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Abstract-In this paper, efficient numerical methods for the analysis of crack-closure effects on fatigue-crack- 
growth-rates, in plane stress situations, and for the solution of stress-intensity factors for arbitrary shaped surface 
flaws in pressure vessels, are presented. For the former problem, an elastic-plastic finite element procedure valid 
for the case of finite deformation gradients is developed and crack growth is simulated by the translation of 
near-crack-tip elements with embedded plastic singularities. For the latter problem, an embedded-elastic-singularity 
hybrid finite element method, which leads to a direct evaluation of K-factors, is employed. 

1. INTRODUCTION 

Recently the linear and nonlinear hybrid finite element 
methods[l,2] i.e. those based on modified variational 
principles with relaxed interelement continuity and trac- 
tion receprocity conditions, have been applied by the 
authors in formulating procedures for linear elastic 2- 
and 3-dimensional fracture analyses, as well as elastic- 
plastic analysis of ductile fracture initiation and stable 
growth[3-51. In each instance, the appropiate analytical 
asymptotic solutions for stresses, strains and displace- 
ments were embedded in special elements near the 
crack-front, and the appropriate fracture characterizing 
parameters such as the combined-mode stress-intensity 
factors (K,, K,, K,) at several points along the crack 
front, the J-integral, COD, energy release rates under 
large-scale plasticity, and the rate of change of f, dJ/da, 
etc., can be computed directly. 

In the present paper, attention is focused on the results 
of some of the authors’ recent research in the areas of: 
(i) elastic-plastic analysis of crack-closure and its’ effects 
on retardation or acceleration of crack-growth in general 
spectrum fatigue loading; and (ii) 3~imensional analysis 
of natural-shaped surface flaws in pressure vessel 
geometries typical of pipe-lines and BWR pressure ves- 
sels. 

In the analysis of crack-cIosure effects on fatigue 
crack-growth, representative load spectra such as con- 
stant-amplitude block cyclic-loading; high-to-low block 
cyclic loading; Iow-to-do block cyclic loading; and a 
single-overload in an otherwise constant amplitude cyclic 
loading, are considered. Finite deformation effects near 
the crack-tip (crack-tip blunting), and the Bauschinger 
effects in cyclic plasticity are accounted for; and crack- 
growth is simulated by translation of singularities, i.e. 
movement of the crack-tip in an updated Lagrangean 
mesh. The analysis procedure is used to obtain quantitive 
results on growth-acceleration, or growth-retardation. In 
the area of a S-dimensional analysis of cracks in pressure 
vessels, the authors have previously presented results for 
semi-elliptical surface flaws at the inner/outer surfaces of 
very thick pressure vessels[6,71. In the present paper, 
thin and moderately thick vessels that are representative 
of the typical oil pipe-lines and cilia-water-reator 
vessels are considered. The results for K-factors are 

compared with those obtained@] using a boundary-in- 
tegral equation method. 

I ANALYSIS OF WRE$S INTERACTION-EFFECTS” DUE TO 

C~CK~~~ 

As discussed in the review article on fatigue by 
Schijve[9], the mechanism of crack-closure, as first 
observed by Elber [ IO], is generally considered to be a 
predominant mechanism that contributes to “interaction 
effects” which cause growth acceleration or retardation 
under variable-amplitude fatigue loading. It is also 
generally understood~9] that the crack-closure 
phenomenon is caused by the residual plastic defor- 
mations remaining in the wake of the advancing crack- 
tip. Preliminary numerical analyses of the problem, in 
Mode I case, were conducted by Newmanlll], and by 
Ohji et al. [12]. Since the crack-growth in[ll, 121 was 
simulated by shifting a finite element node (the current 
crack-tip) to an immediately adjacent node, and since 
constant strain triangles were used to model the (plane) 
cracked structure, a very fine finite element mesh (with 
the smallest element often being of the order of 10e3 
times the crack length) is necessary in the modeling 
procedures of [ll, 121; and hence these procedures can 
be very expensive especially when cyclic loading his- 
tories of arbitrary spectrum are considered. 

In the present paper, the well-known Hutchinson- 
RiceResengren[l3,141 type strain and stress singulari- 
ties, for strain-hardening materials, are em~dded in 
specially developed elements near the crack-tip. This 
eliminates the need for a very fine mesh near the tip. For 
instance, the crack-tip eIements in the present procedure 
are of the order IO-’ of the crack-length, as compared to 
the constant strain triangles of the order 10V3 to 10d4 
times the crack-length used in[ll, 121. A hybriddis- 
placement finite element model[2,4, _5] is used in 
developing the forementioned special elements. Also, in 
the present procedure, crack-growth is simulated by: (i) 
the translation of the core of forementioned special 
(singular) elements by an arbitrary amount in the desired 
direction, (ii) reinterpolation of requisite data in the new 
finite element mesh, and (iii) pro~rtiona1 relaxation of 
tractions in order to create a new crack surface. Since 
the formentioned special elements near the crack-tip are 
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of circular-sector shape, centered at the crack-tip, crack- Using eqn (2) in eqn (I), and ignoring higher-order terms 
growth in any arbitrary direction from the initial crack in rates, the linearized (rate) solution from Cj., + CN+, is 
axis, under general mixed-mode loading, can be simu- seen to be governed by: 
lated. The presently considered cases of crack- 
geometries and applied far-field loading, result in smail- 
scale yielding conditions near the crack-tip. Further, f 

[T: 82: t Sij@i - &&ii] du - 5- Sliim ds 

effects of finite deformation gradients, such as crack-tip 
vhJ I SnN 

blunting, are considered to be localized, in the near - 
crack-tip zone only. Thus, in these cases, a static con- I 

k&ii+dB- t SUj- dC = 0 (3) 
x+N I 

r~ 
N 

densation procedure is employed, wherein, the plastic 
portion of the structure is isolated from the elastic; the using which, the solution for the rates I&, gjj and Sjj is 
stiffness of the former keeps changing whereas that of obtained. The second P-K stress 
the latter remains fixed. Because of crack-growth, the 
geometry of the “inner” region only keeps changing. s;+,: = r; t sij (4) 
This condensation procedure results in a considerable 
saving of computer time. is then converted to the true stress 7,7+’ in CN+j by the 

relation: 
2.1 Brief outline of the elastic-plastic finite element 
method for simulation of quasi-static translation of sin- 
gularities (in fatigue crack-growth) 

In the present work, an updated Lagrangean rate finite 
element formulation for finite deformation elasto-plasti- 
city is used. Let yiN be the current (say, in state CN) 

where y”” = yjN t ii; and J is the determinant of the 

Cartesian Spatial Coordinates of a particle, to be used as 
Jacobiani [YE”]. Because of the forementioned 

a reference system for the current increment, i.e. from 
linearization, +,+I, as in eqn (2), corresponding to r{+’ 

CN -+G+,. Let 77 be the true (Cauchy) stress in Chl. 
as compared from eqn (4) will not, in general, be zero. To 

Let Sij (= S$+,:- 7:) be the rate of second Piola- 
make the state CN+, satisfy the fully nonlinear equili- 

Kirchhoff stress referred to CN. It is noted that S$&\ is 
brium condition, and thus to make +.,+I ~0, Newton- 

the second P-K stress in CN+j as referred to CN. Let tij 
Raphson iterations are performed; in the present work 

represent the rate of deformation from CN and rij.j = 
utmost two such iterations were found to be adequate. 

ali,lay,” [thus, ( ), j= ( )/dyi”]. For the present we 
In the present work, a small region near the crack-tip 

assume that the crack does not grow in the increment 
(which region is a circle, of radius approximately a tenth 

CN - ch!+,. It is then seen[l5] that the principle of 
of the crack length, and centered at the crack-tip) is 

virtual work applied to state C,,, can be written as: 
modeled by circular sector-shaped “singular” elements; 
and the remainder of the cracked plate is modeled by the 
wellknown isoparametric quadrilateral elements. In the 
singular elements, an arbitrary velocity field, dj, is 
assumed to include the well-known Hutchinson-Rice- 
Rosengren singular functions corresponding to strain 

- 
I 

(E + %)&ii ds singularities for work-hardening elasto-plastic materials. 
SON These irj of the singular elements are matched, in an 

- 
I 

(z t $)+sli:d8 
average sense, to the tij of the isoparametric quadrila- 
terals at the periphery of the singularity-core circle, 

p+N through the introduction of Lagrange Multipliers TLi. 
With this modification, the virtual work equation, eqn (3), 

_ 

I 
(z t :)-&ii_ d8 = 0 (1) is rewritten as: 

x+N 

where gij =g$+g$; gi =(1/2)(&j t /.ij,i); 2: = 

(l/2)& i&j; E and h are body forces and, their rates, 
respectively, per unit volume in CN; ?” and T are surface 
tractions and their rates, respectively, per unit area in C, ; 
VN is the domain of the solid in CrJ ; S,, is the external 
boundary of V,; and 2’ and s- are, respectively, the two 
surfaces of the crack. Assuming that the solution in CN has 
been correctly obtained, i.e. the state C,., is exactly 
equilibrated, the virtual work equation for state G states 
that, 

- f t&ii ds - f (t&ii)+ dB 
%Nm p+Nm 

- 
I,_Nm (?$tij)-dZ]=O (6) 

- I (‘Ii&ii)+ dP 
x+N where av,, is the boundary of the mth sector-shaped 

- 
1 

singularity element. The displacement & at aVN,,, (In = 

(z&ii)- dS = 0. (2) 1 . . . P) are so chosen that they match, a prioti, tii of 
JE_N VN, (m=P+l . ) at boundaries where smgutar ana 
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regular elements interface;, while at surfaces where two 
singular elements adjoin, tii is chosen to maintain com- 
patibility a priori. The formalism for the derivation of 
stiffness matrix based on the above hybrid method is 
standard[l6]. 

As mentioned before, the elements m = p t 1 to M are 
the usual 8 nodal isoparametric quadrilaterals. Thus 
attention is only given in the following to a brief des- 
cription of the elastic-plastic constitutive law and to the 
details of the assumed field variables iri, ii and ?Li for 
the singularity elements. As for the constitution law, a 
b&linear relation between the co-rotational rate of Kir- 
chhoff stress and the Updated Lagrangean strain rate is 
first postulated [the Kirchhoff stress vii is related to rij 
through the relation air = (po/p)q, where p is the mass- 
density in the current configuration and p. in the 
reference configuration]. The corotational (or Jaumann) 
rate of vij, denoted here by crz, is related to the pre- 
viously defined Sij through the relation[ IS], 

** .I. N N .L 
iij = Cij-gikTkj - ?ikgkj, 

Now, the constitutive relation is postulated as: 

(7) 

(i; = E&(7:“) *gti. (8) 

where E& is a function of the current true stress 7:“. 
The relation, eqn (8), representing a generalization of the 
usual infinitesmal strain plasticity relation, is derived in 
the present work, based on: (i) the Huber-Mises-Hencky 
yield criterion, (ii) Drucker’s normality rule, and (iii) 
Prager-Ziegler Kinematic h~dening rule which is felt to 
be better than the more common isotropic hardening 
rules, for the present cyclic loading case. The details of 
the derivation of eqn (8) are given in[f6]. Using eqn (8) 
in (7), and the ensuing result in eqn (6), the principle of 
virtual work, eqn (6), is expressed in terms of the dis- 
placement rates; from this the usual finite element equa- 
tions are derived. 

AS for the details of the assumed variables for the 
singular element, the arbitrary element-displacement 
rates are assumed as: 

d, = /3rr t 2&f? t p3r02 t p,rZt &rJO t p,ocos d(r”“+‘) 
t/3,, cos #(r”“+‘) B +/3,2cos &r”“+‘)@ 
t&sin ~$(r”*+‘) 
t&sin #(r”n+‘)~ f & sin #(r”“+‘)e*. 

ti, = &r t /3.&l t p,rP+ p8r2+ p9?2e - /jlo sin +(r”“+‘) 
- 8, I sin d(r”“+‘) 9 - pr2 sin #(r”“+‘) Bz 
-I- /313 cos 4(r”“+‘) 
+ &cos &r”“+‘)$ t PI5 cos 4(r""+')e2 (9) 

where B’s are undetermined parameters, r, ct, are polar 
coordinates centered at the crack-tip; and e is the ele- 
ment-local angle coordinate measured from the sym- 
metric-axis of the sector element; and n is the exponent 
in the material uniaxial stress-strain curve ep (pIastic)- 
cn. It is seen that the displacement field in eqn (9) 
corresponds to the Hutc~nso~~c~Rosen~en[l3,14] 
strain singularities. 

Along the circumference of each of the present sector- 
shaped elements where three nodes are located as in Fig. 
1, each of the displacements & and & is assumed in the 
form: 

.& = ali t i&B t O& (i = r, 8) (IO) 

Fig. I. Nomenclature for a circular-sector shaped singular ele- 
ment. 

where ati. . . tZ3i are expressed in terms of the respective 
displacements at the three nodes along the curcum- 
ference. Thus, it is seen that the above displacement field 
is compatible with those of the surrounding eight-noded 
isoparametric quadrilaterals. Along each of the two 
radial boundaries of the sector element, on which four 
nodes (including the crack-tip as a node) are located, the 
displacement field is assumed as: 

ii = bli t b*ir t b3f2 t b.$““+’ (i = r, 0) (11) 

where n is the material-hardening-exponent (eP - G”); 
and b,,. . . bqi are expressed in terms of respective dis- 
placements at the four nodes. 

Finally the boundary fractions #&,,i for the singular 
element are assumed as TLi = ViN ti,, where ViN is a unit 
normal to the element in the current (C,) configuration 
and trj (i, j = r, e) is the symmetric, 2-dimensional, stress 
tensor derived from the Airy-Stress-Function I,@, which is 
assumed to be: 

4 = a,? t a2rZe t a3382 t a4983 t a,? t a6?e 

ta,?e2tag?e3t(29r4t ~,or4etallr402 

+ a,2r4e3 + a,3r(2n+l/n+l)+ a,4er(2n+Ih+l) 
+ a,Sr(2n+lln+I> 2 e. (12) 

It is seen that the above traction field corresponds to a 
stress field which has the singularity r-““+” for materi- 
als with a hardening law (eP -a”), as predicted by 
Hutchinson] and Rice and Rosengren[ 141. 

2.2 smite element m~deZi~g of crack-g~wt~ 
Assume that at some instant of time, at which the 

configuration of the structure is C,,, the crack begins to 
grow; and further assume that the crack surface changes 
by AC between the states C, and Cp+r. The orientation 
of A,S to C can be determined by some crack-growth- 
direction criterion. However, for pure Mode I growth, 
self-similar growth is assumed. The newly created crack 
surfaces can be traction-free, but, for the, sake of 
generality, assume that additional tractions Ti’ and z 
are applied externally on the new crack faces AZ’ and 
AX-, respectively. Further, for the case of a cracked 
structures, the change in volume V between CP and 
Cpclr due to a change in crack surface by AT. alone, can 
be assumed to be ne~i~bIe. The principie of virtual 
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work applied to the state Cp+, (with crack length XP t 
AC) can be written as: 

where, as before, Sgij = Sg$ t S;9;Q =(1/2)[6tii,j t 
&ij.i] t (1/2)[6rik,$ik,i] and a comma denotes partial 
differential w.r.t. y:. It is important to note that Sli: # 
6ti; for the initial crack surfaces X,+ and X;, nor, more 
importantly, for the incremental crack surfaces AX+ 
and AZ- from CP to CP+,. If similar virtual displacements 
&ii, such that Sci: # Slii either on C, or on AZ, are 
considered in the statement of equilibrium of initial 
stresses T; in C, (prior to the creation of new crack faces 
AX); this statement can be written in the form of the virtual 
work equation: 

where v/’ is the unit normal to AZ in C,. Eventhou~ the 
solution at state C, (before the creation of new crack 
faces AZ) should correspond to the case (7:vjP)’ t 
(7: uip)- = 0 at AX (i.e. equality of action and reaction at 
internal surface AS in C,,), the last two terms on the 
r.h.s. of eqn (14) arise due to the nature of the admissible 
virtual displacements in the present case (i.e. &+ # 6uZ- 
at AS). Substracting eqn (14) from (13) and ignoring 
higher order terms such as S&$, one obtains the virtual 
work equation governing the crack-growth from C, to 
CD+, as: 

-I A?ip_ (7~vip)-Srii- dC. (15) 

where g$ and 20 are the linear and quadratic parts of 
the strain &j, respectively. After the solution for the 
increment C, -+ C,, , is obtained, the calculated stresses 

T$+’ can be checked as to their accuracy by computing: 

-f 
(Ip+A.P)’ (f?‘+‘W+ dB - j- ~p+A~>(~f’+‘)--8tii- dC. 

(16) 

If ++] is not close enough to zero further iterations are 
performed. In the present procedure, utmost two iterations 
were found to be adequate. 

It is noted that the crack-tip and hence the origin of 
strain-stress singularities, which is located at the point of 
union of X,’ and 2,- in CP has now moved to the point of 
union of (2, tAS)- and (XP t Ils;)- in C,,,. In the 
actual physical process of crack-growth, this movement 
is a continuous function of the load parameter or of time, 
as may be appropiate, in cases of stable crack-growth. In 
the present finite element modeling method, eqn (1.5) is 
used in crack-growth simulation, as follows: (i) to start 
with, a growth initiation criterion is used to decide if at 
state C, crack-growth can occur. If this is the case, prior 
to any additional external incremental loading, the finite- 
element mesh in CP is readjusted such that the crack-tip 
node is moved to a new location such that a new crack 
area AX can, later, be created. In the present procedure, 
this is accomplished by translating the entire set of sector 
elements, as shown in Fig. 2, by an arbitrary distance Ahc 
(in the 2-dimensional case) in the direction of in- 
tended crack-tension. It is important to note that in the 
present procedure, the new crack-tip node (the vertex 
of the sector elements) need not be coincident with any 
previously existing finite element node, i.e. AZ is not 
related to the distance between any adjacent nodes in the 
original mesh in CP It is seen that in the process of 
readjusting the mesh, elements immediately adjacent to 
the core elements must be readjusted to fit with the 
translated core. It is to this redefined finite element mesh 
in C, (with the new location of the crack-tip) that the 
virtual work equation, eqn (1% is applied to derive the 
finite-element equations. (ii) In order to derive the 
stiffness matrices of the elements in the redefined mesh 
in CP, data such as the initial stresses T:, plastic strains 
etc., must be known at the integration points (5 x 5 G in 
the present case) in the elements in the redefined mesh. 
All the 5 x 5 G integration points in the eiements in the 
redefined mesh may not, in general, coincide with those 
in the original mesh in CP. Therefore, the data at each 
integration point in the new mesh are estimated, if 
necessary, by interpolating from data at four points in 
the old mesh that are nearest to the point in question in 
the new mesh. The simple but cum~rsome details of this 
interpolation process are omitted for the sake of brevity. 
(iii) with the above determined initial data for elements in 
the new mesh in C,, the stiffness matrices of the sin- 
gular-sector-elements as well as those of the surrounding 
rearranged regular elements are reevaluated. The global 
nodal stiffness matrix is appropiately modified. Equili- 
brium check iterations are then performed to correct 
interpolation errors, if any, in the initial data in the new 
mesh, (iv) Application of external incremental forces, 
viz. E in V,,; 5 at s,,,, 2,‘, Xp-, AZ’, and AC-‘; and 
removal of internal cohesive forces (7:~~~) at AX’ and 
AZ-, are then performed, in accordance with eqn (1% 
thus creating a new crack-face, AX, with new traction 
condition on 8, t AT. It is noted finally that in the 
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- MESH AND MDES BEFORE 

TRANSLATION 
-a- 

MESH AND NODES AFTER 

TRANSLATION 

Fig. 2. Schematic representation of translation of singular ele- 
ments. 

present procedure the forementioned forces are applied 
incrementally (especially the work-equivalent nodal 
forces corresponding to the last two terms on the r.h.s. 
of eqn (IS), within the solution step CP+CP+,, with 
equilibrium-check iterations at the end of each incre- 
ment, if necessary. The finite element simulation of 
crack-extension by the amount A8 is now completed. 

2.3 Monitoring of crack-closure and -opening in the finite 
element model 

Let us assume that at a given point in the load-history 
(G), the location of the crack-tip, the Updated Lagran- 
gean coordinates of the four nodes on the radial line (the 
crack face) of the singular sector element, the current 
deformed profile of the crack flank, are all known. Let us 
now assume that the crack-tip is further extended by the 
amount AZ and the structure is subjected to further 
loading, to reach a state G,,. We note that, in the 
present development, the boundary displacements along 
a radial line of a singular sector element are of the form 
given in eqn (II), where the undetermined parameters 
bri . . . b4i are expressed in terms of the displacements at 
each of the four nodes on the radial line of the sector 
element in its’ current location, CP. Using this equation 
and knowing the Undated Lagrangean coordinates of the 
respective nodes on the radial line of the sector element 
in C,, one can compute the incremental displacements at 
these nodes in CP By adding (or subtracting as the case 
may be) these Incremental displacements to the pre- 
viously known values, an accurate prediction of the 
crack surface profile in CP+r is made. During the unload- 
ing part of any cycle, of the present fatigue loading 
cases, at the instant one or more nodes on (Z t AZ)’ and 
(s+AZ$- come in contact, this load level is defined as 
the crack-closure stress (load) level. In the Mode I case, 
after the crack-closure is detected, the respective node(s) 
on (St AZ)’ (assuming that this half of the structure is 
analysed) are constrained thereafter, until the restraining 
force/restraining forces at the node(s) just becomes zero 

and begins to be tensile (thus to tend to open the crack) 
in nature. The corresponding applied stress level defines 
the crack-opening stress. 

2.4 Results of analysis of Mode Z fatigue crack-growth 
In the present series of analyses of fatigue crack- 

growth under Mode I type cyclic loading, a thin rec- 
tangular plate (i.e. under plane stress conditions) with a 
central crack and under uniform far-field tensile stresses, 
in a direction normal to the crack axis, is considered (see 
Fig. 3). The dimensions of the plate are: half width 
W=230mm, and half crack length ao=27.3mm. The 
material is a 2024-T3 Alluminum alloy, whose mechani- 
cal properties are characterized by: yield stress, oyrr = 
350 MN/m’; and Young’s modulus, E = 70,OMl MN/m*. 
The material is assumed to be elastic-perfect-plastic. 
Because of the symmetries of geometry, applied loading, 
and material homogeneity, only a quater of the cracked 
plate is analysed. Figure 3 shows the finite element 
breakdown; with six sector-shaped singularity elements 
near the crack-tip, and 43 conventional quadratic iso- 
parametric elements, with total number of degrees of 
freedom of 31 I. The radius of the sector-shaped sin- 
gularity elements is chosen as p = 2.8 mm; i.e. p/aO= 
0.103; while the crack extension (which in the present 
Mode I case is, along the direction of the initial crack- 
axis) per cycle of loading, AZ can be arbitrary (i.e. not 
related to the finite element mesh size) in the present 
analysis procedure, it is chosen to be Ax = 0.14 mm in 
the present series of computations. 

In the present Mode I case, the crack-growth-direction 
is known a priori. However, in the present cyclic loading 
case, no rational criteria exist for determining the crack- 
extension stress level. In the present work, a numerical 
“calibration” study is made to arrive at a criterion for the 

Fig. 3. Finite element model of a center cracked specimen under 
uniaxial cyclic loading (singular sector elements shown within 

detail ‘A’). 
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stress level, a,, at which fatigue crack-growth occurs. In 
prior literature, this crack-extension stress level was 
chosen arbitrarity. For instance, in[l I] the crack was 
extended at the maximum applied stress in each cycle 
even in a genera1 spectrum (for instance, high-to-low, 
low-to-high, etc.) loading, whereas in [12] the crack was 
extended at the applied stress level at which the res- 
training nodal force at the new crack-tip becomes zero. 
In the present study, for instance in a constant amplitude 
zero-to-tension cyclic loading, it was found that the 
crack opening and closure stresses, cr,, and a,], respec- 
tively, were sensitive to the chosen a,,. In the present 
work, a criterion, a, = tr,, + P&,, - a,,), where P is 
obtained by calibration such that the calculated rr,, cor- 
related with that observed in experimental studies such 
as in [lo, 171 is used. Defining U to be the ratio U = 
(6n,X - GOP) f (onl,, - g&[where gmaX and gmin are 
maximum and minimum stresses, respectively, in a 
cycle] and R = (Omin + urn,,), it was found in constant- 
amplitude cyclic loading experiments[ 10,171 on 2024 - 
T3 Aluminum alloy that U = a +/B where (Y ranged 
from 0.5 to 0.55 and p = 0.4. In the presently considered 
cases of zero-to-tension cyclic loading, R = 0. Thus, 
experiments predict U -0.5 R. In the finite element 
procedure, three different cases of c,,,~~ (with R =O) 
were considered, and in each case four different values 
for the forementioned constant P were attempted. From 
these calibration studies, it was found that P = 0.62 gave 
the best agreement, in each a,,,,, case, for the leveled-off 
crop with the cited experimental result (17 - 0.5 R). Thus, 

f 

in al! the subsequent computations, the constant P = 0.62 
was used in all the loading cases of zero-to-tension, such 
as constant amplitude, high-to-low, low-to-high, single 
overload, etc. However, it is noted that this constant, P, 
may, to an extent be dependent on the numerical 
meth~ology employed in fatigue crack modeling itself. 
Thus the above described calibration may be considered 
as valid only in the context of the particular methodology 
employed in the present work. 

The results for uop, for the case of (u,,,,,/o;,) = 0.4 and 
R=( -I u,,,,, u,,J = 0 are shown in Fig. 4, for eight cycles 
of loading. It is observed that ob, reaches a “steady- 
state” value of 0.56 cmmax after the 4th or 5th cycle. Next, 
a two level block loading case of low-to-high with R = 0 
and with (T max in the higher level being 1.273 times the 
o,,_. in the lower level, is considered. The maximum 
stress in the lower level is taken as (u,,,,,)~,, + oYs = 
0.3 14. The variation of a,, as the cyclic loading progres- 
sed, is shown in Fig. 5. It can be seen that immediately 
after the step up in the level of applied stress, uep 
decreases by about 33% of its steady state value cor- 
responding to the lower level of block loading. Sub- 
sequent to this, uop increases nomotonically to a steady 
state value corresponding to the higher level of block 
loading, within about five cycles. Prior to this stabiliza- 
tion, A& in the higher level of block loading remains 
considerably higher than the steady state value cor- 
responding to this stress level; thus indicating crack- 
growth acceleration following the load step up. (It is 
postulated, as by Eiber[lO], that the fatigue crack-growth 
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Fig. 4. Crack closure and crack opening stresses in constant amplitude (R = 0) cyclic loading. 
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Fig. 5. Crack closure and crack opening stresses in low-to-high block loading. 
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rate depends on (AKerr)” where m is a material-depen- 
dent exponent.) 

Next a case of high-to-low loading is considered: after 
eight cycles of a higher level block loading, the u,,,,, is 
reduced by 21.4% and eight more cycles of this reduced 
level of block loading is considered. The magnitude of 
the applied stress in the higher level block was such that 
(omax)high + Use = 0.40. The variation of a,,, as loading 
progresses, is shown in Fig. 6. It is seen that immediately 
after the step-down in the load level, no abrupt decrease 
in ooop occurs in the present case. After a load level step 
down, oO,, stayed at about 0.70 ((T,,,),~,., within the 
number of cycles of low-level load, considered presently. 
It may be possible that, as a further number of lower- 
level load cycles are considered and the crack-tip grows 
further and eventually surpasses the plastic zone created 
during the higher level block loading, goP decreases to a 
base line value corresponding to the lower level block 
loading. 

Finally, the case of a single overload after four cycles 
of a constant amplitude block loading, followed by fur- 
ther cycles of constant amplitude (equal in magnitude to 
that before overload) was considered; however, three 
different magnitudes of overload stress were considered. 
The variations of uO,, during the load cycling, for the 
above three different ratios of stress overload, are in- 
dicated in Figs. 7a-c respectively. In all the three over- 
load cases, an abrupt decrease in a,, (which relative 
decrease becomes more predominant as the over- 
load stress-ratio increases) is noticed immediately after 

creases. Also, as the overload stress-ratio increases, the 
later is the occurance of this (u~~),,,~~. For instance, for 
the overload stress-ratio of 1.273, (u,,~)~~~ occurs in the 
4th cycle after the overload (Fig. 7a); for overload ratio 
of 1.455 this occurs in the 8th cycle after overload (7b); 
while for the case of overload ratio of 2.0, uoP is still 
increasing (7~). This implies that the higher the overload 
ratio is, the more remarkable both the retardation and 
delay effects are. 

Thus, if one assumes that the fatigue crack-growth 
rate, da/dN, in Mode I, is related to the effective stress- 
intensity factor range ,in the form: da/dN = 
C(AK.,)m [where AK., = C,[lr(a, t NAZ)]“‘(U~~~ - 
uO,) and Cr is a finite size correction factor] the above 
results can be summarized as: (i) growth retardation occurs 
in high-to-low and single-overload cases (ii) growth ac- 
celeration occurs in low-to-high block loading and (iii) 
significant delay effects prior to retardation are observed in 
the case of single overload in an otherwise constant 
amplitude loading. 

Further analysis of the obtained numerical results, 
with a view to understand the above retardationlac- 
celleration and stress-interaction effects, revealed a 
significant correlation between the pattern of crack 
closure in the unloading cycle of each loading case, and 
the above effects. While these numerical results for 
crack surface deformation profiles and closure patterns 
are not included in the present paper due to space 
reasons, the forementioned correlation is summarized, as 
follows: 

Loading case 
Blunting of crack 
at load transition 

Area of 
crack-closure 

during unloading 

Retardation 
or 

acceleration 
Delay 
effects 

Constant 
Amplitude 

High to Low 
Low to High 

Single 
Overload 

No 
No 
Yes 

Yes 

Small 
Large 
Small 

Large 

None No 
Retardation No 
Acceleration Yes 

Retardation Yes 

the overload application. After this, in all the three cases, 
uoop increases again to reach a peak value (u,,),,, before 

The details of crack-surface deformation profiles, 

leveling off to a steady-state value. The relative value of 
crack-closure patterns, etc., for each loading case con- 

this (uOop)max increases as the overload stress ratio in- 
sidered can be found elaborated in the report by Nak- 
agaki and Atluri[ 161. 

0 CRACK OPENING 

:. .4 

b 

B 
.3 

l CRACK CLOSURE 

: 

: .2 

k 
EASE LINE 
w---m 

: 
.I 

i 

0 

CYCLE 

Fig. 6. Crack closure and crack opening stresses in high-to-low block loading. 
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CYCLE 

Fig. 7. Crack closure and crack opening stress for three different 

cases of a single over load. 

3. THREEDIMENSIONAL ANALYSIS OF SURFACE FLAWS IN 

PRESSURE VESSELS 

Consider an arbitrary shaped three-dimensional crack, 
whose front is defined by a curvilinear coordinate, t; n a 
coordinate normal to the crack front in the crack-plane, 
and z orthogonal to the n-t plane (crack plane). It is well 
known [ 181 that for a 3-D crack fully embedded in a solid, 
the asympototic stress and displacement distribution 
near the crack front are given by: 

uii-4$f,ij(S); Ui-K,(t)V\/rg,;(O) (17) 

where r, 0 are polar coordinates in the n-z plane. Further 
it is known[18] that for a crack fully embedded in an 
isotropic solid, the singular stress field obeys the plane 
strain condition, i.e. Us, = v(u~,, t a,,). Further, the 
stress-intensity factors K, depend on the coordinate t, 
the local radius of curvature of the crack front at t, etc. 
While analytical solutions for infinite bodies containing 
fully embedded flaws of simple geometries such as a 
circle, ellipse, etc. have been found, neither analytical 
solutions for embedded flaws in finite bodies, nor fully 
understood analytical solutions for surface flaws in finite 
or infinite bodies exist. Consider, for instance, a surface 
flaw i.e. a flaw whose crack front intersects a free 
surface, such that, for instance, the free surface is nor- 
mal to the t-axis. The boundary conditions at this surface 
are, then, g,, = gtz = u,~ = 0; thus indicating a “plane- 
stress” state in the immediate vicinity of the free sur- 
face. The transition from this free-surface-plane-stress 
state to a plane-strain state in interior region of the crack 
front, is largely an unsolved probelm. The nature of the 
stress singularity at the free surface itself is not 

sufficiently well understood. Recent attempts at under- 
standing the problem of a free surface intersecting a 
crack front have been made by Folias[19] and 
Benthem[20]. 

It is generally felt that a boundary-layer exists near the 
free surface[21], outside of which the asymptotic solu- 
tions of an embedded crack are felt to be valid. How thin 
this boundary later ought to be, is, again, not well 
understood. However, it is generally felt [22] that for 
purposes of practical application of engineering fracture 
theories to realistic situations of brittle fracture in three- 
dimensional probelms such as in pressure vessels, the 
above free-surface boundary layers may be considered 
to have negligible effects. 

The authors have recently developed a complementary 
energy approach suited for the treatment of the above 
free surface problems. However, at the present time, the 
results obtained from this procedure are limited to rather 
simple academic cases of through-the-thickness straight 
cracks in thick plates under tension. However, for the 
purposes of dealing with the present problems of arbi- 
trary shaped surface flaws in pressure vessels, the pro- 
cedure developed earlier by the authors[6,7], based on a 
hybrid-displacement finite element method is employed. 
It should be noted that these procedures[6,7] are in- 
herently incapable of resolving the issue of boundary- 
layers near the free surfaces, but have been demon- 
strated to yield highly accurate results[6,7] for stress- 
intensity factors near the crack front, away from free- 
surfaces, which are, fortunately, the quantities of utmost 
practical interest. 

The basic idea of the procedures in[6,7] is to consider 
the cracked structures to be divided into two zones-one 
in the immediate vicinity of the crack-front and the other 
outside of this vicinity. Let V, be the “interior” or 
near-crack-front zone, and V, be outside of this, such 
that the total volume V of the structure is V = V, + V,. 
In the assumed-displacement-hybrid finite element pro- 
cedure, the assumed displacements in finite elements in 
V, would consist of both asymptotically correct solution 
(corresponding to an embedded flaw, eqn (17)) as well as 
regular polynomial variations; whereas, the elements in 
V,, would be the usual isoparametric brick elements. The 
compatibility of displacements and reciprocity of trac- 
tions between V,/V, would be satisfied through a 
Lagrange multiplier technique. The finite element equa- 
tions are derived, then, from the virtual work principle: 

Jaw,,,, 

where ai are arbitrary displacements in V,( considered to 
be broken up into A4 elements); ui are usual compatible 
displacements in isoparametric elements V,, (n = 
1 . . . N) in Vo; and TLi are Lagrange multipliers to 
match vi to Ci at the boundary of the elements VI,,,. 
The displacements tit are SO chosen, a pi04 that they 
match Ui of V,, at surfaces where Vrm and V,, adjoin; 
while at surfaces where, say, VI,,, and Vlcm+lj adjoin, tii 
is assumed, a priori, to maintain displacement com- 
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Fig. 8. Geometry and finite element breakdown of meridional 
surface flaws in cylinders. 
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point for semi-elliptical meridional surface flaws in cylinders. 

parability at the respective interface. The formulative 
algebraic details leading from eqn (18) to stiffness 
matrices for elements in V, can be found in[6,7], 
whereas, the stiffness matrices for elements V,, are 
standard. It can be shown[6,7] that the final finite ele- 
ment equations based on eqn (18) lead to a direct solu- 
tion of stress-intensity factors K,(p = 1,2,3) within each 
element Vr,. 

In the present paper, semi-elliptical surface flaws in 
moderately thick cylindrical pressure vessels are con- 
sidered. Reffering to Fig. 8 for nomenclature, the fol- 
lowing cases are considered: (RJRi) = 1.1; (a/c) = l/3; 
(u/r) = 0.2548 for meridional surface flaws shown in 
Fig. 8; and similar parametric values for circumferential 
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Fig. IO. Normalized stress intensity factors at free surface for 
semi-elliptical meridional surface flaws in cylinders. 
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Fig. II. Normalized stress intensity factors for semi-elliptical 
circumferential surface flaws in cylinders. 

surface flaws (in f3 direction), which are not shown in 
Fig. 8. Even though in all the cases, the variation of 
Mode I stress-intensity factor all along the crack-front 
was solved for, the information of primary importance in 
design are the values of the stress-intensity factors at the 
maximum depth point of the crack (C#J = 7r/2 in Fig. 8) and 
at the point where the crack intersects the inner surface 
of the shell (4 = 0 in Fig. 8). Thus, the stress-intensity 
magnification factors at 4 = 42 for meridional surface 
flaws of various depth ratios are shown in Fig. 9, while 
these magnification factors at 4 = 0 for meridional flaws 
of various depth ratios are shown in Fig. 10. Finally, the 
stress-intensity magnification factors at both 4 = 0 and 
7r/2, for circumferential surface flaws of various depth 
ratios are shown in Fig. I I. 

The authors’ present work in the area of analysis of 
cracks at pressure vessel nozzle-cylinder intersections, 
and of analysis of surface flaws in thermally shocked 
cylindrical pressure vessels is not included here due to 
space reasons, and will be reported on elsewhere shortly. 

Acknowledgements-The work of the first two authors (S. N. 
Atluri and M. Nakagski) on fatigue crack-growth has been sup- 
ported in parts by NASA grant NSG-1351, and by U.S. AFOSR 
contract No. F4%20-78-C-0085. The work of the authors 6. N. 



520 SATYA N. ATLURI et al. 

Atluri and K. Kathiresan) on analysis of cracked pressure vessels 
has been supported by the Union Carbide Corporation Sub- 

9. J. Schijve, Four lectures on fatigue crack-growth. Engng 
Fracf. Me&. 11(l), 165-223 (1979). 

contract No. 7567 (under Department of Energy Prine Contract 10. W. Elber, Fatigue crack closure under cyclic tension. Enana 
No. W-7405-ENG-26) with the Georea Tech. The authors erate- 
fully acknowledge these supports. - 11 

REFERENCES 

12. 

13. 

14. 

IS. 

Fract. Mech. 2(l), 37-45 (1970). _ 
-_ 

J. C. Newman, Finite element analysis of fatigue crack 
closure. Mechanics of Crack-Growth, ASTM STP 590, pp. 
281-301, ASTM, (1976). 

1. 

2 

3 

4. 

5. 

6. 

7. 

8. 

S. N. Atluri, Hybrid finite element models in solid mechanics. 
(Linear theory) In Advances in Computer Methods for Par- 
tial Difierential Equations (Edited by R. Visnevetsky). pp. 
351-362. AICA, Rutgers University (1975). 
S. N. Atluri, and H. Murakawa, On hybrid finite element 
models in nonlinear solid mechanics. In Finite Elements in 
Nonlinear Mechanics (Edited by P. G. Bergan ef al.) Vol. I, 
on. 3-41. TAPIR. Norwegian Institute of Technoloev. 
Trondheim (1978). - 

_< 

S. N. Atluri, M. Nakagaki, K. Kathiresan, H. C. Rhee 
and W. H. Chen, Hybrid finite element models for linear and 
nonlinear fracture analysis. In Numerical Methods in Frac- 
ture Mechanics (Edited by A. R. Luxmore et al) DD. 52-67. 
Swansea, Wales (1978). _ 

. . 

S. N. Atluri and M. Nakagaki, J-integral estimates for strain 
hardening materials in ductine fracture AIAA L 15(7), 842- 
851 (1977). 
M. Nakagaki, W. H. Chen and S. N. Atluri, A finite element 
analysis of stable crack-growth-I. In Elasfic-Plastic Frac- 
ture. ASTM STP 668. ASTM. DD. 42-61. 
S. N. Atluri, K. Kathiresan, A.-S. Kobayashi and M. Mak- 
agaki, Inner surface cracks in an internally pressurized cyl- 
inder analyzed by a three-dimensional hybrid finite element 
method. In Pressure Vessel Technology, Part II Materials 
and Fabrication (3rd ICPVT, Tokyo), pp. 527-533. ASME, 
New York (1977). 
S. N. Atluri and K. Kathiresan, 3-D analysis of surface flaws 
in reactor pressure-vessels using displacement-hybrid finite 
element method. Nucl. Emma Des. lS(2). 163-176 (1979). 
J. Heliot, R. C. Labben; and A. Pelhssier-Tanon, Semi- 
elliptical cracks in the meridional plane of a cylinder sub- 
jected to stress gradients-calculation of stress intensity fac- 
tors by the boundary-integrals equations method. Presented 
at 11th U.S. Nat. Symp. on Fracture, Blacksburg, Virginia, 
(June 1978). 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

K. Ogura and D. Ohji, FEM analysis of crack closure and 
delay effect in fatigue crack-growth under variable amplitude 
loading. Engng Fract. Mech. 9,47la (1977). 
J. W. Hutchinson, Singular behaviour at the end of a tensile 
crack in a hardening material. J. Mech. Phys. Solids 16, 
13-31 (1968). 
I. R. Rice and G. F. Rosengren, Plane strain deformation 
near a crack tip in a powerlaw hardening material. J. Mech. 
Phys. Solids 16, l-12 (1%8). 
S. N. Atluri, On some new general and complementary 
energy theorems for the rate problems in finite strain, classi- 
cal elasto-plasticity. Georgia Tech. Rep. GIT-ESM-SA-78- 
IO, Aug. 1978,1. Structural Mech. 8(l), 61-92 (1980). 
M. Nakagaki and S. N. Atluri, Elastic-plastic finite element 
analysis of fatigue crack-growth in Mode I and Mode II 
conditions. NASACR-158987, NASA Langley Research 
Center, Nov. 1978, 82 pages. 
1. E. Rueping, B. M. Hillberry, S. C. Mettler and W. H. 
Stevenson, Comparative study of fatigue crack closure. 
AIAA J. 16(4), 4i3-415 (1978). 
M. K. Kassir and G. C. Sih, Three-Dimensional Crack Prob- 
/ems, Noordhoff, Leyden (1975). 
E. S. Folias. On the three-dimensional theorv of cracked 
plates. I. Appl Mech. 663-674 (1975). . 
J. P. Benthem, Three-dimensional state of stress at the vertex 
of a quater-infinite crack in a half-space. Delft University 
Rep. No. 563, Delft, The Netherlands (1975). 
R. J. Hartranft and G. C. Sih, Alternating method applied to 
edge and surface crack problems. Mefhods of Analysis and 
Solution of Crack Problems (Edited by G. C. Sih), pp. 
179238. Noordhoff, Leyden (1973). 
Panel Discussion on Elastic-Plastic Fracture Mechanics, 3rd 
ICPVT, Tokyo, Japan, April 1977, Summary in Pressure 
Vessel Technology, Part III, Discussions, ASME, New York, 
pp. 179-181 (1977). 


