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Abstract

In this paper, a method for quantitatively evaluating the T �" integral, directly from the
measured near-tip displacement ®eld in laboratory specimens made of metallic materials, is

presented for the ®rst time. Following Okada and Atluri (Okada, H., Atluri, S.N., 1999.
Further studies on the characteristics of the T �" integral: plane stress stable crack propagation
in ductile materials. Computational Mechanics), it is shown that T �" quanti®es the deforma-
tion energy dissipated near the crack tip region (an elongating strip of height) per unit crack

extension. To directly evaluate the T �" integral from the measured displacement ®eld near an
advancing crack tip, the use of the deformation theory of plasticity (J2-D theory), and the
truncation of the near crack T �" integral path just behind the advancing crack tip, are sug-

gested. This suggestion is validated through some careful numerical computations. The results
based on the experimental studies of Omori et al. (Omori, Y., Okada, H., Atluri, S.N.,Kobayashi,
A.S. T � integral analysis for SEN specimen using Moire interferometry. ATEM'95 (Interna-

tional Symposium on Advanced Tecnology in Experimental Mechanics JSME [Japan Society
of Mechanical Engineering]), submitted for publication) show good agreement with the results
of ®nite element analysis. The latter T �" values were computed with a full-®nite element ana-
lysis based on a J-¯ow theory, using a full elongating path, as well as with the use of ``cut-o�''

integral path, and the use of J-D plasticity. # 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The T �" integral, which was developed by Atluri et al. (1984), has been shown to be
a very useful fracture perimeter [see Brust (1984); Brust et al. (1985, 1986); Newman
et al. (1993); Okada (1990); Okada et al. (1992); Pyo et al. (1995); Toi et al.
(1990a,b,c); Wang et al. (1997a,b,c)]. T �" has been applied to characterize the crack
tip ®eld, during stable crack growth of ductile as well as brittle materials. Unlike the
J integral, the T �" is not limited to elastic (general nonlinear elastic) materials, [in
theory, the use of the J integral is limited to (nonlinear) elastic materials (Rice,
1968)]. However, T �" is not yet fully utilized in the fracture analysis of practical
elastic-plastic problems, due in part to the di�culties in directly measuring the T �"
integral in laboratory specimens without the support of numerical analysis (®nite
element method). However, the series of recent research e�orts by the authors
[Okada and Atluri (1999) and Omori et al. (1999) and this paper] alleviate such
di�culties in determining T �" , and may make it possible to utilize T �" for practical
purposes. In particular, Okada and Atluri (1999) clari®ed the relationship between
T �" and CTOA (crack tip opening angle) for a stably growing crack in ductile
material, and showed that the T �"

��
Elongating

, for low hardening materials with steady-
state crack growth, is roughly equal to the energy deposited in the wake of height
behind the advancing crack-tip for unit crack extension. Thus, it has a physical basis
for characterizing stable crack growth.
In this paper, we discuss a procedure for determining the T �" integral from

experimentally measured surface displacement data near the crack-tip in a plate.
Di�culties in such attempts lie in the determination of the stresses. The experimen-
tally measured displacements are, in general, desecrate data with respect to time. In
the case of metallic materials, it is quite di�cult to determine the stresses due to a
lack of complete information on the deformation history. In general, the determi-
nation of stresses for a ductile material requires a complete information on strain
history. The stresses and work-density, which are necessary in the T �" evaluation,
may be very erroneous without such information, resulting in an unacceptably large
error in the calculated T �" integral value.
Yagawa et al. (1992) and Nishioka et al. (1992) have dealt with such challenging

issues. Yagawa et al. (1992) disregarded the integral path far behind the crack-tip
and used the deformation theory of plasticity (J2-D theory). And they concluded
that by neglecting part of the integral path behind the advancing crack tip, T �"
initially increased, then decreased, and ®nally leveled o� during stable crack growth.
Nishioka et al. (1992) correlated the size of the caustic zone and the T �" value.
The earlier part of the present study (Okada and Atluri, 1999) further revealed

that for stable crack growth in metallic (ductile) materials, the T �"
��
Elongating

quanti-
®ed the energy dissipated inside the extending strip of height " (the size of the path
T �"
��
Elongating

), per unit crack extension. For low hardening materials, the energy
release rate at the crack tip was nearly zero.
Based on earlier studies of Okada and Atluri (1999), we further examine the nat-

ure of T �" integral. This leads to a useful method for evaluating the T �" integral
directly from the experimentally measured displacement ®eld. Use of the deformation
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theory plasticity (J2-D theory), and the truncation of the near crack integral path
just behind the crack tip, are suggested. Some results based on the experimental
studies of Omori et al. (1995) are presented. In Section 2, discussions on the de®ni-
tion of the T �" integral, and T �" as a fracture parameter, are given. In Section 3,
based on the discussions and conclusions in Section 2, a methodology to calculate
T �" directly from measured displacement data, is proposed. In Section 4, the results
of T �" evaluation are presented. With the developments presented in this paper, it is
now possible to quantitatively evaluate T �" directly from the experimental data.
The present study has been used by Omori et al. (1999) to analyze stable crack

growth in SEN fracture specimens made of aluminum alloy 2024-T3 and of high
strength steel A606.

2. De®nition of the T �" integral and T �" as a fracture toughness parameter

2.1. Implications of the near tip contour integral T �e on di�erent (elongating and
moving) contour paths

The energy ¯ow per unit crack extension from the rest of the cracked solid in to a
volume V" that is enclosed by a small contour ÿE of size ", centered at the moving
crack tip (for arbitrary size ") is given by,

Lt
�a!0

�Eÿ"

�a

� �
�
�

ÿ"

ti
Dui
Da

ds�
�
V"

fi
Dui
Da

d�ÿ D

Da

�
V"

�W� T�d� �1�

where " is small but ®nite. Eq. (1) is valid for any type (i.e. not necessarily elastic)
material behavior, and ÿ" is a contour of arbitrary size, instantaneously centered at the
moving crack-tip as shown in Fig. 1, and �a is the size of crack growth increment.
Restricting our attention to quasi-static steady state crack growth, following the

argument presented in (Atluri, 1986,1997), we can write Eq. (1), as:
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We consider that the magnitude of " is such that " > �a.
Consider steady-state conditions near the crack-tip, i.e. consider that stage of

propagation of the crack in a ®nite elastic±plastic body where, at least very near the
crack-tip, the stress, strain and displacement ®elds are invariant. Thus, if ��1; �2� is a
coordinate system centered at the moving crack tip, such that

�1 � x1 ÿ a �3�
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where a is the changing coordinate of the crack-tip in the space-®xed coordinate
system, x1, and if steady-state conditions are reached at least near the crack-tip, we
have:

@� �
@a

����
�1

� 0 in V": �4�

Thus, under steady-state conditions in V" and when fi � 0, we have:

Lt
�a!0

�Eÿ"

�a

� �
� T �"

��
Moving

�
�

ÿ"jMoving

Wn1 ÿ ti
@ui
@x1

� �
ds �5�

We consider that the magnitude of " is such that " > �a.
Consider a low-hardening elastic±plastic material wherein the stress saturates to a

®nite value near the crack-tip. In this case, the crack-tip cohesive tractions, which
are non-singular, do zero work in the limit as �a ! 0, while in the linear elastic
case where the crack-tip tractions are of rÿ

1
2 type and do non-zero work in under-

going a crack-opening displacement of the type r
1
2 even in the limit as �a ! 0.

Thus, in the low-hardening elastic±plastic case, in the limit as " ! 0, the total
energy �E that is fed from the surrounding solid into the crack-tip region is entirely
spent in extending the wake by �a, and in the limit as �a ! 0, tends to zero. Thus,
Lt
"!0

T �"
��
Moving

! 0 during crack growth.

However, for a ®nite value of ", the energy that is fed into ÿ" tends to be ®nite,
even as �a ! 0, since this energy goes not only into opening the crack, but is also
dissipated as plastic work within ÿ".

Fig. 1. The ÿ" contour path.
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The de®nition of the path ÿe can be changed to consider not only the loading zone
ahead of the propagating crack-tip, but also the wake zone in Fig. 2. Fig. 2(a) shows
the elongating ÿ" contour path; while Fig. 2(b) shows moving ÿ" contour. Even for
the elongating ÿ", if steady-state conditions prevail near the crack-tip and in the
wake, we have:

Lt
�a!0

�Eÿ"

�a

� �
� T �"

��
Elongating

�
�

ÿ"jElongating

Wn1 ÿ ti
@ui
@x1

� �
ds �6�

where �Eÿ" is the total of (i) deformation energy dissipated inside the elongating
contour ÿ", as well as (ii) the energy spent in opening the crack by an amount �a. It
is thus seen, under steady-state conditions,

T �"
��
Elongating

>> T �"
��
Moving

for any finite value of ": �7�

Fig. 2. (a) ``Elongating'' ÿ" integral contour path. The frontal portion of ÿ" moves with the extending

crack tip and the path behind stays the same. (b) ``Moving'' ÿ" integral contour path. Entire ÿ" moves

with the advancing crack tip.
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In both (5) and (6), for an elastic±plastic solid, W is the stress-work density:

W �
�"ij
0

�ijd"�ij �8�

It is noted that Eqs. (5), (6) and (8) are written for the case of in®nitesimal
deformations.
From Eqs. (5) and (6), one may write under steady-state conditions:

T �"
��
Elongating

� D

Da

�
V"

Wd�
DECrack

Da
; �a ! 0; " finite: �9�

where ECrack is the energy dissipated due to the creation of new crack surfaces.
On the other hand, T �"

��
Moving

measures the energy needed to create new crack
surfaces, per unit crack propagation. One may write:

T �"
��
Moving

� DECrack

Da
�10�

From Eqs. (3) and (4), one may relate T �"
��
Elongating

and T �"
��
Moving

by the following
equation.

T �"
��
Elongating

� D

Da

�
V"

Wd�� T �"
��
Moving

�11�

For a ductile material, the deformation energy dissipated in the region inside ÿ"
dominates that for creating new crack surfaces. Therefore, one may write:

D

Da

�
A"

WdA" >>
DECrack

Da
�12�

Thus, as stated in Eq. (7):

T �"
��
Elongating

>> T �"
��
Moving

�13�

For the steady state, the deformation energy dissipated inside the elongating ÿ"
contour, can be measured by a line integral on a vertical line from the crack face
(line) inside wake zone (see also Fig. 3).

D

Da

�
A"

WdA" � 2

�"
0

Wdx2 �in wake zone� �14�

Eq. (14) is valid only for the case of steady state crack propagation, under an
assumption that most of deformation energy is attributed to plastic energy dissipa-
tion. The elastic part of work-density does not play a major role.
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Both T �"
��
Elongating

and T �"
��
Moving

are closely related to the near crack tip deforma-

tion ®eld and can be valid crack tip parameters. It should, however, be pointed out

here that, because T �"
��
Moving

is far smaller than T �"
��
Elongating

;T �"
��
Elongating

may be

much easier to calculate without the in¯uences of the errors associated with any
numerical computations.
From the above discussions, we can draw the following conclusions:

. The T �"
��
Elongating

integral represents the amount of energy dissipated in the

region inside the ÿ" contour path, per unit of crack extension.
. The T �" integral, in turn, can be seen as material resistance to crack propaga-

tion. Therefore, T �"
��
Elongating

� �
Applied

� T �"
��
Elongating

� �
Resistance

is a criterion for

stable crack growth, and T �"
��
Elongating

� �
Applied

> T �"
��
Elongating

� �
Resistance

signi®es

the loss of stability and the initiation of unstable crack propagation.

3. Procedures for experimental evaluation of the T �" integral

Recently, several attempts to evaluate the T �" integral directly from experimentally
measured displacements or caustic zone size, have been made [see Nishioka et al.
(1992) for caustic zone size, Yagawa et al. (1992) and Omori et al. (1999) for mea-
sured surface displacements]. In the present investigation, we attempt to calculate
the integral parameter from the surface displacements measured by moir inter-
ferometry associated with stable crack propagation in 2024-T3 aluminum alloy and
A606 high strength steel.
Several important issues had to be resolved in this study. The ®rst is that, the

stresses and work-density which are necessary to calculate the integral parameter,

Fig. 3. Energy dissipation into the region inside the ÿ" integral contour. For steady state, energy dis-

sipation per unit crack extension can be calculated by 2
� "
0Wdx2.
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are not directly measured in the experiment. Hence, we have to assume a con-
stitutive equation to evaluate those quantities. The second is that the experimental
data can not give a complete information of the deformation history. This means
that one may use an incremental theory of plasticity, but it may be erroneous,
especially when the elastic unloading phenomenon is incorporated.
In this section, some inherent problems associated with the evaluation of T �"

integral directly from the experimentally measured displacement data will be dis-
cussed. They are: (1) approximate methods to calculate the stresses and work-den-
sity, and (2) approximate method to evaluate the T �" integral.

3.1. Approximate method to calculate the stresses and work-density

In general, a complete deformation history at a material point is not available
experimentally. The stresses and work-density are also not available. We need to
calculate the stresses based on the given displacement ®eld. Even though one can
calculate the current state of strains, that is not su�cient for evaluating the stresses
correctly.
In the present course of study, the deformation plasticity theory (J2 deformation

plasticity: J2-D) is adopted for calculating the stresses from given strains. The rela-
tionship between the stresses and strains is:

"ij � 1ÿ �
E

�mm�ij � 1

2G
� 0ij � �� 0ij; � � 3

2

"�P

��
; "�P � 3

2
"Pij "

P
ij

� �1
2

; �� � 2

3
� 0ij�

0
ij

� �1
2

�15�

Since stresses �ij and plastic strains "Pij are initially unknown, they are calculated
through an iteration algorithm.
Under proportional loading, the stresses calculated by the J2-D theory are iden-

tical to those calculated by the J2 ¯ow (incremental plasticity: J2-F) theory. The
results of J2-D and J2-F di�er when elastic unloading occurs. J2-D theory can not
correctly represent such deformation history.
Once the stresses are determined, then the work-density is calculated.

3.2. Method to calculate the T �e integral from experimentally measured displacement
data

In this section, procedures for evaluating the T �" integral from measured dis-
placement data, are discussed.
The displacement ®eld recorded by the moireÂ interferometry method is reduced to

pointwise numerical data at grid points. The schematics of the grid are shown in Fig.
4. Then, the ®nite element type bilinear local interpolation functions are introduced
to numerically di�erentiate the displacement ®eld, and the strains are thus obtained.
Stresses and work-density are evaluated based on the J2-D plasticity theory as
described in Section 3.1.
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The equivalent domain integral (EDI) method Nikishkov and Atluri (1987) is
employed to carry out the T �" integral computation. In the EDI method the contour
integral on ÿ" path is converted to an area integral by introducing ``S'' function. ``S''
function takes 1 and 0, on ÿ" path and on outer contour ÿ, respectively. The EDI
method is schematically described in Fig. 5.
However, the above procedures with the experimentally measured displacement

®eld involve the following problems which are the crux of the present research.

. Due to a lack of a complete strain (deformation) history information, the
stresses and work-density behind the crack tip (say in the wake zone) as com-
puted by the J2-D theory [Eq. (15)], are wrong.

. Hence, the T �" integral values are overestimated. When the ``elongating'' ÿ"
path is used, the value keeps increasing as the crack extends (see Fig. 6). This is
because the integral area in EDI method keeps increasing. When the ``moving''
ÿ" path is used, the T �" integral value may be incorrect also. This is because, in
the wake zone, the stresses and work-density are NOT evaluated correctly
through Eq. (15).

In the following sections, we seek ways to circumvent the above problems in the
experimental T �" integral evaluation. We ®rst discuss the nature of the integral fur-
ther, and propose a method to circumvent the problems. Then, the proposed meth-
odologies are veri®ed by some numerical experiments, in which the T �" integral are
evaluated from the Finite Element Displacement data.

3.3. An approximate method to calculate T �e from experimentally measured
displacement data

In this section, we investigate the nature of the integral parameter further. We are
mainly concerned with the contribution of each segment of the ÿ" contour path.

Fig. 4. Grid for T �" computation from experimentally measured displacement data.
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Fig. 6. Behavior of T �" integrals calculated based on the incremental and deformation theory of plasticity

(typically J2-F and J2-D theory), during stable crack propagation. One with the deformation theory of

plasticity is an ever increasing function of crack length.

Fig. 5. Schematics for the EDI (equivalent domain integral) method (Nikishkov and Atluri, 1987: the

de®nition of the S�x� function and the region of area integral.
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Hence, we examine which segments of ÿ" have signi®cant contributions to the inte-
gral, and also which segments have negligible contribution. If the part of the ÿ"
integral contour, which is associated with the problems pointed out in Sections 3.1
and 3.2, were essentially negligible, we simply disregard that part of the contour.
Through an investigation presented in this section, we ®nd that the contribution
from the path behind the crack tip (which is troublesome) is small. Hence we dis-
regard that part from the integral.
First, we consider the distribution of stress along the contour. As seen in Fig. 7(a),

we can assume that in the vicinity of the crack face, that �12 and �22 are nearly zero,
because they are zero at the crack face. Hence, we can assume that on the segments
B±C and F±G in the ÿ" contour path, as (points C and F are just behind the crack
tip):

Fig. 7. Modi®ed EDI (equivalent domain integral) method for T �" integral evaluation based on experi-

mental displacement data. (a) S�x� and M�x� functions and nearly zero stress components near the crack

line; (b) additional domain integral appearing in Modi®ed EDI (equivalent domain integral) method.
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�12 � 0; �22 � 0 on BÿC and FÿG �16�

On the other hand, on segments B±C and F±G, stress �11 is non-zero because it is
the residual stress in the wake zone.
Also, on segments B±C and F±G, the x1 direction component of the unit outward

normal vector n"1 is zero. Hence, we can conclude that the contribution of these
segments to the T �" integral value is small.

�
ÿ" �BÿC;FÿG�

Wn"1 ÿ n"i �ij
@uj
@x1

� �
dÿ" �

�
ÿ" �BÿC;FÿG�

ÿn"2�2j
@uj
@x1

� �
dÿ" � 0 �17�

Let us consider the segments of the ÿ" path just behind the original crack tip,
namely A±B and G±H. This part of the material never experienced severe stress
concentration and remains to be elastic. Therefore, the work-density there is small.
Also, this part is far away from the current crack tip and does not undergo plastic
deformation (no residual stress due to plastic deformation). Thus the stresses are
also very small and, hence, one can write:

�
ÿ" �AÿB;GÿH�

Wn"1 ÿ n"i �ij
@uj
@x1

� �
dÿ" � 0 �18�

Thus, we can write, that to a good approximation,

T �" �
�

ÿ"

Wn"1 ÿ n"i �ij
@uj
@x1

� �
dÿ" �

�
ÿ" �CÿDÿEÿF�

Wn"1 ÿ n"i �ij
@uj
@x1

� �
dÿ"

�
�

ÿ" �DÿE�
Wn"1dÿ" ÿ

�
ÿ" �CÿDÿEÿF�

n"i �ij
@uj
@x1

dÿ" �19�

We can see in Eq. (19) that the T �" integral can be evaluated approximately by the
integration only on C±D±E±F. We designate this path as the ``cut-o�'' integral path.
Let us consider the evaluation of the T �" integral using the ``equivalent domain

integral (EDI) method'' based on Eq. (19). We introduce a function S�x�, where x is
the coordinate of a material point, such that, on the segment C±D±E±F of ÿ",
S�x� � 1, and on C0±D0±E0±F0 on the outer contour ÿ;S�x� � 0. The outer contour
G is shown in Fig. 7(a). And we assume that segments C0±D0 and E0±F0 are parallel
to C±D and E±F, respectively. We shall let S�x� such that, in the region between
segments the C±D and C0±D0 and between E±F and E0±F0, S�x� does not vary in x1
direction. In the other words, S�x� is only a function of x2, as shown in Fig. 7(a).
By applying the Gauss divergence theorem, we have:
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where n� is unit outward normal vector on segments C±C0 and F±F0.
The ®rst term in Eq. (20) can be calculated by using the method of Nikishkov and

Atluri (1987). The last term in Eq. (20) can also be evaluated approximately by using
an integral in a narrow strip A� , whose centers are C±C0 and F±F0 and width is t.
They are also depicted in Fig. 7(b).

�
ÿ" �CÿC0;F0ÿF�

ÿS�x� � S�x��1j
�uj
@x1

� �
dÿ"

� 1

t

�
A� �CÿC0;FÿF0�

ÿM�x2� �M�x2��1j @uj
@x1

� �
dA"�CÿC0;FÿF0� �21�

where M�x2� is a function of x2 and is equal to S�x� on the segments C±C0 and F±F0.
In the T �" integral evaluation in this course of study, the narrow strips A� are set to be
a band of a width of 2 elements in the ®nite element method, and a band of 2 grid
distances in the direct evaluation from the moir displacement data. In both the
cases, the center of the band is at segments C±C0 and F±F0.
From the discussions given in Section 3, we can conclude the following:
For the T �" integral evaluation, when experimentally measured displacement data

is given:

. Deformation plasticity theory (J2-D) can be used, since on the contour CDEF,
elastic unloading can be assumed to be negligible.

. The ``cut-o�'' ÿ" integral path with modi®ed EDI method, as described in Eqs.
(20) and (21) should be used.

. The optimum positions of the ``cut-o�'' points (say points C and F) should be a
small distance behind the advancing crack tip. They are yet unknown.
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. Most importantly, the T �" integral with ``cut-o�'' integral contour represents
the true T �" showing the energy dissipated in the near crack region per unit
crack extension.

4. T �" integral evaluations from experimental data for aluminum alloy 2024-T3 and
for high strength steel A606: numerical experiments Ð the optimum positions of
``cut-o�'' points C and F

In this section, the following issues are discussed

. The optimum positions of the points C and F, which are ``cut-o�'' points of the
ÿ" integral contour for approximate evaluation of the T �" integral.

. The T �" integral values directly calculated from measured displacement data.

The procedures of numerical experiments are as follows:

. Finite element analyses are performed based on stable crack growth experi-
ments of Omori et al. (1999).

. T �" integrals are evaluated using the results of the ®nite element analysis (dis-
placements, stresses and work-density) with the ``elongating'' ÿ" and with the
``cut-o�'' integral path by varying the positions of points C and F.

. T �" integrals are evaluated based only on the displacement results of the ®nite
element analysis, with ``elongating'' ÿ" and ``cut-o�'' integral path by varying
the positions of points C and F.

. By comparing the above two results, we arrive at the optimum position for the
points C and F.

4.1. Finite element analysis for 2024-T3 and A606 SEN specimens

The results of the analyses and their physical implications are fully discussed in
Omori et al. (1999). In this section, the analysis procedures and results are brie¯y
discussed. It is noted that the T �" integral values calculated using the ®nite element
results (stresses, work-density and displacements) are the reference values in the
following numerical experiments.

4.1.1. 2024-T3

The boundary conditions and the problem statements are given in Fig. 8. Only a
part of the specimen between the crack line and 10 mm above it, is modeled by the
FEM. The displacement boundary conditions at y=10 mm line is given by the moireÂ
measurement. By considering the symmetry of the problem and data scatter in the
experiment, the given displacements at y=10 mm line are the average of experi-
mentally measured displacements at y=10 and ÿ10 mm. The size of elements at the
crack tip is 0.25 mm, and 4-node linear elements were employed. The analysis was
carried out under the plane stress assumption.
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The one dimensional stress±plastic strain relationship is given in Fig. 9. The
Young's modulus is 75 GPa and Poisson's ratio is 0.33. The J2-¯ow incremental
plasticity theory is employed as the constitutive relation in the full ®nite element
calculation. The analysis is performed under the plane stress assumption. The crack
propagation algorithm is based on the nodal release method.
A good correlation between the experiment and the ®nite element analysis is seen

in the load±crack extension curve (R-curve) (Fig. 10). The T �" integrals based on the
``elongating ÿ" path'' with various sizes are calculated and shown in Fig. 11. As
previously suggested (see Brust, 1995; Brust et al., 1986), for larger contour size, the
T �" integral value becomes larger but smaller than the far-®eld J integral value. At
around crack extension of 6 mm, T �" exhibits a steady-state value (the curves become
¯at). These can be considered as the material characteristic value of the T �" integral
for the steady state crack growth.

4.1.2. A606

In this case the whole specimen was modeled, and the displacement boundary
condition at the pin load point was prescribed such that the load calculated by FEM
matched the measured load. Problem statements, along with the ®nite element mesh
are given in Fig. 12. The size of the elements at the crack tip is 0.5 mm, and 4-noded
linear elements were employed. The Young's modulus is 206 GPa and Poisson's
ratio is 0.295. One dimensional stress±plastic strain curve is given in Fig. 13. The full
®nite element calculation was performed under the plane stress condition and J2-F
theory was again employed.

Fig. 8. Specimen geometry, ®nite element modeling strategy and ®nite element mesh for aluminum alloy

2024-T3 SEN specimen (the mesh size at the crack line is 0.25 mm).
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The load±crack extension curve (R-curve) is shown in Fig. 14. The T �" integrals
based on the ``elongating ÿ" path'' with various sizes are calculated and shown in
Fig. 15. In this case, the steady state (constant value of the T �" integrals) was not
seen. This is because the degree of ductility is so large in this case that the amount of
crack extension is not large enough to reach a steady state.
The plastic zone1 size at crack initiation for 2024-T3 and A606 tests are shown in

Fig. 16. In the case of 2024-T3, it extends up to about 8.5 mm ahead of the initial
crack tip. This is roughly the same as or little longer than the length of crack pro-
pagation needed to reach steady state. For A606 test, the specimen experiences full
ligament yielding at the initiation of crack propagation. Thus, in this case, the steady
state was not reached.

Fig. 9. Material properties of aluminum alloy 2024-T3: Young's modulus, Poison's ratio and one

dimensional stress±plastic strain curve.

1 The de®nition of the plastic zone is the region which has non-zero plastic strain in the ®nite element

analysis results. It may appear vary large compared with experimentally observed plastic zone size (such

as based on caustic zone size).
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Fig. 10. Load carried by the aluminum alloy 2024-T3 SEN specimen during stable crack growth experi-

ment and ®nite element analysis.

Fig. 11. J integral and T �" with various contour sizes, during stable crack propagation in 2024-T3 SEN

specimen.
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4.2. Optimum ``cut-o�'' positions for the ``cut-o�'' integral path

In this section, the optimum cut-o� positions C and F are to be found through
numerical experiments. To emulate the T �" determination from experimentally mea-
sured displacement data and the use of J2-deformation theory [Eq. (15)], the ®nite
element displacement results are used as displacement input and some comparisons
are made.
The values of the T �" integral for 2024-T3 are compared at ®rst. In Fig. 17, the T �"

integral values versus the length of crack extension are plotted. The height of the ÿ�"
path, is 1.0 mm. There are three lines plotted in Fig. 17 for (1) the use of an ``elon-
gating'' ÿ" path with stresses and work-densities calculated in the ®nite element
analysis using the incremental J2-¯ow theory (this one is the reference solution;
``correct values''), (2) the use of an ``elongating'' ÿ" path with stresses and work-
densities calculated by the deformation plasticity theory (J2-D) using the ``®nite-
element'' computed displacement input and (3) the use of a ``cut-o�'' ÿ" path with
stresses and work-densities calculated by the deformation plasticity theory (J2-D)

Fig. 12. Specimen geometry, ®nite element modeling strategy and ®nite element mesh for high strength

steel A606 SEN specimen (the mesh size at the crack line is 0.5 mm).
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using ``®nite-element'' computed displacement input. It is clearly seen that the use of
an ``elongating'' ÿ" path with J2-D theory overestimates the T �" value. On the other
hand, the ``cut-o�'' ÿ" path with J2-D theory is in a good agreement with the refer-
ence values. The same observation can be made when the height of the ÿ" path " is
2.0 mm (see Fig. 18).
The in¯uences of the distance of cut-o� points C and F from the advancing crack

tip, are further investigated and are shown in Fig. 19(a)±(c), for the cases of " being
2.0, 1.0 and 0.5 mm, respectively. The values plotted in Fig. 19(a)±(c) are at crack
extension 8.5 mm, which is already in the steady state. At this stage, except for the
case of ``elongating'' ÿ" path with J2-D plasticity theory, the integrals can be expec-
ted to have constant values corresponding to steady state crack propagation. Com-
parisons are made between using J2-F and J2-D plasticity theories in the stress
calculations. When the cut o� distance behind the crack tip is very small, both the
cases result in slight underestimation. The integral values with J2-D plasticity theory
increases as the cut-o� distance become larger, where as the one with J2-F theory
converges to the reference value (case of elongating path). The best case is that the
positions of points C and F are about 0.5 mm behind the advancing crack tip.
The same conclusion can be drawn from the analysis of the A606 test. In Fig.

20(a)±(c), comparisons between the J2-F incremental plasticity theory and the J2-D

Fig. 13. Material properties of high strength steel A606: Young's modulus, Poison's ratio and one

dimensional stress±plastic strain curve.
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theory for di�erent cut-o� distance are drawn. Again, the J2-D with large cut-o�
distance results in an unacceptable overestimation. The best cut-o� position seems
to be at directly above and below the advancing crack tip.
From the numerical experiments, the following conclusions are obtained:

. By the use of cut-o� integral path with J2-D theory, we can characterize the
stable crack growth in a ductile material. The calculated T �" values exhibit the
plateau when the crack propagation reaches to its steady state. This means
that, by an appropriate choice of the cut-o� position, we can qualitatively
characterize the state of crack propagation directly from experimental dis-
placement data.

. The best cut-o� position is somewhere between directly below and above the
crack tip (A606) and slightly behind (0.5 mm in the case of 2024-T3). This may
be di�erent for di�erent materials. In order to quantitatively evaluate T �" , we
need a priori knowledge of where precisely the cut-o� position should be.

Fig. 14. Load carried by the high strength steel A606 SEN specimen during stable crack growth experi-

ment and ®nite element analysis.
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4.3. Evaluation of T �e integral from experimentally measured displacement data

The displacement data measured by moireÂ interferometry experiments was used to
calculate the T �" integral values. The cut-o� positions of ÿ" path were directly below
and above the advancing crack tip.

Fig. 15. J integral and T �" with various contour sizes, during stable crack propagation in A606 SEN

specimen.

Fig. 16. Plastic zone at the initiation of stable crack propagation: (a) aluminum alloy 2024-T3; (b) high

strength steel A606.
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4.3.1. 2024-T3

First, the results for aluminum alloy 2024-T3 are presented. The cut-o� position
was set to be 0.5 mm behind the crack tip. However, since the crack position was not
directly on a grid point and is always ahead of the corresponding grid point, we take

Fig. 17. T �" values during stable crack growth for aluminum alloy 2024-T3: comparisons between (i)

incremental plasticity theory with ``elongating'' integral path; (ii) deformation plasticity theory with

``elongating'' integral path; and (iii) deformation plasticity theory with ``cut-o�'' integral path (the size of

integral path " is 1.0 mm).

Fig. 18. T"� values during stable crack growth for aluminum alloy 2024-T3: comparisons between (i)

incremental plasticity theory with ``elongating'' integral path; (ii) deformation plasticity theory with

``elongating'' integral path; and (iii) deformation plasticity theory with ``cut-o�'' integral path (the size of

integral path " is 2.0 mm).

890 H. Okada et al. / International Journal of Plasticity 15 (1999) 869±897



an average value using two cut-o� positions. They are directly above and below the
crack tip and 0.5 mm behind of it. The crack positions and their corresponding grid
positions are given in Table 1. The T �" values directly calculated from the experi-
mental displacement data and the use of a J2-D theory (with a ``cut-o�' path), are
compared with those by the ®nite element method (the use of J2-¯ow theory and an
elongating contour). When the " height of ÿ" path is 1.0 mm, both the values appear
to be in good agreement quantitatively after a crack extension 6 mm (Fig. 21). Just
after crack propagation initiation, the value from experimental displacement data
are slightly higher. When the height of ÿ" path is 2.0 mm, the same observation as
the previous one can be made (see Fig. 22). Nevertheless, the trends are similar.

4.3.2. A606

The results for A606 high strength steel tests are as follows. In Figs. 23 and 24,
with the height of ÿ" path, ", being 1.0 and 2.0 mm, respectively, are shown. In both

Fig. 19. T �" values at steady state crack propagation for aluminum alloy 2024-T3 (length of crack exten-

sion is 8.5 mm) for di�erent ``cut-o�'' integral paths. Comparisons of di�erent cut-o� distances from the

crack tip and of J2-F and J2-D plasticity theories.
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the cases the results obtained directly from experimental displacement data, are
consistently smaller than those from ®nite element analysis results, but their trends
agree. As for the case of 2024-T3, the crack tip positions are not always exactly on
grid points. For A606 test, we took the averages of two crack lengths on the grid

Fig. 20. T �" values after crack extension 7.0 mm for high strength steel A606, for di�erent ``cut-o�'' integral

path. Comparisons of di�erent cut-o� distance from the crack tip and of J2-F and J2-D plasticity theories.

Table 1

Crack positions and their corresponding grid position

Crack position (mm) Corresponding grid position (mm)

0 0

0.14 0

0.71 0.5

1.22 1.0

2.60 2.5

7.58 7.5

10.61 10.5
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for T �" computation as a compromise. In Table 2, the crack tip positions and their
corresponding crack extension length on the grid, are shown.
As suggested in Section 4.2, the ``cut-o�'' ÿ" path was employed with the experi-

mental displacement data. The cut-o� positions are directly above and below the
crack tip.

Fig. 22. Comparisons between T �" values calculated from experimental displacement data and those from

®nite element analysis, for aluminum alloy 2024-T3 and "=2.0 mm.

Fig. 21. Comparisons between T �" values calculated from experimental displacement data and those from

®nite element analysis, for aluminum alloy 2024-T3 and "=1.0 mm.
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In this section we can draw some conclusions as follows:

. T �" values calculated from experimentally measured displacement data, quan-
titatively agreed with those of ®nite element results for the 2024-T3 tests.

. The values (calculated from experimentally measured displacements and from
FEM) matched especially well for steady state (2024-T3).

Fig. 24. Comparisons between T �" values calculated from experimental displacement data and those from

®nite element analysis, for high strength steel A606 and "=2.0 mm.

Fig. 23. Comparisons between T �" values calculated from experimental displacement data and those from

®nite element analysis, for high strength steel A606 and "=1.0 mm.
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. The trends (of T �" calculated from experimental displacement data and from
FEM) matched very well for all the cases (2024-T3 and A606 for various size of
ÿ").

5. Concluding remarks

In this paper, a method to determine the T �e integral values based on experimental
displacement data, is presented. This is the ®rst complete research in this regard. In
this paper, we have analyzed the nature of the, T �" its physical signi®cance and a
method to evaluate it from experimentally measured displacements. As the result of
present development, one can characterize the crack tip ®eld by evaluating the T �"
integral directly from experimentally measured displacements.
The methodology which was developed in this paper can be utilized not only with

moir displacement measurement, but also with other types of techniques, such as
computer image processing (see Yagawa et al., 1992).
The ®ndings discussed in this paper are as follows:

. T �" is the measure for the rate of energy dissipated around the crack tip for
stably propagating crack in ductile materials.

. Most of contribution to the T �" value is from a part of its integral contour path
in front of the crack tip.

. The procedures of T �" integral determination have been established. Use of
deformation plasticity theory (J2-D) and ``cut-o�'' integral path are recom-
mended.

. Comparisons between the T �" values of the ®nite element analysis and those
evaluated from experimentally measured displacement data showed a good
agreement.

The presently described procedures of T �" determination were utilized in Omori et
al. (1999). Further discussions on the implications of T �" are given therein.

Table 2

Crack tip positions and their corresponding grid positions

Crack position (mm) Corresponding grid position (mm)

0 0.0 N/A

0.3 0.0 0.5

0.5 0.5 N/A

0.9 0.5 1.0

1.3 1.0 1.5

1.6 1.5 2.0

2.2 2.0 2.5
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