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Abstract

In the paper, we compute the period and periodic orbit of an n-dimensional nonlinear dynam-
ical system by developing two iterative algorithms based on the fictitious time integration method
(FTIM). Periodicity condition, also known as the Poincaré map, is a necessary condition for the
existence of a periodic motion in the state space, which consists of n implicit nonlinear algebraic
equations (NAEs). Instead of solving the NAEs by the Newton-Raphson method, we derive an
equivalent nonlinear scalar equation for determining the unknown period by using the FTIM. The
resulting sequence of the iterated periods are monotonically convergent to the desired period, wherein
the unknown initial point on the periodic orbit is determined simultaneously. We find that the second
iterative algorithm using the matrix shape function to convert the periodic problem into a correspond-
ing initial value problem is convergent faster than the first iterative algorithm. A key point is that the
periodicity condition is satisfied automatically by the second iterative algorithm when the terminal
values of the new variables are convergent. Numerical examples exhibit the advantages of these two
iterative algorithms.

Keywords: Nonlinear dynamical system, Periodic orbit, Matrix shape function, Fictitious time in-
tegration method, Iterative algorithm

1. Introduction

Nonlinear dynamical systems are extremely important, since the most dynamical behaviors in our
real world are described by nonlinear ordinary differential equations (ODEs). In the last few decades,
considerable attention was focused on periodic solutions of nonlinear oscillators. The periodic motions
are ubiquitous in every area of science which is concerned with the oscillatory phenomena, not only
in the areas of mechanics and physics but also in other disciplines of engineering applications.

Computational methods have been developed to determine periodic solutions of nonlinear ODEs,
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such as the linearized Lindstedt-Poincaré method [1], the harmonic balance method [2, 3, 4, 5], the
variational iteration method [6, 7], and the homotopy perturbation method [8, 9]. Viswanath [10]
has developed a method to compute high-precision periodic orbits of nonlinear dynamical systems
based on the linearized Lindstedt-Poincaré method.

The periodic solutions may not exist for some ODEs, or they may be infinitely many periodic
solutions for others, such as the Lorenz dynamical system. A periodic problem consists of a set of
ODEs and periodicity condition in the state space, which aims to determine unknown period and
periodic point of the system. Therefore, the periodic problem we consider here must exist at least
one periodic orbit in the state space. Notice that the periodicity condition of the periodic solution is
in essence the Poincaré map of the sought periodic orbit, which consists of a set of implicit nonlinear
algebraic equations (NAEs). The shooting method endowed with the Poincaré map being solved by
the Newton-Raphson iterative scheme has been described in [11]. However, the initial guesses must
be close to the actual values and the Jacobian must be known or approximated.

The fictitious time integration method (FTIM) was first coined by Liu and Atluri [12] to solve a
nonlinear equation, transforming it to a first-order ODE through a fictitious time. Liu and Atluri [13]
proposed the idea of using the FTIM for solving a nonlinear optimization problem under multiple
equality and inequality constraints. The most leading of FTIM is the solutions of nonlinear obstacle
problems based on a time-marching algorithm [14]. A recent application of FTIM is given in [15],
which assured that the FTIM is a better method than the methods normally used by researchers in
undertaking numerical approximations to solve the optimization problems.

The idea of boundary shape function (BSF) was first introduced by Liu and Chang [16] to find
the periodic solutions of nonlinear jerk equations. The numerical methods based on the BSF are
versatile such that they have been successfully applied to solve different boundary value problems.
The present periodic boundary value problem with unknown period and periodic boundary values
in the n-dimensional state space is more difficult to be solved.

We explore the usefulness of the FTIM together with a matrix shape function to seek the periodic
orbits of nonlinear dynamical systems. The paper is arranged as follows. In Section 2, we describe
the periodicity condition for the periodic solution of nonlinear dynamical system, where the period
and initial periodic point are both unknown; then the first iterative algorithm is developed by us-
ing the FTIM to solve the resultant nonlinear scalar equation, which is equivalent to the NAEs for
satisfying the periodicity condition. In Section 3, we introduce a matrix shape function method to
recast the periodic problem to an initial value problem, and thus, the second iterative algorithm is
developed by using the FTIM to solve a nonlinear scalar equation obtained from the iterations of
new variables. Numerical testing with six examples are performed in Section 4. Finally, we conclude
in Section 5.

2. Nonlinear first-order ODEs and fictitious time integration method

We can transform any n-th order ODE to a system of n first-order ODEs in the state space. Here,
we demonstrate two new methods for finding the periodic orbit of a dynamical system consists of n
first-order nonlinear ODEs:

ẋ(t) = f(x, t), x ∈ D ⊂ Rn, (1)

where f : D× R+ 7→ Rn, D is a subdomain of Rn and f ∈ C1(D× R+), such that the solution exists
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for all t ∈ R+. The mapping Mt : x 7→ M(x, t) and its inverse (Mt)−1 are differentiable, and they
constitute a one-parameter Lie-group diffeomorphism. The Lie-group together with the phase space
D is a dynamical system. The orbit Γ(x0) through an initial periodic point x0 ∈ D at a time t = 0
is a periodic orbit if Γ(x0) is a Jordan curve.

2.1. Periodicity condition

The period T is the smallest positive real number that satisfies the periodicity condition:

M(x0, t+ T ) = M(x0, t), ∀t ≥ 0. (2)

In general, the period T > 0 and x0 on a periodic orbit of the system are unknown; however, the
periodicity condition in time:

x(0) = x(T ) (3)

can be used to determine T and x(0) = x0. Seeking T and x(0) to allow a periodic solution is termed
a periodic problem.

In terms of the re-scaled time:

τ :=
t

T
, (4)

it follows from Eqs. (1) and (3) that

x′(τ) = T f(x, T τ), (5)

x(0) = x(1). (6)

Eqs. (5) and (6) constitute a periodic problem in the unit interval. Based on Eqs. (5) and (6), we
will develop powerful numerical methods to solve the periodic problem.

2.2. First iterative algorithm

If x∗ is located on a periodic orbit as an initial periodic point with the minimal period T , then
the Poincaré map is given by [11]

M(x∗, T ) = x∗, (7)

where M(x∗, t) is a flow of the dynamical system and x∗ is a fixed point of the Poincaré map, also
known as the first return map.

We can observe that the periodicity condition of a vector form in Eq. (7) is equivalent to a
nonlinear scalar equation:

∥M(x∗, T )− x∗∥ = 0, (8)

where ∥ • ∥ denotes the Euclidean norm. Instead of solving Eq. (7), we will solve Eq. (8) in a frame
of fictitious time integration method (FTIM).

Let us define
F (T ) := ∥x(1)− x(0)∥, (9)
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which is an implicit function of T . To obtain the period T , we need to solve a highly nonlinear scalar
equation:

F (T ) = 0. (10)

Mathematically, solving Eq. (10) is equivalent to solving Eq. (6). It is apparent that the former
problem is much more simpler than the latter problem.

For Eq. (10), Liu and Atluri [12] considered the variables transformation by

η(ξ) = (1 + ξ)T, (11)

where ξ is a fictitious time variable. Eq. (10) is equivalent to

0 = νF (T ), ν ̸= 0. (12)

Adding η′ = dη/dξ = T by Eq. (11) on both sides of Eq. (12),

η′ = T + νF (T ), (13)

and using Eq. (11) for T , yields

η′ =
η

1 + ξ
+ νF

(
η

1 + ξ

)
. (14)

By Eq. (11) the initial condition is η(0) = T , which is however an unknown value to be determined.
Multiplying Eq. (14) by 1/(1 + ξ), obtains

d

dξ

(
η

1 + ξ

)
=

ν

1 + ξ
F

(
η

1 + ξ

)
. (15)

Using η/(1 + ξ) = T further, leads to

T ′(ξ) =
ν

1 + ξ
F (T (ξ)), (16)

which is a first-order ODE for T (ξ).
By the Euler scheme on Eq. (16), yields

Tk+1 = Tk +
ν∆ξ

1 + ξk
F (Tk), k = 0, 1, . . . , (17)

where ∆ξ is a fictitious time increment and ξk = k∆ξ. The iterations in Eq. (17) are terminated if
|Tk+1 −Tk| < ϵ0 or F (Tk) < ϵ0. This is termed the fictitious time integration method (FTIM) [12] to
solve a nonlinear scalar equation. It is witnessed that by using the residual norm of the periodicity
condition in Eq. (9) as a driving force in Eq. (17), we can enforce the sequence of Tk tending to its
limit point with F (Tk) = 0.

There are two types of periodic problems:

(a) T and x(0) are unknown, (18)

(b) x(0) is given, but T is unknown. (19)
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Periodic problem (a) is more difficult than periodic problem (b).
For the periodic problem in Eqs. (1) and (3) of type (a), we can develop the first iterative algorithm

as follows.
(i) Give initial guesses of T0 and c0 := x(0), ν, ∆ξ, ϵ0, and ∆τ = 1/N .
(ii) For k = 0, 1, 2, . . ., insert T = TK into Eq. (5), integrate it with N steps by the fourth-order
Runge-Kutta method (RK4) emanating from x(0) = ck and take

ck+1 = x(1), F (Tk) = ∥ck+1 − ck∥, Tk+1 = Tk +
ν∆ξ

1 + ξk
F (Tk). (20)

If ck+1 converges with
F (Tk) < ϵ0,

then stop; otherwise, go to step (ii).
For a conservative system of ODEs, given any nonzero initial state x0 there is a lever set as the

periodic orbit. Hence, only T is an unknown constant to be determined. In this situation the first
iterative algorithm is modified for type (b) as follows.
(i) Give x0, T0, ν, ∆ξ, ϵ0, and N .
(ii) For k = 0, 1, 2, . . ., with N steps from τ = 0 to τ = 1, apply the RK4 to integrate Eq. (5) by
inserting T = TK and emanating from x(0) = x0. Take

ck+1 = x(1), F (Tk) = ∥ck+1 − x0∥, Tk+1 = Tk +
ν∆ξ

1 + ξk
F (Tk). (21)

If ck+1 converges with
F (Tk) < ϵ0,

then stop; otherwise, go to step (ii).
If T is the desired period, we can take T0 < T and ν > 0, and Eq. (20) or Eq. (21) generates

a monotonically increasing sequence Tk tending to T very fast; conversely, if we take T0 > T and
ν < 0, a monotonically decreasing sequence tends to T with few iterations.

Remark 1. The shooting method to solve Eqs. (5) and (6) requires to adjust an unknown pe-
riod T , such that after integrating Eq. (5) with the guessed initial condition x(0), x(1) can match
x(1) = x(0) by Eq. (6). The shooting method is useful in lower dimensional autonomous systems,
especially when the approximate location and period are known, because the Newton-Raphson al-
gorithm is guaranteed to converge only when the initial guesses are closed to the exact values. In
the shooting method, even if x0 is located on the periodic orbit, a poor choice of T0 may cause the
divergence. In contrast, the FTIM is suitable equally to both the autonomous and non-autonomous
systems and is not sensitive to the initial guess.

3. Second fictitious time integration method

3.1. Matrix shape function
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In this section a matrix shape function is derived to solve the periodic problem of Eqs. (5) and (6).

Theorem 1. Let the matrix shape function be

S(τ) = S0 − τIn, (22)

where S0 = diag(s1, . . . , sn) is a constant diagonal matrix. For any function y(τ) ∈ C1[0, 1],

x(τ) = y(τ)− S(τ)[y(0)− y(1)] (23)

satisfy the periodic conditions in Eq. (6).

Proof. It follows from Eq. (23) that

x(0) = y(0)− S(0)[y(0)− y(1)], (24)

x(1) = y(1)− S(1)[y(0)− y(1)]. (25)

By Eqs. (22), (24) and (25), we have

x(0) = y(0)− S0y(0) + S0y(1), x(1) = y(0)− S0y(0) + S0y(1), (26)

which leads to Eq. (6). �

3.2. Second iterative algorithm

An iterative algorithm based on Theorem 1 can be developed to find the period and periodic
solution of Eqs. (1) and (3). Let

y(τ) = x(τ) +G(τ), (27)

where
G(τ) = S(τ)[y(0)− y(1)]. (28)

Eq. (5) in terms of y(τ) is presented by

y′(τ) = G′ + T f(y −G, T τ), (29)

which is used to solve y(τ), where
G′ = y(1)− y(0) (30)

is a constant vector. Eq. (29) is an initial value problem, upon knowing T and giving the initial
values y(0).

When y(0) in Eq. (26) is a given initial vector, y(1) is not known exactly, which needs to be
determined iteratively. Let yk(1) be an iterative sequence; only when the sequence is convergent,
Eq. (26) fulfills the periodicity condition of x(1) = x(0). Thus, we set

x(0) = y(0)− S0y(0) + S0y
k(1), x(1) = y(0)− S0y(0) + S0y

k+1(1), (31)
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which render
x(1)− x(0) = S0[y

k+1(1)− yk(1)]. (32)

Because S0 is a positive matrix, Eqs. (6), (9) and (10) are equivalent to

F (T ) = ∥yk+1(1)− yk(1)∥ = 0. (33)

Below, we will implement it into the FTIM as a driving force in the right side of Eq. (16).
Here, y(1) =: c in the function G(τ) is an unknown vector. The second iterative algorithm for

solving Eqs. (1) and (3) of type (a) is summarized as follows.
(i) Give initial guesses of T0 and c0, y(0), S0, ∆ξ > 0, ν, ϵ, and N .
(ii) For k = 0, 1, 2, . . ., with N steps from τ = 0 to τ = 1, apply the RK4 to integrate Eq. (29)
emanating from a fixed vector y(0) = 0. Take

ck+1 = y(1), F (Tk) = ∥ck+1 − ck∥, Tk+1 = Tk +
ν∆ξ

1 + ξk
F (Tk). (34)

If ck+1 converges with
F (Tk) < ϵ,

then stop; otherwise, go to step (ii).
In the second iterative algorithm, the initial guess of c0 is required in the variables transformations

from x to y; however, the iterative algorithm is not sensitive to c0.
For the case that the initial point x(0) = x0 is given on the periodic orbit, from Eq. (26), we can

derive y0 as
y0 = [In − S0]

−1[x0 − S0y(1)]. (35)

Therefore the second iterative algorithm is modified for type (b) as follows.
(i) Give x0, T0, c

0, S0, ∆ξ > 0, ν, ϵ, and N .
(ii) For k = 0, 1, 2, . . ., compute

y0 = [In − S0]
−1[x0 − S0c

k].

With N steps from τ = 0 to τ = 1, apply the RK4 to integrate Eq. (29) emanating from a varying
vector y(0) = y0. Take

ck+1 = y(1), F (Tk) = ∥ck+1 − ck∥, Tk+1 = Tk +
ν∆ξ

1 + ξk
F (Tk). (36)

If ck+1 converges with
F (Tk) < ϵ,

then stop; otherwise, go to step (ii).
For some ODEs there are many periodic orbits with different periods. If T is the desired period,

we can take T0 < T and ν > 0, and Eq. (34) or Eq. (36) will generate a monotonically increasing
sequence Tk tending to T very fast. When we take different T0, Tk will tend to different T , which is
the minimal period required for the desired periodic orbit.
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4. Numerical examples

In summary, we have developed two iterative algorithms based on the FTIM to determine the
period and periodic solution of n-dimensional nonlinear dynamical system. We give examples to
evaluate the performance of these iterative algorithms.

For solving a scalar equation f(x) = 0, the numerically computed order of convergence (COC) is
approximated by [17, 18]

COC :=
ln |(xn+1 − r)/(xn − r)|
ln |(xn − r)/(xn−1 − r)|

, (37)

where r is a solution of f(x) = 0 and the sequence xn is generated from an iterative scheme. In
the computation of COC, we store the values of xn and take n ≤ k0 − 1 where k0 is the number of
iterations for the convergence.

For solving the periodic problem, we can generate the sequence ck, k = 0, 1, . . . , k0. We define

E(k) := ∥ck − ce∥, (38)

COC :=
lnE(k0 − 1)/E(k0 − 2)

lnE(k0 − 2)/E(k0 − 3)
, (39)

where k0 is the number of iterations for satisfying the convergence criterion and we take ce = ck0 ,
instead of the exact values which are in general unknown.

Saving parameters in the second iterative algorithm for type (a) periodic problem, we may set
y(0) = 0 and S0 = s0In, s0 > 0, such that the parameter is one more than the first iterative
algorithm. For the system without having forcing terms, the initial guess c0 of the first iterative
algorithm cannot be zero; otherwise, the system will fix at the zero point. For the second iterative
algorithm, G′ = y(1) − y(0) is a non-homogeneous term in Eq. (29), such that the initial guess of
c0 = y(1) cannot be equal to y(0).

4.1. Example 1: forced Duffing equation

We consider the forced Duffing equation:

ẍ(t) + γẋ(t) + αx(t) + βx3(t) = f0 cos(ωt), (40)

x′(τ) = Ty(τ), y′(τ) = T [f0 cos(ωTτ)− γy(τ)− αx(τ)− βx3(τ)], (41)

where T , x(0) and y(0) are to be determined. Under the following parameters γ = 0.3, α = −1,
β = 1, f0 = 0.28 and ω = 1.2, there exist periodic motions in the phase plane [19].

With c01 = c02 = 0, ϵ0 = 10−12, ∆ξ = 0.001, ν = 10 and N = 500, we apply the first iterative
algorithm to solve this problem. Then, with c01 = c02 = 0, s0 = 0.5, ϵ = 10−12, ∆ξ = 0.001, ν = 100
and N = 500, we apply the second iterative algorithm to solve this problem. In Tables 1 and 2, we
list T , x(0), y(0), Err1:=|x(T )− x(0)|, Err2:=|y(T )− y(0)|, the number of iterations (NI) and COC
for different initial guess of T0.
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Table 1. For the forced Duffing equation, the periodic data obtained from the first iterative
algorithm for different T0

T0 T x(0) y(0) Err1 Err2 NI COC
1 1.69454 1.05796 -0.07059 7.99× 10−13 3.03× 10−13 114 0.130
5 5.03104 0.407159 0.250480 8.22× 10−13 2.30× 10−13 81 0.660
8 8.01525 0.714153 -0.398968 5.68× 10−13 3.50× 10−13 39 0.096

Table 2. For the forced Duffing equation, the periodic data obtained from the second iterative
algorithm for different T0

T0 T x(0) y(0) Err1 Err2 NI COC
1 1.36782 -0.0393 0.13704 3.30× 10−13 6.48× 10−13 39 1.675
5 5.22021 0.385059 0.305234 7.89× 10−13 1.98× 10−13 38 1.278
8 8.16086 0.662694 -0.37488 7.08× 10−13 2.13× 10−13 30 1.203

4.2. Example 2: Lorenz’s system

We consider Lorenz’s system [20]:

ẋ = σ(y − x), ẏ = rx− y − xz, ż = xy − bz. (42)

As mentioned in [20], for non-standard parameters with (σ, r, b) = (10, 250, 8/3) the Lorenz
system no longer displays chaotic dynamics. Especially, for the initial values of (x0, y0, z0) =
(16.21325444114593,−55.78140243373939, 249), a periodic orbit with T = 0.4600941506 is found
by Tucker [20].

Under the following parameters c01 = 16, c02 = −55, c03 = 240, s0 = 1, T0 = 5, ∆ξ = 0.001,
ν = 1 and N = 500, we apply the second iterative algorithm to solve this problem, which is con-
vergent with 29 iterations under ϵ = 10−8. T = 5.98488, x(0) = −11.7068, y(0) = 23.0055 and
z(0) = 234.201 are obtained and the terminal values satisfy the periodic conditions with the errors
|x(T ) − x(0)| = 2.2 × 10−10, |y(T ) − y(0)| = 1.31 × 10−10 and |z(T ) − z(0)| = 5.65 × 10−10. The
periodic orbit is shown in Fig. 1(a) by solid line. COC is 1.01. On the other hand, the first iterative
algorithm leads to the same result as shown in Fig. 1(a) by dashed line filled with blue symbols.

4.3. Example 3

We consider Chen’s system [21]:

ẋ = σ(y − x), ẏ = (r − σ)x+ ry − xz, ż = xy − bz, (43)

where we take (σ, r, b) = (45, 28, 3).
Under the following parameters c01 = 1, c02 = c03 = 2, s0 = 1, T0 = 2, ∆ξ = 0.01, ν = 1,

ϵ = 10−10 and N = 500, we apply the second iterative algorithm to solve this problem, which is
convergent with 31 iterations and COC=1.258. The periodic orbit is shown in Fig. 1(b) by solid
line. T = 2.6607, x(0) = 4.47384, y(0) = 5.46557 and z(0) = 5.03842 are obtained with the errors
|x(T )− x(0)| = 2.99× 10−11, |y(T )− y(0)| = 3.65× 10−11 and |z(T )− z(0)| = 6.23× 10−12.
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Under the following parameters c01 = 1, c02 = c03 = 2, ∆ξ = 0.01, ν = 1, ϵ0 = 10−10 and
N = 500, we apply the first iterative algorithm to solve this problem, which is convergent with
31 iterations. The periodic orbit is shown in Fig. 1(b) by dashed line filled with black symbols.
T = 2.6607, x(0) = 4.47139, y(0) = 5.46557 and z(0) = 5.03842 are obtained with the errors
|x(T )− x(0)| = 2.97× 10−11, |y(T )− y(0)| = 3.64× 10−11 and |z(T )− z(0)| = 6.18× 10−12.

Furthermore, there exists a 1/2-subharmonic orbit as shown in Fig. 1(c), when we take b = 3.185.
Under the following parameters c01 = 1, c02 = c03 = 2, s0 = 1, T0 = 5, ∆ξ = 10−5, ν = 200, ϵ = 10−3

and N = 500, the second iterative algorithm is convergent with 50 iterations. T = 5.13187, x(0) =
7.58961, y(0) = 6.58697 and z(0) = 14.5043 are obtained with the errors |x(T )−x(0)| = 1.37×10−4,
|y(T ) − y(0)| = 7.21 × 10−5 and |z(T ) − z(0)| = 5.56 × 10−4. With ϵ0 = 10−10, the first iterative
algorithm is convergent with 180 iterations and T = 5.13558, x(0) = 3.79988, y(0) = 2.72268 and
z(0) = 13.5295 are obtained with the errors of |x(T )−x(0)| = 6.67×10−11, |y(T )−y(0)| = 5.48×10−11

and |z(T )− z(0)| = 4.51× 10−11.

4.4. Example 4

We consider [22]:
ẋ = σ(y − x), ẏ = ry − xz, ż = xy − bz. (44)

For (σ, r, b) = (36, 29.126, 3), there exists a 1/2-subharmonic orbit as shown in Fig. 1(d) by solid
line, which is computed to the steady state by RK4 with t > 900. Under the following parameters
c01 = c02 = c03 = 1, ∆ξ = 0.0002, ν = 10, ϵ0 = 10−10 and N = 500, we apply the first iterative
algorithm to solve this problem, which is convergent with 172 iterations. The 1/2-subharmonic orbit
is shown in Fig. 1(d) by dotted line, which coincides with that computed by RK4 to the steady state.
T = 4.13073, x(0) = −13.939, y(0) = −16.3799 and z(0) = 30.337 are obtained with the errors
|x(T )− x(0)| = 5.21× 10−11, |y(T )− y(0)| = 3.62× 10−11 and |z(T )− z(0)| = 7.37× 10−11.

For (σ, r, b) = (36, 29.33, 3), there exists a periodic orbit. Under the following parameters c01 = 10,
c02 = 5, c03 = 20, s0 = 1, T0 = 5, ∆ξ = 0.0001, ν = 20, ϵ = 10−5 and N = 500, we apply the second it-
erative algorithm to solve this problem, which is convergent with 40 iterations, and the periodic orbit
is shown in Fig. 1(e). T = 5.09246, x(0) = 4.79753, y(0) = 7.43499 and z(0) = 26.592 are obtained
with the errors |x(T )−x(0)| = 4.96×10−6, |y(T )−y(0)| = 5.17×10−6 and |z(T )−z(0)| = 6.05×10−7.

4.5. Example 5

We consider a jerk equation [23, 24]:

ẋ = y, ẏ = z, ż = −x− (1− ε)(y + z)− ε(y + z)(x2 + y2 + z2), (45)

which has a periodic solution for certain nonzero initial values.
When we take ε = 2 and start from an initial point x0 = y0 = z0 = 0.1, the orbit tends to a

limit cycle as shown in Fig. 2(a) by dashed line, which is computed by the RK4 to the steady state
with a final time t = 500. Under the following parameters T0 = 6, N = 500, ∆ξ = 0.001, ν = 700,
c01 = c02 = c03 = 0.1 and ε0 = 10−10, we apply the first iterative algorithm to solve this problem, which
converges with 17 iterations, whose periodic orbit is shown in Fig. 2(a) by solid line and coincides to
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Figure 1: (a) For example 2 comparing computed periodic orbits by first and second iterative al-
gorithms. (b) For example 3 comparing computed periodic orbits by first and second iterative
algorithms. First with filled symbols, and second with solid line. (c) For example 3 computed 1/2-
subharmonic orbit by second iterative algorithm. (d) For example 4 computed 1/2-subharmonic
orbit by first iterative algorithm and compared to RK4. (e) For example 4 computed a periodic orbit
by second iterative algorithm.
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Figure 2: For example 5 comparing computed periodic orbits by RK4 to the steady state with dashed
line and by the FTIM in the first iterative algorithm with solid line: (a) ε = 2 and (b) ε = 10.

the limit cycle. T = 7.842687, x(0) = −0.192398, y(0) = −0.8679642 and z(0) = −0.02238384 are
obtained with the errors |x(T )−x(0)| = 4.59×10−11, |y(T )−y(0)| = 1.18×10−12 and |z(T )−z(0)| =
3.76× 10−11.

Then, we consider ε = 10 and the orbit tends to a limit cycle as shown in Fig. 2(b) by dashed
line. Under the following parameters T0 = 6, N = 500, ∆ξ = 0.001, ν = 600, c01 = c02 = c03 = 0.1
and ε0 = 10−10, we apply the first iterative algorithm to solve this problem, which converges with 27
iterations, whose periodic orbit is shown in Fig. 2(b) by solid line and coincides to the limit cycle.
T = 9.808795, x(0) = 0.1525601, y(0) = −0.8765379 and z(0) = −0.3977901 are obtained with the
errors |x(T ) − x(0)| = 7.29 × 10−11, |y(T ) − y(0)| = 3.31 × 10−11 and |z(T ) − z(0)| = 4.01 × 10−11.
For larger value of ε, the limit cycle is more distorted. For a strongly nonlinear jerk equation, the
FTIM presented in the first iterative algorithm is effective to find the unknown period and periodic
point very accurately.

4.6. Example 6
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We consider a more difficult four-dimensional first-order ODEs [25]:

ẋ1 = −[µ1x1 + ν1x2 + Λ1(x2x3 − x1x4],

ẋ2 = −[µ1x2 − ν1x1 + Λ1(x1x3 + x2x4],

ẋ3 = −[µ2x3 + ν2x4 − 2Λ2x1x2],

ẋ4 = −[µ2x2 − ν2x3 + Λ2(x
2
1 − x2

2)− F2]. (46)

Under the following parameters σ1 = 1.131, σ2 = −0.38, µ1 = 0.09, µ2 = 0.22, Λ1 = 294.732,
Λ2 = 2213.729, ν1 = (σ1 + σ2)/2, ν2 = σ2, and F2 = 0.003936, the orbit tends to a periodic
one in the steady state after t > 5000 as shown in Fig. 3 by dashed line, where x :=

√
Λ1Λ2x1

and y :=
√
Λ1Λ2x3. The transient trajectory emanating from the initial point x1(0) = 0.00059,

x2(0) = 0.00119, x3(0) = 0.003 and x4(0) = 0.0035 is not plotted in the figure.
The final point at t = 5500 is employed as the initial point x(0) = (−0.00124611, 0.000223107,

0.00317305, 0.00591933) used in the iterative algorithms. This periodic problem is of type (b).
With s0 = 0.5, c01 = c02 = c03 = c04 = 0, T0 = 9, ∆ξ = 0.05, ν = 200, N = 500, and Eq. (35) for y(0),

we apply the second iterative algorithm to solve this problem, which is convergent with 53 iterations
under ϵ = 10−5. T = 9.04116 is obtained and the terminal values satisfy the periodic conditions with
the errors |x1(T )−x1(0)| = 4.86× 10−7, |x2(T )−x2(0)| = 5.94× 10−8, |x3(T )−x3(0)| = 6.45× 10−8

and |x4(T )−x4(0)| = 3.91×10−7. As shown in Fig. 3(a) by the solid line, the periodic orbit obtained
from the second iterative algorithm almost coincides to that obtained by the RK4 as shown by dashed
line.

When we apply the first iterative algorithm with the same T0 = 9, ∆ξ = 0.05, ν = 200, and
ϵ0 = 10−5, it is convergent with 1506 iterations. T = 9.03994 is obtained and the errors of periodic
conditions are slightly increased to |x1(T ) − x1(0)| = 7.72 × 10−7, |x2(T ) − x2(0)| = 9.41 × 10−8,
|x3(T ) − x3(0)| = 1.07 × 10−7 and |x4(T ) − x4(0)| = 6.18 × 10−7. The second iterative algorithm is
convergent faster than the first iterative algorithm for this problem.

We raise σ2 to σ2 = −0.457. With T0 = 8, ∆ξ = 0.1, ν = 1000 and ϵ0 = 10−5, the first
iterative algorithm converges with 207 iterations. As shown in Fig. 3(b) by the solid line, the periodic
orbit obtained from the first iterative algorithm almost coincides to that obtained by the RK4 as
shown by dashed line. T = 8.77641 is obtained and the errors are |x1(T ) − x1(0)| = 2.36 × 10−7,
|x2(T )− x2(0)| = 1.04× 10−6, |x3(T )− x3(0)| = 7.35× 10−6 and |x4(T )− x4(0)| = 6.57× 10−6.

It is interesting that without the initial point provided by RK4, with c01 = −10−3, c02 = c03 =
c04 = 10−3, T0 = 8, ∆ξ = 0.1, ν = 1200 and ϵ0 = 10−6, for type (a) periodic problem the first
iterative algorithm converges with 343 iterations. As shown in Fig. 3(c) by the solid line, the
periodic orbit obtained from the first iterative algorithm almost coincides to that obtained by the
RK4. T = 8.78245, x1(0) = −1.02479× 10−3, x2(0) = −2.63047× 10−4, x3(0) = 1.15162× 10−3 and
x4(0) = 5.46428×10−4 are obtained with |x1(T )−x1(0)| = 6.76×10−8, |x2(T )−x2(0)| = 3.51×10−8,
|x3(T )− x3(0)| = 7.16× 10−7 and |x4(T )− x4(0)| = 6.78× 10−7.

With c01 = −10−3, c02 = c03 = c04 = 10−3, s0 = 1, T0 = 8, ∆ξ = 0.01, ν = 7000 and ϵ0 = 10−6,
the second iterative algorithm converges with 68 iterations. A larger size periodic orbit is shown
in Fig. 3(c) by dashed line. T = 8.78303, x1(0) = −1.03718 × 10−3, x2(0) = −3.04247 × 10−4,
x3(0) = 8.30003× 10−4 and x4(0) = 2.67799× 10−4 are obtained with |x1(T )− x1(0)| = 4.47× 10−8,
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|x2(T )−x2(0)| = 7.47×10−7, |x3(T )−x3(0)| = 2.53×10−7 and |x4(T )−x4(0)| = 3.62×10−7. Again,
the second iterative algorithm is convergent faster than the first iterative algorithm.

5. Conclusions

We have normalized the nonlinear dynamical system, such that the unknown period is appeared in
the first-order ODEs and the periodic problem is solved in the unit interval. Then, after transforming
the n-dimensional periodic conditions into an equivalent nonlinear scalar equation, we have derived
an iteration formula to determine the period based on the fictitious time integration method (FTIM).
In doing so a simple and easily formulated program is coined as the first iterative algorithm. For
some cases the first iterative algorithm may converge slowly. Thus, we presented the second iterative
algorithm by transforming the periodic problem to the corresponding initial value problem for the
new variables, and then we determine the period and terminal values of the new variables iteratively
by using the FTIM and the numerical integration in each iteration by RK4. Numerical examples
were tested to confirm the high-performance of these two iterative algorithms, whose advantages are
fast convergence and high accuracy of the obtained periods to preserve the periodic solutions. The
computed order of convergence is given to evaluate the proposed iterative algorithms. The conver-
gence rate of second iterative algorithm is between linear and quadratic convergence. If we disregard
its slightly slower convergence, the first iterative algorithm with less parameters is simpler than the
second iterative algorithm. Type (a) periodic problems are mainly treated in the paper which are
more difficult than periodic problems of type (b).
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