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Abstract--In this paper, several formulations of moving-singularity finite element procedures for fast fracture 
analysis are evaluated as to their accuracy and efficiency. 

INTRODUCTION 
IN REFS. [1-3] the authors have presented a "moving singular-element" procedure for the 
dynamic analysis of fast crack-propagation in finite bodies. In this procedure, a singular- 
element, within which a large number of analytical eigen-functions corresponding to a steadily 
propagating crack are used as basis functions for displacements, may move by an arbitrary 
amount AS in each time-increment At of the numerical time-integration procedure. The moving 
singular element, within which the crack tip always hgs a fixed location, retains its shape at all 
times, but the mesh of "regular" (isoparametric) finite elements, surrounding the moving 
singular element, deforms accordingly. An energy-consistent variational statement was 
developed in [1,2] as a basis for the above "moving singularity-element" method of fast 
fracture analysis. It has been demonstrated in [1,2] that the above procedure leads to a direct 
evaluation of the dynamic K-factor (s), in as much as they are unknown parameters in the 
assumed basis functions for the singular-element. 

Solutions to a variety of problems, were obtained by using the above procedure and were 
discussed in detail in[l,3]. These problems included, among others: (a) constant-velocity, 
self-similar propagation of a finite central crack in a finite panel [analogous to the well-known 
Broberg's problem] (b) stress-wave loading of a stationary central crack in a finite panel 
[analogous to the well-known problems of Baker; Sih et al; and Thau et al.], (c) constant- 
velocity propagation of a central crack in a panel, wherein, the propagation starts at a finite time 
after stress-waves from the loaded edge reach the crack, and (d) constant velocity propagation 
of an edge-crack in a finite panel, whose edges parallel to the crack are subjected to prescribed, 
time-independent, displacements in a direction normal to the crack-axis analogous to the 
well-known problems of Nilsson[4]. In Ref.[5], the results of numerical simulation of experi- 
mentally measured crack tip vs time history in a rectangular-double-cantilever-beam (RDCB), 
as reported by Kalthoff et al.[6], were reported. Also (Ref.[5]) the authors' results for the 
computed dynamic K-factor for RDCB were compared with the experimental (caustics) results 
of[6], and the independent numerical results of Kobayashi[7], who uses a node-release 
technique in fast fracture simulation. 

In this paper, the authors wish first to clarify and comment upon several aspects of the 
model formulation which appear in their Refs. [1, 2]. Second, the model's accuracy and 
efficiency are evaluated in terms of less sophisticated models. Finally, the practicality of the 
special singular element for predicting crack growth for a given crack growth criterion is 
illustrated. In addressing the second topic, attention is focused on: (a) the effect of using only 
the stationary-eigen functions (or the well-known Williams' solution) in the moving singular- 
element for dynamic crack propagation, and (b) the use of isoparametric elements with mid-side 
nodes shifted so as to yield the appropriate (r -O/2)) singularity[8, 9]. Finally, some recent results 
are presented which illustrate the facility of the propagation-eigen-function singular element for 

+Based in part on a presentation made at 2nd International Conference on Numerical Methods in Fracture Mechanics, 
Swansea, 1980. 
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predicting crack propagation behavior based on Km vs crack propagation speed as a crack 
growth criterion. 

THE VARIATIONAL PRINCIPLE 

Since the details of the formulation are presented in Refs.[l, 2], only those portions of the 
formulation necessary to the present discussion will be included here. Further, for simplicity 
the rather general equations of Refs.[1, 2] will be specialized to the case of Mode I crack 
growth in bodies subject to traction free crack surfaces, zero body force and with geometry/ 
applied loading such that the model can make use of symmetry about the crack plane. In 
Ref. [2], the principal of virtual work proposed as the governing equation for crack propagation 
during the period [fl, h] in which the crack elongates by amount AE is given as: 

C 
O =  ] 2 1 2 "2 {(O"/.1" + O'o)~eij + p(Id i + /~il)~//i2} d V 

Jv 2 

- fs~2(~ '+ Ti2)6u2dS- fa o~jvjlt~lti2dS. (1) 

The superscripts 1 and 2 refer to quantities at times t~ and t2 respectively. The integrals in order 
of appearance refer to the volume of the body at time t2, the portion of the surface of the body 
at time t2 subjected to prescribed tractions and the new crack surface created between times tl 
and t2. Note that the variational quantities &~ and 8u~ 2 reflect the kinematic constraint at t2 and 
therefore are arbitrary on AE. Making use of the small strain displacement relation, the 
symmetry of tr o, and using the divergence theorem, the first term of the volume integral in (1) 
becomes: 

fV  2 l 2 -- fa (O'2pj2 + O'~jpjl)~ui2 d S -  f 2 (o-q,s + tr1~,~)au? d V (2) (°'q + ° r q ) 8 ~ i i d V -  v2 Jv2 
2 

where ~V2 is the boundary of V2. Noting that (a) AE is part of c~V2 (resulting in the last term of 
(1) dropping out); (b) that S~ 2 is a part of ~V2; and (c) that 8ui 2 is zero on any portion of ,~V2 that 
has prescribed displacements, we have: 

fV  2 "2 1 "'1 2 {tri M -- p l l i +  trq, i - pUi }SUi d V 
2 

+ fs {~2 _ ~ijv 2 + Ti' - t~Jv/}~ui 2dS 

- Jar Or2~'2~Ui2 d S  = O. 

(3) 

Since ~Ui 2 is arbitrary (3) leads to: 

and 

or iL j2  = pi~i 2 + fli~i I _ O'#A~ in V2 (4a) 

o.2p2= ~2+ ~]_o.~,vl on So.2 (4b) 

2 2 cr0u i =0 on AE. (4c) 

It is seen that (4c) is nothing other than the condition that the new crack surface be traction 
free. Equation (4b) stipulates that traction boundary conditions be satisfied on $~2 and (4a) is a 
statement of dynamic equilibrium within the body. If one assumes that i = plill then (4a) O ' i j ,  j - -  

reduces to the usual equilibrium equation at t2 (i.e. z _ ..2 2 _ ~rq.s - pui ). Then since ~ro. i - pzi~ 2 it follows 
that the state at t3 must also satisfy the usual equilibrium equation and so forth. Therefore, (4a) 
is equivalent to the standard expression for dynamic equilibrium when the assumption that 
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1 0-0,~-plii ~ is valid. A similar argument leads to (4b) reducing to the usual condition for 

satisfaction of traction boundary conditions. 
In the finite element model formulation, the above assumption is not valid and therefore, the 

eqns (4) do not reduce to those usually found in finite element model derivations. One reason for 
0-~j ~ pti: ~ is that in modeling crack growth, it becomes necessary in the procedure of Refs.[l, 2] 
to change the mesh configuration at each crack growth time step and to interpolate displace- 
ment, velocity and acceleration data at the new node locations. This interpolation will in general 
result in some disequilibrium in the interpolated solution. If, for example, we assume some 
disequilibrium at t l  such that . . l  I _ _ / ~ 2  0 . 2  _ t pui -0 . i i . J - [ ,  then satisfaction of (4a) leads to p ~ - 0 . j - - s .  
Clearly, the disequilibrium at subsequent steps will be the same form (f) with the sign 
alternating at each step. Therefore, it would appear that the formulation of Ref.[1, 2] should 
result in oscillations. 

Numerical experimentation with the formulation has indeed shown this oscillation to occur. 
However, when used with the special singular element of Refs.[1,2] the only time it has 
occurred at discernable levels is in static analyses. In dynamic analyses, it has been found that 
the inertial forces are generally large enough to make the oscillatory forces negligible. 

Similar oscillation has been observed when implementing the proposed principle of virtual 
work with eight-noded isoparametric elements. (Wherein the appropriate crack tip singularity 
was obtained by shifting midside nodes as suggested by Refs. [8, 9]). It is generally found that 
the oscillations when using the isoparametric elements are larger than those observed with the 
special singular element. This is believed to be the result of inherently larger interpolation 
induced disequilibrium with these less sophisticated elements. 

A related variational principle for quasi-static crack growth in elastic-plastic bodies was also 
presented in[l]. To account for effects of history dependent plasticity and finite deformation 
gradients, an updated Lagrangean rate formulation was used. As a result of the formulation 
yielding an incremental analysis (as opposed to the computation of total state quantities as in 
the elasto-dynamic analysis above), the effect of state quantities at tl appearing in the finite 
element equations for the solution at t2 is fundamentally different. The variational statement, 
simplified for the case of zero body force, traction free crack surfaces and symmetrical 
modeling of Mode I crack growth, is given as: 

[r,itSg 0 V- fs,, ' fazrl, v/ a, dZ =O (5) v, I ' °+S°~g~ld dS+ 

where ~-lj are the Cauchy stress components of the solution at t, in the current reference 
configuration (t~, V~, Y~,), ~ii are the incremental displacements in going from the reference state 
to the final state (t2, V2, E~ +AE) r~ are the applied incremental tractions, g~ =½(lik.~Uk.j), 

• L _ I  • g,j - ~(u;j + tij.~) and S0 are the incremental second Piola-Kirchhoff stress components (or what 
are also known as Truesdell stress increments). Equation (5), through the use of the divergence 
theorem, leads to the following Euler-Lagrange equations: 

l " (rk~Ui.k),~ + S0.j = 0 in V, (6a) 

(r lk/~i .k+Sis)vi-Ti=O on S~ 1 (6b) 

. zo)v i =0 on AE. (6c) 

Equation (6a) is the usual translational equilibrium condition associated with updated-Lagran- 
gean formulations in terms of the second Piola-Kirchhoff stress and does not contain any 
additional terms such as found in eqn (4a). Equation (6b) is the usual condition for satisfaction 
of traction boundary conditions and eqn (6c) is the condition that the newly created crack 
surface be traction free. Further study of the derivation of eqns (5) and (6) shows that there is 
nothing inherent in the formulation to account for (or correct) the error from interpolation of 
quantities from the finite element mesh at t~ with crack length E~ to the finite element mesh at t~ 
with crack length YI+AE. However, the accumulated error at increment P(~p) can be 
measured by: 

~p = ro ~gij d V - T/eSa; dS. p 



208 T. NISHIOKA et aL 

which is a check on the equilibrium at increment p. Since this rate formulation does not result 
in terms which lead to oscillation of the solution it seems that formulation of the linear-elastic 
dynamic problem in terms of an incremental model similar to that for the elastic-plastic large 
deformation problem would eliminate the trouble with oscillations while at the same time retain 
the crack growth modeling features. 

Results of analyses which are presented later in this paper are largely based on the 
formulation as originally proposed in Refs.[1,2] since it appears that no significant change 
would result from a reformulation. The one exception to this are the results obtained through the 
use of isoparametric elements with midside nodes shifted so as give a singularity at the crack 
tip. In those analyses, the usual statement of virtual work is applied: 

: { O ' i j ~ i i  " + flU i t~ll i } d V - Ti2~ui 2 d S .  
2 cr 2 

Traction free crack surfaces are approximated by letting nodal forces on the crack surfaces be 
zero. 

SINGULAR ELEMENT FOR DYNAMIC CRACK PROPAGATION 
A singular crack tip element was also developed in[l, 2] and used in conjunction with the 

formulation (1) for the analysis of Mode I dynamic crack propagation in linear elastic two 
dimensional bodies. This singular element uses an arbitrary number of the displacement 
eigen-functions which come from the solution of a crack in an infinite body. For dynamic crack 
propagation, these eigen-functions are taken as those for the corresponding steady-state 
dynamically propagating crack in an infinite body. Equations (7) give the form for the assumed 
displacement, velocity and acceleration within the singular element: 

u'(~:, x2, t) = U(~:, x2, v)13(t)  (7a) 

ti s = Ufl - v(U), J] (Tb) 

iP : U/~ - 2v(.U),efl + v2(U),~d] (7c) 

where U is the matrix of eigen-functions (plus appropriate rigid body modes), fl is the vector of 
undetermined coefficients, v is the crack propagation speed and (sclX2) are the coordinates 
relative to the moving crack tip (~  = x~ - vt) .  It should be noted that (7b) and (7c) are obtained 
from (7a) through differentiation with respect to time with the assumption that v is not a 
function of time. The following comments should remove any incorrect notions that this in any 
way limits the use of the element to constant speed crack propagation. First, it has been 
shown [12] that the near-tip fields are the same for steady-state and transient crack propagation. 
Therefore, provided v at each time step reflects the current speed, there is no question that the 
eigen-functions for the element are correct and that the coefficient of the singular eigen- 
function (/31) is indeed the Mode I stress intensity factor. A second consideration is that the 
associated stress eigen-functions do not satisfy the stress equilibrium-equation for non-steady- 
state (as viewed by an observer moving with the crack tip). 

['821li _ (~2U i 2 (92//i ~ 
= - T)o (8) 

but instead, satisfy the corresponding steady equation: 

2 02ui  
~o,J = pv ' ~ .  (9) 

While it would be preferred that eqn (8) be satisfied exactly, the displacement finite element 
method does not require this. The stress equilibrium of (8) is satisfied in the usual approximate 
sense associated with the finite element method. 

One common difficulty which arises when using more than one element type in a model is 
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the lack of compatibility at the interface of the dissimilar elements. In Refs.[1,2] a method is 
explained for maintaining compatibility at the boundaries of the singular element which are 
shared by eight-noded isoparametric elements. This method involves selecting/I such that the 
following three error functionals are minimized: 

I~=fp (u~-uR)2dp; I2=fp 0P- fR)2dp ;  I3=f (ii '-iiR)2dp (10) 
s s Ps  

where u', ~P, li ' are as in eqns (7), u R, ti R, ti R are displacements, velocities, and accelerations at 
the boundary of the eight-moded isoparametric elements, and p, is the boundary of the singular 
element shared by isoparametric elements. This procedure gives/I,/~ and/~ in terms of q,,/!, 
and/is, the nodal displacements, velocities and accelerations of nodes on the boundary shared 
by the singular element and the isoparametric elements. In particular, ~ is related to q, by 

fl =Aqs (11) 

where A is in general, a rectangular M x N matrix (M being the dimension of/~ and N the 
dimension of qs). The exact form of A does not enter the present discussion but can be found 
in[l, 2]. The question to be addressed here concerns the constraints which must be placed on 
the dimension of A (and therefore/~). It is well known that in hybrid finite elements there is a 
restriction on the humber of internal parameters (/3) so that the matrix equations relating these 
parameters to the unknowns of the final finite element equations are nonsingular [11]. It should 
be noted that the current procedure is not (strictly speaking) a hybrid procedure and therefore 
the matrix A relating fl to q, does not pose the same problem. However, the following does 
show there is a restriction on the dimension of ft. In the derivation of[l, 2] there are nine nodal 
points and therefore 18 degrees of freedom associated with the singular element. All of these 
are on its boundary (denoted p, in 10) as illustrated in the typical mesh of Fig. 1. To ascertain 
the behavior of the singular element with differing numbers of eigen-functions (i.e. differing 
dimensions for //) the eigen-values and eigen-modes of the singular element for zero crack 
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Fig. 1. Finite element mesh for the numerical approximation to the infinite strip problem of Nilsson[4]. 

speed were calculated. In making the calculations, the symmetry plane nodal dis- 
placement normal to the crack plane was constrained since no eigenfunctions were 
included for rigid body translation normal to the crack plane. Based on the deletion of 
this one degree of freedom it can be seen that the singular element must have seventeen 
deformation modes (eigen vectors) and should have only one zero energy mode (eigen value of 
zero), corresponding to a rigid body translation. In varying the dimension of / I  (call it M) it was 
found that for M = 17, there was one zero eigenvalue which through examination of the 
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eigenvector did indeed correspond to the desired rigid body translation parallel to the crack 
plane. When cases for M < 17 were considered, the number of these zero energy modes (P) 
was P = 18--M, (M -< 17). These excess zero energy modes are clearly undesirable. It was also 
observed that the desired rigid body mode was no longer present when these extra modes 
occurred. The constraint on M for the current configuration is therefore m -> 17. In the general 
2D case where N is the number of unconstrained nodal degrees of freedom associated with the 
singular element we must have M-> N, where M includes the appropriate number of special 
rigid body displacement functions. If we denote the number of these rigid body functions by R, 
then the required number of crack solution eigen-functions (C) is given by C >- N - R  which is 
exactly that constraint found for the number of assumed element stress functions in hybrid 
stress finite element models [l l]. The results presented in[l, 3, 5] and to be presented here have 
used M = 20 therefore satisfying the above constraint. 

PROCEDURES FOR SIMULATION OF CRACK GROWTH 
The modeling of crack propagation with either the special singular element or with the 

singular isoparametric elements requires the finite element mesh in the region of the crack tip to 
be modified at each time step for which crack growth occurs. The procedure used here and 
in [1, 3, 5] is to shift the singular element(s) without distortion, (as shown in Fig. 2) so that it is 

TYPE A: Moving singular element 
TYPE B: Distort ing regu la r  element 
TYPE C: Non-Distorting regu la r  element 

F4~ 
~ , ~ . 1 _ 1 _ 1 _  [ . 1  

. 

t= 0.0 
$ 

J _ l . l _  1 _ 1 _ 1 _ 1  1 

I l _ l _ l . _ l _ l _ l  

re-adjustment o f  
i _ J.. i _ i. i _ I _ I mesh at t =2O/lsec 

1%2.0~.sec 

l . l _ a _ l _ l . l _ l  1 

EXAMPLE : v = 1000 m/see 
A t  = 0.2 ~.sec 
~ Y :  0.2 mm 

Fig. 2. Illustration of the shifting/remeshing procedure for modeling crack growth. 

only the regular elements surrounding the special modeling region which become distorted. An 
important point which differentiates this procedure from the more common node release 
techniques for crack growth is that the size of the increment of crack growth (A2) is not 
restricted by nodal spacing but rather can be made as small as desired. Figure 2 also illustrates 
that the distortion of elements periodically reaches a critical degree at which time the crack tip 
region of the model is remeshed before applying the shifting procedure. Since this procedure 
involves the shifting of nodal points and since the nodal quantities of displacement, velocity 
and acceleration at each time step appear in the difference equations associated with the 
Newmark time integration scheme for the solution at the subsequent time step, it is necessary 
to use interpolation procedures to obtain correct values for the shifted nodes. 



Moving singularity finite element models 211 

CONSIDERATIONS OF EFFICIENCY AND ACCURACY 
In the previous sections, the discussion was largely in terms of particular features of the 

variational principle or singular element derivation. Here the discussion will be of a broader 
nature with most of the attention being focused on the more general attributes of efficiency and 
accuracy. 

The singular element with crack propagation speed dependent eigen-functions has several 
attractive features which stem directly from the use of the analytical solution for the near- 
crack-tip field. First, the traction free crack surface conditions are satisfied exactly. Second, the 
coefficient of the singular eigen-function is the Mode I stress intensity factor and is obtained 
directly without recourse to indirect energy based procedures or extrapolation methods. Third, 
because many eigen-functions are used, the accuracy of the solution is less sensitive to the 
singular element size than for elements with less elegant basis functions. 

As might be expected, this element also has some features which tend to offset the above 
positive ones. One such feature is that the propagation-eigen-functions lead to a non-symmetric 
stiffness matrix. However, since the non-symmetry is localized to rows and columns cor- 
responding to qs, the additional effort in solving the equations is not excessive. Another aspect 
of using special elements which requires attention is the inherent incompatibility of displace- 
ment with neighboring elements. The procedure proposed in[l,2] and used here involves 
satisfying compatibility along ps in an integrated least square sense as shown in eqn (10). 

In order to weigh the above positive features vs the negative, 2 alternative models are 
considered. The first alternative is to use a similar special singular element but to substitute 
stationary crack eigen-functions for the propagating crack eigen-functions. This substitution has 
two effects. First, the stiffness matrix becomes symmetric. Second, the coeflMent of the 
singular eigen-function can no longer be interpreted as/(i, the Mode I stress intensity factor, At 
first, this loss seems a dear price to pay since it would appear that one must resort to indirect 
procedures for determining/(i such as energy calculations or the fitting of propagation-eigen- 
functions to the near field solution. However, /(/ can be obtained directly from the 
stationary-eigen-function element solution using a simple formula described later. With this 
question of calculating K~ answered, it remains to be seen how well the chosen number of 
stationary functions (20) can accommodate the distorted near field displacement patterns of a 
propagating crack. 

It is clear that whether one uses stationary-eigen-functions or propagation-eigen-functions, 
the special element will still require additional work to ensure compatibility with neighboring 
elements. To ascertain the benefits of eliminating this additional work, a third model is 
considered. This model, as mentioned previously, uses eight-noded isoparametric elements 
exclusively. The r -~1/2) singularity in stress and strain is incorporated in the model by shifting 
midside nodes on element edges joining the crack tip node to the quarter-point of the element 
side as illustrated in Fig. 1. To ensure the correct behavior in all angular directions from the 
crack tip, the elements adjoining the crack were degenerated to the triangular form seen in Fig. 
1. While this model has no problem in terms of compatibility, it does have a problem in terms of 
calculation of /(i. One has virtually no choice but to resort to energy methods, fitting of 
eigen-functions or extrapolation procedures. Since a major consideration in comparing the above 
models is the accuracy and ease of computing K~, the indirect procedures for computing K~ with the 
stationary eigen4unction model and quarter-point isoparametric element model will be described. 

INDIRECT METHODS FOR COMPUTING K~ 
As pointed out previously, when the propagation-eigen-function singular element is used, KI 

is evaluated directly during the solution procedure and therefore indirect methods for evalua- 
tion K~ are not required. However, that does not mean that these methods can not be used and 
in fact the comparison of KI from alternate procedures is a good manner for checking the 
consistency of the solution. 

The first 2 indirect procedures rely on the well known relationship between /(i and the 
fracture energy release rate (G) for pure Mode I fracture: 

d[ K, = V \ ~ !  
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where 

or 
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f (aa,  as) = aa(1 - a,2)/[4~aas - (1 + O/s2) 2] 

~a 2 = 1 - (v/Ca)2; a~ z = 1 - (v/C~) 2 

6', 2 : j z /p  

2/~ / \ 1 -  v 
Cd 2=-~- ~l_--T~v) for plane strain 

CaZ=--p  \1---~/ for plane stress. 

(12) 

In the above, v ,is the crack propagation speed, ~ the shear modulus, v the poissons ratio, p the 
mass density, Cs the shear wave speed and Ca the dilatational wave speed. For the limiting case 
as v goes to zero, we have 

or 

f(1, 1) = 1 - v for plane strain 

f(l, 1)= ~ for plane stress. (13) 

To make use of (12), one must evaluate G. This has been done in the present work using three 
different approaches. The first approach to determining G is through an energy balance. This is 
done in crack propagation analysis most easily by considering the energy of the system at 2 
adjacent time steps tl and t2 between which an increment in crack length AY has occurred 
(AE = X2-Yt). If we define the increment in work done on the system by the applied traction 
and displacement boundary conditions as A W = I4/2- WI and similarly denote the change in 
strain energy by AU and the change in kinetic energy by AT then an average G for the interval 
(tl, t2) is given by: 

A W -  A T -  AU 
G =  (14) 

b(aX) 

where b is the length of the propagating crack front. 
The second approach to computing G is to use a crack closure integral. This calculation 

involves the tractions on AY, existing at tl. For pure Mode I fracture behavior one has only 
displacement component uy and traction component Ty present at AE. An average G for the 
interval tl, t2 is given by: 

-1  i" 
G = - ~  Jalx Ty(x, tl)Uy(X, t2) dx (15) 

where uy is half the total crack opening due to the use of symmetry in the model. The factor of 
½ usually observed in linear elastic work evaluations is canceled by a factor of 2 which accounts 
for the use of symmetry in the model. 

The third method for evaluating G is the J-integral. It is well known that G = J for elastic 
bodies and therefore is obtained from the definition of J in the current symmetrical dynamic 
analysis of a Mode I crack[10]: 

1= 2 { fA oa' dA + fr ( Wnx - dx / (16) 

where p is the mass density, W is the strain energy density, F is a curve connecting the upper 
crack surface to the symmetry plane ahead of the crack (which is propagating in the x 
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coordinate direction), A is the 2-dimensional region enclosed by F, nx is the x-component of 
the outward unit normal to F and Tj is the traction vector acting on F(outward positive). The 
factor of 2 again reflects the use of symmetry in modeling. 

In addition to the above energy related procedures, 2 additional methods are used here for 
determining K~. The first of these two involves the fitting of near field displacements with the 
propagation-eigen-functions discussed previously. This method is quite general in nature and 
can be used witih either the special stationary-eigen-function element or with the quarter-point 
singular elements. The procedure is to use eqn (10) to obtain an equation of the form (1 I) such 
that the coeflicient of the singular propagation-eigen-function/3~(/3j =/(I)  can be related to the 
near field nodal displacements qs. 

The final procedure for obtaining/(i is primarily applicable to the stationary-eigen-function 
element and results in the evaluation of KI from this element being nearly as direct as when 
using the propagation-eigen-function element. Let 3~e be the undetermined coefficient of the 
singular propagation-eigen-function (3~e = K~). Let 3~ be the corresponding coefficient of the 
stationary-eigen-functions, noting/3~ ~ = 31P =/(1 only if v, the crack propagation speed, is zero. 
Using the definition of G for Mode I fracture: 

- 1 fo a~ GA lim ~ Ty(x)uy(x - AYe) dx (17) 
- a~--,o AZ 

it is possible to obtain two equivalent definitions of G in terms o f /~e  or/3~ ~ by substitution of 
the respective singular eigen-functions into (17): 

GA,t'(l, 1) ~ s,2 G _ A ~ ( f l l P )  2 and _ ' - ~  wl ; .  (18) 

From (18) it is then seen that 3, e which is always equal to / ( i  can be related to/31 ' by: 

/ [  f(1,1) X ~  
k:1 = (19) 

where f(1, 1) and f(ad, as) are as defined in the text immediately following eqn (12). 

CRACK PROPAGATION COMPUTATIONS FOR COMPARISON OF MODELS 

The primary purpose of these computations is to compare results using several levels of 
modeling sophistication. To keep the problem from obscuring the basic differences in modeling 
techniques, a rather simple combination of geometry and loading was selected. The problem 
which was considered previously in Ref.[3] is that of the constant velocity propagation of an 
edge crack in a square sheet whose edges parallel to the direction of crack propagation are 
subjected to uniform displacements u2 in the direction normal to that of crack propagation. The 
dimensions and mesh configuration are depicted in Fig. 1. This problem is analogous to that 
treated by Nilsson[4] who obtained an analytical solution for steady-state stress-intensity 
factor for the constant velocity propagation of a semi-infinite crack in a finite-height, infinite- 
width strip. In the following, the material properties are v = 0.286, # = 2.94 x 104 N/ram 2 and 
p = 2.45 x 10 -6 kg/mm 3. Three levels of constant crack velocity propagation, (v/Cs)= 0.2, 0.4, 
0.6 are considered. In each case, the initial crack length, (Y,o/W) is 0.2. For each case, the crack 
growth increment size is maintained constant (as opposed to time step size) at a value of 
AE/W = 0.005 which corresponds to 2.5% of the singular element's dimension in the crack 
propagation direction. 

In these analyses the uniform prescribed displacement is applied statically at t = 0 sec. 
While maintaining this prescribed displacement, the crack is then made to propagate at a 
uniform speed. This procedure results in crack acceleration over the first time step and since 
the time step size is varied so as to maintain the crack growth increment size constant, this 
acceleration will also differ for each value of the uniform crack speed. 

v = 0.2Cs. The computated K~(t) for this lowest considered propagation speed are illustrated 
in Fig. 3. Note that the computed K1(t) are normalized with respect to KT, which is the static 
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Fig. 3. Nondimensionalized Kt vs Y. for constant velocity crack propagation (v = 0.2C,) in the model of 
Fig. 1. 

1(,i for the infinite width strip problem of Nilsson (where K7 = ( t i 2 E ) / ' k / ( h ) ( l -  P 2) and are 
plotted as a function of nondimensional crack length (Y./W). In each of Figs. 3-5 the arrows 
indicate the crack lengths at which the remeshing procedure (illustrated in Fig. 2) takes place. 
The dashed lines of Figs. 3, 4 and 5 indicate the steady-state value of K~ for the infinite strip 
problem due to Nilsson[4]. The nearness to unity of the dashed line of Fig. 3 indicates the 
relatively low velocity dependence of the strip solution at this crack speed. 

The solid curve of Fig. 3 represents the values of K~ from the propagation-eigen-function 
element and as discussed previously are determined directly as the coefficient of the singular 
eigen-function during the solution. The solid points of Fig. 3 are the results from the 
stationary-eigen-function element. To illustrate the small effect of crack speed at v = 0.2C,, the 
plotted values are just the coefficient of the singular eigen-function but because of the non-zero 
crack speed are not strictly speaking values of 1(,i. To obtain correct values of K~ in this case, 
one would have to use eqn (19). Since this correction would uniformly lower all these points by 
only 1.4%, these corrected values are not plotted. It can be seen, however, that this correction 
would indeed tend to improve the already excellent agreement with the propagation-eigen- 
function element. 

The open symbols of Fig. 3 are the results of the quarter-point isoparametric element 
computations. The open circular points are based on a G obtained through a global energy 
balance (14) which is then converted to Kt through eqn (12). It can be seen that except for the 
first four time steps, these points agree quite well with the propagation-eigen-function element 
solution. The open triangular points are based on a G obtained through the crack closure 
integral of eqn (15) and then converted to Kt through eqn (12). It is clear from Fig. 3 that the 
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Fig. 4. Nondimensionalized KI vs Y, for constant velocity crack propagation (v = 0.4C,) in the model of 
Fig. 1. 
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crack closure integral procedure is inferior to the energy balance procedure when used with the 
isoparametric elements. This is attributed to the inherent inaccuracy of the boundary tractions 
for the isoparametric element which are required when using eqn (15). It should be noted that a 
very satisfactory aspect of the crack growth modeling procedure used here is that none of the 
curves in Fig. 3 show erratic behavior which can be related to the remeshing procedure. From 
Fig. 3, it seems that any one of the three models is adequate for the problem when v = 0.2Cs. 

v = 0.4Cs. The results for this intermediate case are given in Fig. 4. Again, the dashed curve 
represents the steady-state infinite strip solution. To illustrate the increasing effect of the crack 
speed on the crack tip field, the solid points are again the coefficient of the singular term of the 
stationary-eigen-function solution and must be modified via eqn (19) before being interpretable 
as /(i. The solid square points are these modified values. It can be seen that the agreement 
between the propagation-eigen-function solution and the stationary eigen-function solution is 
still quite good despite the increased effect of crack speed on the crack tip field. 

The quarter-point isoparametric element results are indicated by open circular points. Here 
again, the global energy balance procedure has been used. Unlike the results for v = 0.2Q, 
there is a pronounced difference between the isoparametric element results and the special 
element results. It is believed that this difference is largely due to the inadequacy of the four 
elements used here to model the increasingly contorted displacement and stress fields which 
occur with increasing crack speed. An increase in the number of triangular elements in the 
angular direction might be expected to remedy this deficiency. The inadequacy of the element 
refinement is further evidenced by the noticeable disturbance in the / ( i  values accompanying 
each remeshing. 

v = 0.6C,. The results for this largest considered crack speed are presented in Fig. 5. Here 
again the dashed line is the steady-state infinite strip solution and the solid curve the 
propagation-eigen-function solution. The solid square points are the K1 values from the 
stationary-eigen-function element solution, and are obtained from the//~ (solid circular points) 
using eqn (19). The solid triangular points are also Kt values from the stationary-eigen-function 
solution but were obtained through fitting the near field nodal displacements (q,) with the 
propagation-eigen-functions using the method described previously. Nineteen eigen-functions 
plus the one rigid body mode were used in this fitting procedure. Both of the above procedures 
for treating the stationary-eigen-function-solution yield results which agree quite well with the 
propagation-eigen-function-solution but clearly the one represented by eqn (19) is preferred 
due to the ease of application. 

The results from the quarter-point isoparametric elements are plotted in Fig. 5 using open 
circle points. Unlike the results presented at v = 0.4Cs and v = 0.2Cs, the values of K~ plotted 
here were obtained through the J-integral as defined by (16). Though the results based on the 
global energy balance procedure are not presented here, they were found to agree quite well 
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with those using the J-integral except that there was substantially more "noise". This "noise" 
became particularly apparent at positions where remeshing was required. 

From these calculations involving crack propagation speed ranging from 0.2Cs to 0.6Q, it 
appears that for these crack-speed ranges the propagation-eigen-function element has no 
significant advantages over the stationary-eigen-function element either in terms of accuracy or 
in terms of ease of computing KI, other than being more theoretically consistent and appealing. 
Since there is additional effort is dealing with the non-symmetric matrices which accompany the 
propagation-eigen-function formulation, it seems the stationary-eigen-function element might be 
more effectively implemented to obtain results within a tolerable engineering accuracy. The 
large number of eigen-functions used in these special element formulations in order to produce 
no spurious kinematic deformation modes is believed to be the reason for the high degree of 
accuracy attained with the stationary-eigen-function element in the analysis of fast crack 
propagation. It was observed that the use of four quarter-point isoparametric elements was 
quite adequate at v = 0.2Q, but that by v = 0.4Cs the accuracy had become marginal (5-10% 
difference from special element results). In considering the effect of crack speed on the 
isoparametric element solution accuracy, it should be kept in mind that experimentally 
measured crack speeds often fall below 0.3C,. If one needs to consider higher speeds, mesh 
refinement seems to be necessary. 

APPLICATION TO PREDICTION OF CRACK GROWTH 

In the computations of[l, 3, 5] and in those of the previous section, the loading of the body 
and the crack growth history are used as input to the analysis. The output of each of these 
"generation phase" computations is KI as a function of time, crack length or crack speed. The 
subject of this section are computations of a reverse nature. That is, the input to the 
computation is the loading of the body and a crack growth criterion. This type of analysis is 
referred to as an "application phase" computation. 

One feature of the special eigen-function elements which has proved to be quite useful in 
the application type analysis is that in addition to KI being computed directly from qs one also 
has (OKt/Ot) and (~92K/]cgt 2) as a result of the minimization of the error functionals of eqn (10). 

Having these quantities at some time, say t = t~, simplifies the prediction of crack velocity 
for the subsequent time step since the value of Kt can be extrapolated using a Taylor series 
expansion. More precisely, in order to determine AE = Y2-Y,t using a crack growth criterion 
based on Kl, one needs to have an average /(i for the interval (h, t2). For the propagation- 
eigen-function element, this average KI is predicted in terms of quantities at t~ by: 

KIp = [3,P(t,) + ~ ~,P(t,) + (A-~2~,P(tO (21) 

where fl~P = (OKr/Ot) and/~'~P = (OZKt[Ot2). Having Krp one uses the criterion to obtain v which 
is then used to obtain AY~ = vAt. Having AE the finite element mesh for the crack length v. 2 can 
be generated and the solution at t2 obtained. It should be noted that a similar prediction 
procedure to (21) exists for the stationary eigen-function element. Through the differentiation of 
(19) with respect to time one can obtain: 

(22) 

An application phase calculation for a double cantilever beam specimen, identical to 
specimen No. 4 of Kalthoff et al. [6], has been completed using the KID vs E relation shown in 
Fig. 6 as a crack growth criterion. This curve and the crack initiation fracture toughness for the 
computation (KIo = 2.32 MNm -m) are identical to the ones used by Kobayashi[7]. The predic- 
ted K~ vs t, Y~ vs t and E (or v) vs t which were obtained using the propagation-eigen-function 
element are shown in Fig. 7 along with the corresponding experimental results of Kalthoff et 
a/.[6] and numerical results of Kobayashi[7]. The present plane stress analysis used E= 
3380MN/m 2, v = 0.33 and p = 1172 kg/m 3. 

It can be seen in Fig. 7 that the Y, vs t results are virtually indistinguishable from the 
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Fig. 7. Application phase analysis of the double cantilever beam specimen (No. 4) of Kalthoff et al.[6]. 

experimental results and that even the v vs t results agree quite well. In comparing the KI 
curves it is seen that there is quite good agreement for approximately the first half of the total 
crack growth. At about midway, however, the computed K~ increases briefly while the 
experimental values drop. Before arrest occurs, there is again good agreement, however. 

One possible explanation for the above disparity is that the Araldite B used by Kalthoff 
shows some rate dependence even though it was selected over similar materials because of its 
relatively low rate dependence [6]. For example, the dynamic elastic constants quoted in[6] are 
E = 3660 and v = 0.39, whereas the static values, used in the analysis, are E = 3380 MN/m 2 and 
v = 0.33. While this rate dependence must surely have some effect on the specimens response, 
it has been observed through numerical experiments that other aspects of the experimental 
procedure and numerical modeling procedure also have quite large effects. The results of these 
sensitivity studies are being presented in a companion paper[13]. 

CONCLUSION 
The comparison of the propagation-eigen-function element, the stationary-eigen-function 

element, and the quarter-point isoparametric element in terms of accuracy and efficiency leads 
to several conclusions. The two eigen4unction elements showed similar accuracy at all crack 
speeds up to 0.6C, while the isoparametric element model started showing significant 
differences between 0.2Cs and 0.4C,. While the quarter-point isoparametric elements were the 
least expensive to use ( - 2/3 the cost of the stationary-eigen-function element and - 1/2 that of 
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the propagation-eigen-function element) their sensitivity to crack speed and the need to use 
indirect methods to obtain Kt reduce their initial attractiveness. Furthermore, for application 
type analyses the lack o f /~ i  and/~i  may complicate the use of isoparametric type elements to 
the point that they lose their cost advantage. Another conclusion to be drawn from the 
comparison of the models is that the stationary-eigen-function element has all the attractive 
features of the propagation eigen-function element without the disadvantage of non-symmetric 
stiffness matrices. Also, because the matrices are not crack speed dependent, they do not need 
to be recomputed each time crack speed changes. Finally, the eigen-function elements seem 
particularly attractive for application phase analysis since at each time step one has not on ly / ( i  
but also (OK~/tgt) and (~2Kt/~t2); thus simplifying the prediction of crack behavior in the 
subsequent time step. 

The application phase analysis of the double cantilever beam specimen illustrated the utility 
of the propagation-eigen-function element for predicting crack growth behavior using Kto vs v 
as a crack growth criterion. Since the stationary-eigen-function element showed very good 
agreement with the propagation-eigen-function element in the generation type analyses and 
since the predictive logic for application type analyses is the same for both element types, it 
seems the stationary-eigen-function element is also well suited to application computations. 

The propagation-eigen-function element, even if more expensive to use than the other 2 
special elements discussed above, is nevertheless more consistent and appealing in terms of 
theoretical formulation, and application to basic research in dynamic crack propagation in finite 
bodies. Due to this reason, extensive dynamic fracture studies, of both "generation" and 
"application" type, on laboratory specimens such as the rectangular double cantilever beam 
(RDCB) tapered double cantilever beam (TDCB), and edge crack specimen, were conducted by 
the authors using the presently described propagation-eigen-function special element. 

These numerical results were compared with available experimental data. A detailed 
presentation of these results is made in a companion paper[13], in which the effects of 
specimen geometry, input crack-velocity history, and input dynamic fracture toughness pro- 
perty data, are discussed in detail. 
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