structure and a modified arc 
length method are devised to trace the nonlinear response of the structure beyond limit points, 
etc. Several examples are presented to indicate: (i) the broad range of validity of the simple 
procedure for evaluating the tangent stiffness, (ii) the effect of buckling of individual members 
on global instability and Dost-buckling resDonse and (iii) the interactive effects of member buck- 
lingand global imperfeciions. - . 

1. INTRODUCTION 

The phenomena of structural instability are gen- 
erally classified as: (i) the bifurcation phenomenon, 
such as the response of elastic columns and plates 
subject to compressive loads in the axial and in- 
plane directions, respectively, or the response of 
an elastic-plastic bar in tension (also often referred 
to as the necking phenomenon) and (ii) limit phe- 
nomenon, such as the response of laterally loaded 
shallow arches and shells. A detailed discussion of 
the classification of these instability phenomena 
may be found, for instance, in [l-33. 

In a structural assembly, such as a truss, frame, 
stiffened plates, etc., the response may involve 
both local buckling as well as global buckling. In 
present context, local buckling implies the buckling 
of a discrete member in the structure under con- 
sideration. The local buckling is often of the bifur- 
cation type. The influences of local buckling on sub- 
sequent load transfer in the structure and on the 
overall response of the structure are subjects of 
prime concern in this paper. 

An extensive literature exists concerning com- 
putational methods for structural stability [4-lo]. 
Most of these works deal with either global stability 
or local stability separately. In a majority of these 
works dealing with elastic stability, the onset of in- 
stability is treated as a linear or nonlinear eigen- 
value problem. Also, a number of “incremental” 
solution methods to find the response in the “post- 
buckling” range, i.e. beyond a bifurcation or a limit 
point, have been proposed [ll-211; and these in- 
clude the standard load control method, the dis- 
placement control method, the artificial spring 
method, the perturbation method, the “current- 
stiffness-parameter” method and the “arc length 
method”. In calculating the nonlinear pre-buckling 
as well as post-buckling response, an incremental 
finite element approach, which results in a “tangent 
stiffness matrix” (which includes all the nonlinear 

geometric as well as mechanical effects), is often 
employed. It is now well recognized that one of the 
major time-consuming aspects of these nonlinear 
analyses is the computation of this tangent stiffness 
matrix when such a matrix is based on rigorous con- 
tinuum-mechanics considerations. 

On the other hand, the literature that deals with 
the effect of local instability (or instability of one 
or a few members of the structure) on the overall 
buckling and post-buckling response of the struc- 
ture is rather sparse. Rosen and Schmit 1221 present 
an interesting study of such phenomena. However, 
their study pertains to the effects of interaction of 
local and global imperfections on the overall re- 
sponse of the structure. Further, the methodology 
employed by Rosen and Schmit [221 makes it dif- 
ficult to compute the post-buckling response of the 
structure. 

The objective of the present work is to study the 
effect of local (member) buckling and the subse- 
quent load transfer and overall structural response 
of both geometrically perfect as well as imperfect 
structures. Here, plane trusses are treated exclu- 
sively as the example structures. While these prob- 
lems may be considered as clearly within the reach 
of standard “incremental” finite element methods 
(wherein, in each element, a tangent stiffness ma- 
trix for each member, and thus for the whole struc- 
ture, may be routinely evaluated from appropriate 
variational principles or weak forms), it is known 
that such methods become prohibitively expensive 
to treat realistic structures. Examples of such struc- 
tures of current interest include the large-space- 
structures and antennae that may be deployed in 
space. Here, a simple method is proposed to derive 
consistently, explicitly, the stiffness matrix of a 
truss member in both its pre-buckled and post-buc- 
kled ranges of behavior. This simplifies the for- 
mation of the tangent stiffness matrix of the struc- 
ture considerably and thus renders the pre- and 
post-buckling analyses of the structure feasible for 
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the above mentioned types of structures. This sim- 
plified procedure of forming the stiffness matrix, in 
conjunction with the arc length method 11%211, 
which is appropriately modified herein to account 
for an individual member’s buckling, is used to 
study the post-buckling behavior of the truss struc- 
tures. The effects of local buckling on the pre-buck- 
ling and post-buckling response of the structure as 
a whole are critically examined. 

Six examples, each characterizing different fea- 
tures of structural response. are analyzed. The first 
two deal with simple truss structures for which ana- 
lytical, as well as experimental, results were re- 
ported in 1231. These two examples characterize the 
structural response in which global buckling is 
caused by local buckling of one or several of the 
members. The third example brings out the effect 
of local (member) buckling on structural response 
of the snap-through type. The fourth example is that 
of the so-called Thompson’s Strut [5, 221, wherein 
the effect of small variations in cross-sectionai 
properties of individual members is critically eval- 
uated. The fifth example deals with an idealized 
truss model of the plane arch shape. Finally, in the 
sixth example, the effect of structural imperfec- 
tions, in addition to that of local buckling, is ex- 
plored in the case of the Thompson’s Strut 15, 221. 
All these examples also serve to effectively bring 
out the ranges of applicability and advantages of 
the presently proposed simplified procedures for 
forming the tangent stiffness of the members as well 
as that of the structure. 

2. EVALUATION OF TANGENT STIFFNESS FOR A TRUSS 

The plane truss structures to be discussed in this 
paper are assumed to remain elastic and are prop- 
erly supported. Only a conservative system of con- 
centrated loads at the nodes is considered. 

2.1 Stretch and rotation of members 

Consider a typical slender truss member spanning 
between nodes 1 and 2 as shown in Fig. I. This 
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I 

Fig. 1. Nomenclature for a truss member before and after 
deformation. 

member is considered to have a uniform cross sec- 
tion, and its length before deformation is 1. The co- 
ordinates z and x are the member’s local coordi- 
nates. w(z) and U(Z) denote the displacements at the 
centroidal axis of a member along the coordinate 
directions z and x,_respectively. Also the two an- 
gular coordinates, 8 and 8, in the deformed config- 
uration of a member, as shown in Fig. 1, charac- 
terize the angle between the straight-line joining the 
nodes of the deformed member and the z axis, and 
that between the tangent to the deformed centroidal 
axis and the z axis, respectively. It should be noted 
that 6 is constant for both the pre- and post-buckled 
conjurations of the member, but 6 varies along 
the member’s axis in its buckled state. 

From the polar decomposition theorem 1241, the 
relations between the point-wise stretch, rotation 
and displacements are 

dw 
(1 + e)cos@ = 1 + 5 

du 
(1 + c)sin9 = z , 

where E is the point-wise axial stretch of the mem- 
ber, and 8 = 6 + 6 (see Fig. 1). Eliminating fJ from 
eqns (l), E is represented as 

E = [(1 + !$ + (~)‘I’” - 1. (2) 

Substituting into eqns (1) the relation 

e=e+0, (3) 

noting that 6 is a constant in both the pre- and post- 
buckled states of the member, and inte~ating the 
resulting equations along the length of the member, 
one obtains the following equations: 

(1 + 6) coss = 1 + D 

(I + 6) sin6 = 6, 

@a) 

(4b) 

where 
G = w2 - WI, ii = Liz - Ul, (5) 

and 6 is the total axial stretch of the member (see 
Fig. 1). In the above derivation, the following re- 

lations are used. 

I 

1 
(1 + E) sin&dz = 

0 

’ (1 + E) co&dz = 

0 @a) 

f+?l (6b) 

and 

(7a,b) 
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From eqns (4), it is seen that: 

6 = [(I + $2 + B2]“2 - 1. (8) 

Equation (8) holds for both the pre- and post- 
bucked states of the member. It should be noted 
that in the pre-buckled state of the member, of 
course, co& = 1 and e = constant, so that the 
following relation between E and S holds: 

6 = (EI). 

2.2 Relation between stretch and axial force in a 
member 

(9) 

The relation between the total stretch of and the 
axial force in the member is written as 

AN = 

k= 

= 

k.A6 (10) 

f.EA (in the pre-buckled state of the 

member) (1 la) 

i $E1 (in the post-buckled state of the 

member, for the range of deformations 
considered), (llb) 

where 

N: Axial force in the member 

E: Young’s modulus 

A : Cross sectional area of the member 

I: Moment of inertia 

and A denotes an increment. 
Equation (1 la) simply follows from eqn (9) and 

the linear-elastic (isotropic) stress-strain law of the 
material of the member. On the other hand, eqn 
(lib) for the post-buckled state of the member is 
derived in this paper by simplifying and modifying 
the governing equations of the elastica problem 
with each member being treated as a simply sup- 
ported elastica. The details of the derivation of eqn 
(1 lb) along with a verification of its accuracy are 
given in the next section. 

Here, it should be noted that N is in the direction 
of the straight line connecting node 1 and node 2 of 
the member after its deformation (see Fig. l), and 
6 is calculated from eqn (8). Hence, eqn (10) holds 
even when the rigid motion of the member is very 
large. Also, note that k is a constant in each of the 
two states, i.e. pre-buckled and post-buckled. 

Furthermore, the condition for buckling of the 
member, treated as a simply supported beam, is 
given by the following well-known equation: 

where 

N = N(c’), (12) 

N(W) = - &I, 
12 (13) 

the negative sign being used to denote the com- 
pressive axial force. 

2.3 Strain energy in, and stiffness matrix of, a member 
The only force acting on a truss-member is con- 

sidered to be the axial force. Hence, the strain en- 
ergy of the member, U, in either the pre- or post- 
buckled states of the member, is given by: 

U = f L’ (EA-e2 + EZx2)dz 

I 

s 
= N.dS, (14) 

0 

where x is the curvature which is zero for the pre- 
buckled state, and non-zero in the post-buckled 
state, of the member. 

The incremental form of eqn (14) is represented, 
using eqn (lo), as 

AU = N.A6 + ;.k.(Ag)“. (15) 

Substituting the incremental form of eqn (8) into 
eqn (15), one finds that 

AU = N.c.A+ + N.s.Ali 

1 

+5 
N+s2 + k.c2 

> 
.A@’ 

+ - N+x + k.c.s 
> 

.A+Ati 

+ ;. 
( 

N+c” + k-s2 
> 

*Ali 

+ Higher order terms, (16) 

where 

c = ;.(I + G), 
1 s = -.fi 
1* (17) 

1* = V/(l + $)2 + c2. 

Furthermore, neglecting terms of higher than the 
second-order, the variation in the strain-energy 
may be derived, from eqn (16), as 

6AU = GAG(N.c) + GAli(N.s) 

+ 6A# 
K 

N+’ + k.c2 
> 

*A@ 

+ 
( 

- N+s + k.c.s 
> 1 -Pii 

+ 6Aii 
K 

- N+.s + k-c.s 
> 

-A$ 

+ 
( 

N+’ + k-s2 
> 1 *Ali 

= lSAd”l{R”} + lSAdmJIKml{Adm}, (18) 
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where 

K”] = 

N+s2 + k.c2 

Sym 

V]= {-;} [El = [_; -;I (19) 

and {d”}, {R”}, [K”] are the vector of generalized 
displacements, the vector of internal forces and the 
stiffness matrix of the element, respectively. How- 
ever, note that eqns (18) and (19) are written in the 
local coordinate description, so that it is necessary 
to transform the displacement vector from the local 
coordinate system to the global coordinate system 
in the usual fashion. 

It should be emphasized again that eqns (18) and 
(19) are applicable for both the pre- and post-buc- 
kled states of the member; and, moreover, k has a 
constant value, in each of the two states, as given 
in eqns (10, 11). Consequently, if a member buc- 
kles, it is only necessary for the value of k to be 
changed. In view of this, it is seen that it is very 
simple to derive the tangent stiffness of the member 
and thus of the structure; and this, in turn, leads to 
distinct advantages of numerical solution, as will be 
demonstrated later in this paper. 

3. POST-BUCKLING BEHAVIOR OF A MEMBER 

In this section, eqn (1 lb) for the post-buckled 
state of the member is derived. 

Consider the truss member being subjected to the 
compressive force ( -N), as shown in Fig. 1. When 
N satisfies eqn (12), this member undergoes bifur- 
cation buckling. From the detailed treatment of the 
elastica problem given in Ref. [25], the post-buck- 
ling behavior of this member, treated as a simply- 
supported beam, is governed by the following equa- 
tions: 

1 = +3) (204 

1 + 6 = +E(@) - I (20b) 

where 

E(P) = J:12 d/1 - P2sin2@d+ 
(21) 

N 
f’= -E, p = sin 4 

0 

ci = c lz=o = - i I;=,. 

and F(p), E(P) are the elliptic integrals of the first 
and the second kind, respectively. Also, 5 is the 
stretch after the buckling of the member, and 6 is 
the lateral deflection at the middle of the centroidal 
axis of the element. Note that the total stretch 6 is 
given by the sum of 5 and the stretch, Nccr).fIEA, 
before the buckling of the member. Also, it should 
be noted that in the derivation of eqns (20), the 
change in the length of the member due to the com- 
pressive force is neglected. 

EPuations (20) give the exact relations between 
N, 6 and fi in the post-buckled range, except for the 
assumption concerning the length of the element. 
We now simplify and modify these relations to a 
form more useful for the present purposes of eval- 
uating a tangent stiffness matrix. To this end, we 
start by expanding F(P), l?(P) in terms of p [26]. 

F(P) = 7T + +s2 + 334.s4 + . . (22a) 

E(P) = TT - ;p2S2 - $34xS4 + . . . , (22b) 

where 

I 

m/2 

s, = 
- ITi2 

sin”$d$. (23) 

We shall retain the terms of eqns (22) up to the 
second order for the approximations of F(P), E(P): 

F(P) = Tr + f.p” (24a) 

E(P) = T - f$‘. (24b) 

The range of validity of these approximations will 
be demonstrated momentarily. 

Then, eqns (20a) and (20b), respectively, become 

@a) 

From eqns (25a,b) one obtains 

(26) 
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Noting that f* = ( -N/EZ), one sees from eqn (26) 
that 

where MC’) is the critical axial force for bifurcation 
buckling as given in eqn (13). 

For small values of -(8/Z), eqn (27) may be ap- 
proximated as follows: 

J,, = N(C’) [ 1 - i(f)] . (28) 

The incremental form of eqn (28) results in eqn 
(llb). The linear relation (28) and its incremental 
counterpart are useful in tangent stiffness evalua- 
tions. 

We now derive the relation between b and 8. This 
relation is not necessary for the construction of the 
tangent stiffness, but it is useful for the determi- 
nation of maximum and/or minimum stress in each 
of the members. 

Noting that S is non-negative except for (Y > 2~r, 
one obtains from eqn (25a) 

p = 2 
J 

b.f.1 - 1 . (2% 

Substituting eqn (29) into eqn (~OC), it is seen that 

Substituting for f in terms of N and using eqn (27), 
the following relation between 8 and 6 is obtained: 

$ =R.J_. (31) 

Thus, when the axial contraction 6 is solved for 
from the finite element stiffness equation, eqn (31) 
may be used to calculate the transverse displace- 
ment d at midspan of the member, and from it one 
may calculate the maximum or minimum stress in 
the member. 

Figure 2 shows the relations between N, b and 
6, as given by eqns (28) and (31), and their com- 
parisons with the exact solutions for the elastica 
problem. The dotted lines indicate the present so- 
lutions, and the solid ones indicate the exact. From 
this figure, it is seen that eqns (28) and (31) are good 
approximations in the range of values for - (6/Z) and 
(5/Z) being smaller than about 0.15 and 0.25, re- 
spectively. It is also seen that this range of values 

N/ N w 
t 

II5 .. 

110 .. 

- Exact 

--- Present 

I * 
000 005 0 IO 0.15 0.20 025 

Fig. 2. Relations between the axial force, axial stretch and 
lateral deflection at the center of the span of the member, 

in the post-buckling range. 

for - (b/Z) and ($11) is typical in the problem of local 
(member) buckling in a practical truss structure. 

4. SOLUTION STRATEGY 

A number of solution procedures are available for 
nonlinear structure analyses. These are the stan- 
dard load control method, the displacement control 
method [ll, 121, the artificial spring method [201, 
the perturbation method [31, the method using the 
current stiffness parameter [13, 141, etc. Another 
promising approach to trace the structural response 
near limit points, etc., is the arc length method pro- 
posed by Riks [15, 161 and Wempner 1171 and mod- 
ified by Chrisfield [18, 191 and Ramm [20]. This 
method is the incremental/iterative procedure, 
which represents a generalization of the displace- 
ment control approach. Also, this approach, 
wherein the Euclidian norm of the increment in the 
displacement and load space (the arc length) is 
adopted as the prescribed increment, allows one to 
trace the equilibrium path beyond limit points, such 
as in snap-through and snap-back phenomena. 

We adopt this arc length method as a basis of the 
solution procedure in the present study. However, 
if any individual member buckles in a smaller than 
the prescribed incremental arc length for the struc- 
ture, we adopt the smaller value as the incremental 
arc length. 

The ith incremental/iterative stiffness equation 
can be written as follows: 

(pi-t{P} - W-d) + &@I = tKl{W, (32) 
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equation, (see Fig. 3): 

{F}: Load vector; p: Load parameter 
{R}: Internal force vector [see eqn (18)] 
[K]: Stiffness matrix 

Aqi = Ai, (39) 

{d}: Displacement parameter vector 
pi, {Ri}, {di}: Total values after the ith iteration 

Ap, {Ad}: Incremental values during this it- 
eration 

and the following condition is imposed on the in- 
cremental displacements to avoid “doubling back” 
[18]: 

{Ad;}: Incremental displacement vector 
after the ith iteration 

and {Ad,} is given by 

lAdil*{AZ} > 0 (i = 1) (40a) 

lAdi {AU’,-1) > 0 (i > l), (40b) 

{Adi} = {A&,} + {Ad} (33) 

It should be noted that in eqn (32), i = 1 repre- 
sents the incremental process and i > 1 the iterative 
process. Also, in the numerical implementation of 
eqn (32), the standard Newton-Raphson proce- 
dure, or the modified Newton-Raphson procedure, 
etc. may be employed. 

where +;?i is the prescribed incremental arc length, 
and {Ad} is the incremental displacement vector of 
the last increment. It should be noted that for the 
case of i = 1, the current stiffness parameter also 
can be employed instead of eqn (40a) 1181. 

In the present study, if an additional member or 
members just reach the bifurcation buckling state 
when 

We decompose {A,d} into two parts: 
Aqi < AT, (41) 

{Ad} = {Ad*} + Ap{Ad**}, (34) 

where 

we adopt the lower value of Aqi at which a new 
member or members buckle as the actual incre- 
mental arc length. 

{Ad*} = [K]-‘(pi-i{~} - {Rimi}) (35a) 

{Ad**} = [K]-‘{F} (35b) 

Thus, {Ad*] and {Ad**} represent the responses to 
the unbalanced force and the external load, re- 
spectively. From eqns (33) and (34), it is seen: 

According to eqns (8) and (36), the total axial 
stretch, Si, of the member, prior to its buckling, 
after the ith iteration, at any point in the load history 
is 

& = [(I + ++_i + A+* + APAG**)~ 

+ (tii_i + Ati* + A~i\ti**)~]“~ - I (42) 

{Adi} = {Ad,_1) + {AU’*} + Ap{Ad**}. (36) and the axial force, Ni, after the ith iteration is given 
_ 

The incremental arc length Aqi after the ith it- 
eration is defined as [191: 

Aqi = (lAdiJ{Adi} + ~A~~[~]{~})1’2 (37) 

where Api is the incremental value ofp after the ith 
iteration. On the other hand, y is a scaling param- 
eter that represents the contribution of the load 
term to the arc length. If a larger value for y is 
adopted, Ani tends to be propotional to the incre- 
mental load, and the method tends toward the stan- 
dard load control method. However, numerical ex- 
perience has shown that it is preferable to ignore 
this contribution [16]. In the present study, y is set 
to be zero, following Refs. [18, 201. Consequently, 
using eqn (36), Ani becomes: 

Aqi = (lAdiJ{Ad~})“2 

= [lA~‘**l*{Ad**}Ap’ + 2lAd**J({Adi- 1) 

+ {Ad*}).Ap 

+ (lAdi- + lAd*J) 

X ({Adi-1) + {Ad*})]“‘. (38) 

In the arc length method, Ap is decided by the 

Fig. 3. A sketch of the arc length procedure for a one- 
degree-of-freedom system (y = l), using Newton-Raph- 

son nrocedure. 
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by 

Ni = k.6i (43) 

where Gi and tii, A+* and Ati*, Ati** and Ali** are 
contained in the vectors {di}, {Ad*}, and {Ad**}, 
respectively. Substituting eqn (43) into the buckling 
condition for the member, i.e. eqn (12), leads to the 
following: 

where 

ri.Ap’ + &Ap + E = 0, (44) 

6 = A,+,*& + AC**2 

6 = 2AG**(f + Ci_.i + A@*) 

+ 2Ati**(&, + Ati*) 

E = (I + ~i-l + AC*)’ + (fii-1 + Ali*)* 

If g* - 4d.E 2 0, the applicable roots for Ap may 
be obtained by solving eqn (44). To avoid “doubling 
back”, constraint eqn (40a) is imposed on Ap, and 
in addition, the following condition [analogous to 
eqn (40b)] is imposed: 

Agi.ASi-1 > 0 (i > 1) (46) 

where Asi is the incremental value of 6 after the ith 
iteration. 

If values for Ap that satisfy eqns (40a), (41) and 
(46) are found, then such values, which give the 
minimum value for Aqi, are adopted for hp. If not, 
the value for Ap is set from the equation 

a.Ap’ + b*Ap + c = 0, (47) 

which is derived from eqns (38 and 39). In the above 

a = lAd**l*{Ad**} 

b = 2lAd**l ({Adi-1) + {Ad*}) 

c = (lAdi- 11 + lAd*l)({Adi-1) + {Ad*}) - (A?)*. 

(48) 

Finally, an additional precaution is necessary in 
using constraint eqn (4Oa) to avoid “doubling 
back”. If one of the members had undergone bi- 
furcation buckling in the previous increment, then 
the incremental deformation in the member during 
the current increment may change significantly due 
to the abrupt change in the tangent stiffness. Thus, 
in the present calculations, if a member had under- 
gone buckling in the last increment, the following 
constraint condition is used instead of eqn (40a): 

As* < 0 (i = l), (49) 

where As* is the incremental stretch, in the begin- 

ning of the current increment, of the member in 
question. 

So far, we have discussed the situation of the 
progressive buckling of an individual member. It 
might happen that after a member has buckled, dur- 
ing the continued deformation of the structure as 
whole, the same member may be forced to undergo 
a “restraightening”. Thus, if a previously buckled 
member undergoes restraightening in an incremen- 
tal arc length smaller than the prescribed arc length 
for the structure, then the smaller value is used as 
the incremental arc length for the structure itself. 
The numerical process to handle this situation is 
entirely analogous to the one treated above wherein 
a member begins to undergo buckling. Thus, in- 
stead of eqn (43) we use 

Ni = k&i + NC”), (50) 

change eqn (45) accordingly and reverse the ine- 
quality signs in eqn (49). In eqn (50), bi is the value 
of the stretch in the post-buckled range after the ith 
iteration in the increment, k is the value of “stiff- 
ness” in the post-buckled range. 

5.NUMERICALEXAMPLE 

In this section, six numerical examples are given 
to test the validity of the present procedures. 

As a criterion for the convergence of the itera- 
tion, the following equation, using the modified Eu- 
clidean norm, is adopted: 

where n is the total number of degrees of freedom, 
and E is set to be 10e3 for all the numerical ex- 
amples. In the present numerical solution, based on 
eqn (32), the standard Newton-Raphson procedure 
is employed. 

Examples 1 and 2 are those of simple truss struc- 
tures, for which theoretical solutions for the buck- 
ling load and the initial slope of the post-buckling 
load-displacement curve are given by Britvec 1231. 
For these structures, experiments were also carried 
out by Britvec, who found good correlation be- 
tween his theoretical and experimental solutions. 

These structures are composed of two and three 
members, respectively. All the members have a rec- 
tangular cross-section of the width 2.54 cm, depth 
of 0.16 cm and length of 38.1 cm. Also, the buckling 
loads of the individual members are 13.26 kg for 
Example 1, 13.15 kg for Example 2, respectively. 

The schematics of the structures and the results 
obtained are summarized in Figs 4. Both of these 
structures have a special type of structural behavior 
in which the global buckling is caused by the buck- 
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Fig. 4(a). Britvec’s truss structure (Example I). 

ling of one of the members. The present solutions 
agree excellently with Britvec’s theoretical solu- 
tions concerning the buckling load and the initial 
slope of the post-buckling curve. However, the 
present solutions develop the tendencies that the 

(by EIrltvec) 

1’ 

L utcd 00 IO 20 30 

Fig. 4(b). Britvec’s truss structure (Example 7). 

kg) 

All members have solid circular sections, 

each of area 96.77(cm*). 

Young’s modulus is 7.03 X lo6 (kg/cm’). 

Case 1 - Local buckling of each of the 

two members is ignored 

Case 2 - Local buckling of only one of 

the two members is considered 

Case 3 - Local buckling of both the 

members is considered 

Fig. S(a). A simple truss structure (Example 3). 

stiffness of the structure gradually increases as the 
post-buckling deformations progress. This phenom- 
enon is brought out to be the effect of the geo- 
metrical nonlinearity, and the results of Britvec’s 
experiments also show the same tendencies in the 
post-buckling range. Thus, the present results ap- 
pear to be reasonably accurate. 

Example 3 is that of a simple structural model 
[Fig. 5(a)]. which exhibits a snap-through phenom- 
enon and is chosen here to study the effect of mem- 
ber buckling on such phenomena. In this example, 
the range of deformations is much larger than in the 
earlier examples. The structure is composed of two 

F 
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--O- Case I 

-a-- Case 2 

-~-JL---- Case 3 
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ti- 

r 
h 
z 

200 U (cm) 

300 40.0 

Fig. 5(b). Load-displacement relation for the simple truss 
structure of Fig. S(a). 
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Table 1. Cross-sectional areas of the members of Thompson’s strut structure 
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22 - 35 51.61 51.61 51.61 

All members have solid circular cross sections. 

Young’s modulus is 7.03 x lo5 (kg/cm2). 

In Case 1, the local buckling of individual is not considered. 

identical members, which have a solid circular 
cross section of area 96.77 cm*, a length of 38.1 cm 
and a Young’s modulus of 7.03 x 10’ kg/cm*. To 
study the influence of the member’s buckling, three 
different cases are investigated. In Case 1, the 
buckling of both the members is ignored; in Case 
2, the buckling of only one of the members is con- 
sidered; and in Case 3, the buckling of both the 
members is considered. 

Figure 5(b) shows the relations between the ap- 
plied load and the vertical displacement of the cen- 
ter. Case 1 exhibits a typical snap-through phenom- 
enon and reaches the limit point at a load of 3.76 
x lo6 kg. In Cases 2 and 3, the individual members 
buckle at a load of 2.93 x lo6 kg and cause the 
structure to be in the unstable region just after this 
load. There is little difference to be found between 
Cases 2 and 3. 

The fourth example is that of a strut structure, 
which was first suggested by Thompson and Hunt 
[5] and later analyzed by Rosen and Schmit 1221 to 
study the influence of local as well as global geo- 
metric imperfections on global stability. 

The outline of this structure is shown in Fig. 6(a) 
and Table 1. The structure is composed of 35 mem- 
bers, all of which have a solid circular cross section 
and an identical Young’s modulus of 7.03 x lo5 
kg/cm*. As in the case of Example 3, four different 
cases are dealt with in this example, also, to in- 
vestigate the influence of the member’s buckling 
and a slight difference of the cross-sectional area 
of individual members on global buckling. The 
cross-sectional areas of the member for each case 
are shown in Table 1. Note that the structure of this 

example is not strictly symmetric about the z axis, 
and this unsymmetry causes the effective neutral 
axis of the strut to be slightly above the z axis for 
Cases l-3 or slightly below the z axis for Case 4. 
In Case 1, the buckling of all of the individual mem- 
bers is ignored. In the other cases, the buckling of 
all of the members is considered; however, the 
cross-sectional area of the members is slightly dif- 
ferent for each case, as shown in Table 1. The re- 
sults obtained are shown in Figs 6(b-d). 

Case 1 exhibits an entirely stable equilibrium path 
in the load-displacement space. At a load of about 
7.2 x lo5 kg, the global buckling occurs; the stiff- 
ness of the structure goes down and tends to zero 
after that. However, the equilibrium path is still sta- 
ble. 

The difference between Cases 1 and 2 is that 
member buckling is considered only in the latter, 
while the cross-sectional areas of the members are 
the same in both the cases. Thus, the structure of 
Case 2 exhibits exactly the same behavior as that 
of Case 1 until a load of 6.916 x lo5 kg, when the 
member of No. 15 buckles. 

In Case 3, the cross-sectional area of the member 
of No. 15 is set to be about 5.89% smaller than the 
corresponding area in Case 3. However, the struc- 
tural behavior is almost the same as that in Case 2. 
With this slight reduction in cross-sectional area of 
one member, the stiffness of the structure as well 
as the load level when the member of No. 15 buc- 
kles are reduced as compared with Case 2. 

In Case 4, the cross-sectional areas of the mem- 
bers 14 and 16 are set to be 94.11% of the corre- 
sponding areas in Case 1. This reduction of the 

L = 66.04 km) 

Fig. 6(a). Thompson’s strut structure (Example 4). 
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---A--- Case 3 3.0,; 

---a-- Case 4 

t 

2.0 

-80 -6.0 -4.0 -2 0 0.0 20 4.0 6.0 6.0 

Fig. 6(b). Load-displacement relation for Thompson’s 
strut of Fig. 6(a). 
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Fig. 6(c). Load-displacement relation for Thompson’s 
strut of Fig. 6(a). 
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Fig. 6(d). Relation between external load and member 
forces for Thompson’s strut in the pre- and post-buckled 

ranges. 

cross-sectional areas causes the effective neutral 
axis of the strut to be slightly below the z axis. Also, 
the members 14 and 16 buckle at an external load 
P of 6.323 kg. 

It is interesting to see that even in a fairly com- 
plicated structure such as in Fig. 6(a), the buckling 
of only one or a few members renders the structure 
to be unstable. It is also noted that even a slight 
difference of the cross-sectional area of the mem- 
bers has a great influence on the overall behavior 
of the structure. In Fig. 6(c), the z-displacement of 
node 19 [Fig. 6(a)] is shown as a function of the 
load P for each of the four cases. The variations of 
axial forces (directed along the undeformed axes of 
the members) in members 14 and 15 as a function 
of the external load P are shown in Fig. 6(d) for 
each of the four cases. It is instructive, while ex- 
amining Fig. 6(d), to remember that Case 1 pre- 
cludes buckling of any member; in Cases 2 and 3, 
member 15 buckles (this load is lower in Case 3 than 
in Case 2); and in Case 4, member 14 buckles first. 
Figure 6(d) indicates that the load transfer mech- 
anism in a structure after the buckling of an indi- 
vidual member is rather complicated. 

Example 5 is an idealized model of a truss of the 
plane arch shape. This structure was also analyzed 
by Rosen and Schmit [22] to investigate the influ- 
ence of geometric imperfections. This thin, shallow 
arch is made up of 35 truss members, all of which 
have a solid circular cross section and a Young 
modulus of 7.03 x lo6 kg/cm*. It is shown sche- 
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-- 
3429.0 (cm) 3429 .O (cm 1 

Fig. 7(a). Arch-truss structure (Example 5). 

matically in Fig. 7(a) and in Tables 2(a,b). Again, 
three cases are considered for this example. In Case 
1, the buckling of any member is entirely ignored, 
while it is considered in Cases 2 and 3. The differ- 
ence between Cases 2 and 3 is only that the cross- 
sectional areas of members 27 and 28 in Case 3 are 
25.00% smaller than the corresponding areas in 
Case 2. The results obtained are given in Figs. 7(b- 
d). 

Case 1 indicates the snap-through phenomenon 
similar to that of the behavior of thin shallow arches 
made of homogeneous isotropic elastic materials. 
The limit point is reached at a load of about 2.64 
x IO3 kg. 

In Case 2, members 11 and 12 buckle slightly after 
the whole structure passes the limit point. As seen 
from Fig. 7(b), the global structural response in 
Case 2 is markedly different from that in Case 1. In 

Case 3, the cross-sectional areas of two members 
(i.e. Nos. 27,28) are smaller than the corresponding 
areas in the other cases. Thus, the overall response 
in Case 3 is slightly different from the other two 
cases, until buckling occurs first in members 27 and 
28, after passing the limit point of the structure as 
a whole. However, in spite of the buckling of mem- 
bers 27 and 28, there is little change in the overall 
behavior of the structure as compared with the for- 
mer cases. However, when the deformation pro- 
gresses further, the members 21 and 22 buckle, and 
this alters the load-carrying capacity of the struc- 
ture more decisively. 

The sixth and final example deals with the inter- 
active effects of imperfections of the structure at 
the global level and the possibility of local buckling 
of individual members. The structure considered is 
identical to that in Example 4 and shown in Fig. 

0 Buckled Member 
n - 3 

x10’ (kg) q Re-stralghfened 
f- xlO’(kg) 

3.0 3.0 

2.5 2.5 

++- Case I 
-x--- Case 2 

--D- Case 3 

-o- Case I 

---*--- Case 2 

\ 0 Buckled Member 

q Re-stralgtened 

00 -20.0 -400 -600 -800 00 -100 -200 -30.0 -40.0 

(Cl71 (cm) 

Fig. 7(b). Load-displacement relation for the arch-truss Fig. 7(c). Load-displacement relation for the arch-truss 
structure of Fig. 7(a). structure of Fig. 7(a). 
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- Case I 

____x____ Case * 

-Q- Case 3 

0 Buckled Member 

Fig. 7(d). Load-displacement relation for the arch-truss 
structure of Fig. 7(a). 

6(a). While Example 4 treated a perfect structure, shown in Table 1. The present example is sum- 
now two cases of global imperfections are consid- marized in Table 3. The results are shown in Figs. 
ered. The imperfection is of a half-sine-wave form. 8(a-c). Cases 1 and 2 as marked in Fig. 8(a) are 
Two different values of the amplitude of this im- identical to Cases 1 and 2 as marked in Fig. 6(b) for 
perfection mode, 1.32 cm and 2.64 cm, respec- a perfect structure. Comparing these cases with 
tively, are considered. In both the cases of imper- Cases 3 and 4 in Fig. 8(a), the dramatic combined 
fection, individual member buckling is considered; effects of small global imperfections of the structure 
and the cross-sectional areas of members are iden- and the buckling of individual members on global 
tical to those in Cases 1 and 2 of Example 4, as response may be noted. The variations of z-dis- 

p x IO’ (Kg) 
I 

Dlsplocemenl of Node No. IO in Ihe X DirecTion 

00 
00 20 40 60 80 100 12.0 140 160 

CM) 

Fig. 8(a). Load-displacement relation for Thompson’s 
strut with initial global imperfections. 

Table 2(a). Nodal coordinates of the arch-truss structures 

Nodal 

Number 

z Coordinate 

I 
x Coordinate 

I 

1, 19 I 5 3429.0 I 0.00 ~~ 1 

2, 18 T 3048.0 50.65 

3, 17 3 2667.0 34.75 

4, 16 T 2286.0 83.82 

5, 15 3 1905.0 65.30 

6, 14 F 1524.0 110.85 

7, 13 5 1143.0 87.99 

8, 12 i 762.0 128.50 

9, 11 i 381.0 100.05 

10 0.0 134.6 

In the second column, C-j and (+) respectively indicate the z-coordinates of 

the first and second members identified in the first column. 
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Table 2(b). Cross-sectional areas of the members of the arch-truss structure 

625 

All members have solid circular cross sections. 

Young’s modulus is 7.03 x 105(k~/cm2). 

In Case 1, the local buckling of individual members is not considered. 

placement, at node 19, with the external load is 
shown in Fig. 8(b). The complicated nature of load- 
transfer in the structure after an individual mem- 
ber’s buckling in an imperfect structure may be seen 
from Fig. 8(c). 

The present numerical examples thus delineate: 
(i) the effect of buckling of an individual member 
or members on the response of the structure as a 

’ ~10' (Kg) 

7.0 .. 

6.0 ‘. 

5.0 

4.0 

30 1 

i P 
Case I 

-*- d 2 

2.0 ___a_.. _ 3 

Cmkcement of Node Na 19 in the Z Dinctm 

(W 

Fig. 8(b). Load-displacement relation for Thompson’s 
strut with initial global imperfections. 

whole and on the subsequent load-distribution in 
the structure, (ii) the effects of even minor varia- 
tions in the cross-sectional areas of individual mem- 
bers and (iii) the effects of imperfections at the 
global level, while imperfections at the local level, 
in each member, may be expected to have similar 
effects. The present numerical examples atso serve 
to point out the relative efficiency of simple pro- 

p x lO’(K$ 

--CL case I 

_*- * 2 

__&_- a 3 

_.rj._ II 4 

N 

0.0 - 1.0 - 2.0 -3.0 - 4.0 

X 10’ (Kg) 

Fig. 8(c). Relation between external load and member 
forces for Thompson’s strut with initial global imperfec- 

tions. 
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Table 3. Thompson’s strut structure with global imperfections 

All members have solid circular cross sections, with areas as follows: 

No. 1 - No. 21 ---------- 54.84(cm2) 

No. 22 - No. 35 ---------- 51.61(cm2) 

Young's modulus is 7.03 x 105(kg/cm2). 

Case 1 

Case 2 

Case 3 

Case 4 

Member's Buckling 

NO 

Yes 

Yes 

Yes 

system Imperfection* 

NO 

NO 

Yes 
Maximum value of the 
imperfection is 1.32(cm) 

Yes 
Maximum value of the 
imperfection is 2.64(cm) 

* Imperfection mode is of a half sine wave shape, from node no. 1 to node no. 
19; and the initial x positions of the nodes are located along the half sine 
wave. 

cedures adopted in the present paper for obtaining 
tangent stiffnesses. 

CLOSURE 

In this paper, a simple and effective way of form- 
ing the tangent stiffness matrix and a modified arc 
length method have been presented for finding the 
nonlinear response of truss-type structures, in 
which the possibility of local (member) buckling is 
accounted for. The salient features of the present 
methodology are the following: 

(i) The stiffness matrix of an individual mem- 
ber is written down explicitly, both for the pre- 
buckled and post-buckled states of the member. 

(ii) The stiffness coefficient k, that relates the 
member axial force to the member axial displace- 
ment, has constant values in the pre- and post- 
buckled states, respectively. The range of validity 
of this approximation has been demonstrated to 
cover most practical situations of truss-type struc- 
tures. 

(iii) Because of(i) and (ii), it is very simple mat- 
ter to evaluate the tangent stiffness matrix of the 
structure as a whole. 

(iv) The arc length method, modified to account 
for member buckling, is efficient in tracing the re- 
sponse of the structure as a whole beyond limit 
points, if any. 

The methodology proposed in the paper is thus use- 
ful in analyzing structures of the type that are being 
considered for use as deployable large-space-struc- 
tures, space antennae, etc. 
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