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An Alternating Method for Analysis
of Surface-Flawed Aircraft Structural Components

T. Nishioka* and S. N. Atlurif
Georgia Institute of Technology, Atlanta, Georgia

A new alternating method for the analysis of a quarter-elliptical corner crack is developed. The completely
general analytical solution for an embedded elliptical crack in an infinite solid, subject to arbitrary crack-face
tractions, is implemented in the present alternating method. The present finite element alternating method
results in an inexpensive procedure for the routine evaluation of accurate stress intensity factors for flawed
structural components. The present alternating method is applied to the analyses of various shapes of quarter-
elliptical corner cracks: 1) in a brick subject to remote tension, 2) emanating from a hole in finite-thickness plates
subject to remote tension as well as bearing pressure; and 3) emanating from a pin hole in aircraft attachment
lugs subject to simulated pin loading. The results for problems 1 and 2 are compared with those available in
literature, for problem 3 the stress intensity factors and their parametric variations for the corner cracks of
various shapes are presented.

Introduction

A KNOWLEDGE of accurate stress intensity factors is
essential for a proper integrity analysis of flawed

structures. Corner cracks at holes, such as in aircraft at-
tachment lugs, have received much attention due to the fact
that they are among the most common flaws in aircraft
structural components. Analyses of corner cracks in aircraft
attachment lugs are, needless to say, three-dimensional in
nature; however, in most studies to date two-dimensional
analyses have been employed, as in Refs. 1 and 2.

For the three-dimensional analyses of corner cracks at
holes, Atluri.and Kathiresan3 used a hybrid three-dimensional
crack element to directly evaluate the stress intensity factors
.along the crack border. Hechmer and Bloom4 and Raj u and
Newman5 used three-dimensional singularity wedge elements
in which the stress intensity factors were indirectly extracted
from computed results such as the nodal displacements or
nodal forces. Smith and Kullgren6 used a finite element
alternating method in which the analytical solution for an
elliptical crack in an infinite solid subject to a cubic pressure
distribution7 was used to obtain the stress intensity factors.
Heliot, Labbens, and Pellissier-Tanon8 used the boundary
integral equation method. On the other hand, for the three-
dimensional analyses of corner cracks in attachment lugs,
very few solutions are available in literature.

A recent comprehensive study9 revealed that although the
"3-D hybrid crack element" method3'10'11 yielded better
accuracies than the alternating method,12'13 the latter
remained a potentially cheaper technique if it could be im-
proved. One of the major impediments to obtaining accurate
solutions through the alternating technique has been that the
solution for an embedded elliptical crack in an infinite solid,
which is the basic solution needed.in the implementation of
the alternating method, has been limited only to a cubic
normal pressure variation on crack surface.7

Recently, a major improvement of the alternating
technique has been made by the present authors.14'15 'In this
new alternating method the complete, general analytical
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solution15-16 for an embedded elliptical crack in an infinite
solid, subject to arbitrary tractions (normal as well as shear)
on the crack surface, was implemented in conjunction with
the finite element method. It was demonstrated that the new
finite element alternating method yielded accurate solutions
of the stress intensity factors and is approximately one order
of magnitude less expensive in computing costs as compared
to those with the hybrid finite element method3'10'11 and other
techniques currently reported in literature.

In the present paper, using the new finite element alter-
nating method, stress intensity factors are presented for
quarter-elliptical corner cracks of various shapes: 1) in a
finite-thickness plate (brick) subject to remote tension, 2) at
the edge of a hole in finite-thickness plates subject to remote
tension as well as bearing pressure loading, and 3) at the edge
of a pin hole in aircraft attachment lugs subject to simulated
pin loading. The present results for problems 1 and 2 are
compared with other results available/For problem 3 the
stress intensity factors and their parametric variations for the
corner cracks of various shapes are presented.

Analytical Solution for an Elliptical Crack in an
Infinite Solid with Arbitrary Crack-Face Tractions
In this section, only the mode I problem is considered. The

complete, general solution including the modes II and III is
given in Refs. 15 and 16. Suppose that xl and x2 are Cartesian
coordinates in the plane of the elliptical crack and x3 is
normal to the crack plane such that

( x ] / a I ) 2 + (x2/a2)2 = I, al>a2 (1)

describes the border of the elliptical crack of aspect ratio
(a1/a2). The elliptical coordinates £a (a = 1,2,3) are defined as
the roots of the cubic equation,

Let the normal traction along the crack surface be ex-
pressed in the form:

1 1 M m
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where the A are undetermined coefficients and the parameters


