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Abstract A local symmetric weak form (LSWF) for linear
potential problems is developed, and a truly meshless
method, based on the LSWF and the moving least squares
approximation, is presented for solving potential problems
with high accuracy. The essential boundary conditions in
the present formulation are imposed by a penalty method.
The present method does not need a ``®nite element
mesh'', either for purposes of interpolation of the solution
variables, or for the integration of the ``energy''. All inte-
grals can be easily evaluated over regularly shaped do-
mains (in general, spheres in three-dimensional problems)
and their boundaries. No post-smoothing technique is
required for computing the derivatives of the unknown
variable, since the original solution, using the moving least
squares approximation, is already smooth enough. Several
numerical examples are presented in the paper. In the
example problems dealing with Laplace & Poisson's
equations, high rates of convergence with mesh re®nement
for the Sobolev norms jj � jj0 and jj � jj1 have been found,
and the values of the unknown variable and its derivatives
are quite accurate. In essence, the present meshless
method based on the LSWF is found to be a simple, ef®-
cient, and attractive method with a great potential in en-
gineering applications.

1
Introduction
The Galerkin ®nite element method, due to its profound
roots in generalized variational principles and its ease of
use, has found extensive engineering acceptance as well as
a commercial market. Compared with its convenience and
¯exibility in use, the ®nite element method has been pla-
gued for a long time by the inherent problems such as

locking, poor derivative solutions, etc. In contrast, al-
though only a boundary discretization is necessary for
linear boundary value problems, the boundary element
method is constrained to the cases where the in®nite space
fundamental solution for (at least the highest linear) dif-
ferential operator of the problem must be available. Be-
sides, in the BEM, the evaluation of the unknown function
and/or its gradients at any single point within the domain
of the problem involves the calculation of an integral over
the entire global boundary, which is tedious and inef®-
cient. In solving the nonlinear problems, both FEM and
BEM inevitably have to deal with the nonlinear terms in
the domain of the problem.

An attractive option for such problems is the meshless
discretization or a ®nite point discretization approach,
which has been popularized in recent years. Several
meshless methods have been reported in literature, such as
the diffuse element method (Nayroles et al., 1992), the
element free Galerkin method (Belytschko et al., 1994;
Organ et al., 1996; Zhu and Atluri, 1998), the reproducing
kernel particle method (Liu et al., 1996). These methods
need shadow elements to evaluate the domain integrals
(corresponding to the ``energy'') over the entire domain of
the problem, and so far, have been applied mainly to solve
linear problems. Another meshless method, for solving
linear and nonlinear problems, based on the local boun-
dary integral equation was proposed in Zhu, Zhang and
Atluri (1998a, b). This method requires no domain and
boundary elements (either for interpolation purposes, or
for evaluation of the integrals) to implement the formu-
lation, and is very ef®cient in solving linear and nonlinear
problems. However, singular integrals appear in the local
boundary integral equation (de®ned only over a sphere
centered at each point in question), to which special at-
tention should be paid.

In the present work, a local symmetric weak form
(LSWF) is developed. A true meshless formulation based
on the presently developed local symmetric weak form is
proposed to solve linear potential problems. The essential
boundary conditions in the present formulation are im-
posed by a penalty method. This method does not need
elements or meshes, either for interpolation purposes, or
for integration (of ``energy'') purposes. All integrals are
carried out only on spheres (in 3-D or circles in 2-D)
centered at each point in question. The present method is
also more ¯exible and easier in dealing with nonlinear
problems than the conventional FEM, EFG and BEM.
Although mainly 2-D problems described by a harmonic
operator are considered in the present paper for
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illustrative purposes only, the method can be easily ap-
plied to elasticity as well as other multi-dimensional linear
and nonlinear boundary value problems.

In the present paper, by ``the support of node xi'' we
mean a sub-domain (usually taken as a circle of radius ri)
in which the weight function wi in the MLS approximation,
associated with node xi, is non-zero; by ``the domain of
de®nition'' of an MLS approximation for the trial function
at any point x (hereinafter simply called as the ``domain of
de®nition of point x'') we mean a sub-domain which
covers all the nodes whose weight functions do not vanish
at x; by ``the domain of in¯uence of node xi'' we denote a
sub-domain in which all the nodes have non-zero cou-
plings with the nodal values at xi, in the system stiffness
matrix; and by the ``symmetric weak form'' we mean the
weighted residual form for the differential equation, which
is integrated by parts enough times such that the differ-
entiability requirements for the trial and test functions are
the same. In our implementation, the domain of in¯uence
of a node is the union of the domains of de®nition of all
points (in general, but the integration-quadrature points
in speci®c) in the local domain of the source point (node).
We do not intend to mean these to be versatile de®nitions,
but rather, explanations of our terminology.

The following discussion begins with the brief de-
scription of the moving least squares (MLS) approxima-
tion in Sect. 2. The local symmetric weak form and its
numerical implementation are developed in Sect. 3 and 4,
respectively. Numerical examples for 2-D potential prob-
lems are given in Sect. 5. The paper ends with conclusions
and discussions in Sect. 6.

2
The MLS approximation scheme
In general, a meshless method, which is required to pre-
serve the local character of the numerical implementation,
uses a local interpolation or approximation to represent
the trial function with the values (or the ®ctitious values)
of the unknown variable at some randomly located nodes.
A variety of local interpolation schemes that interpolate
the data at randomly scattered points in two or more in-
dependent variables is available.

In order to make the current formulation fully general,
it needs a relatively direct local interpolation or approxi-
mation scheme with reasonably high accuracy and with
ease of extension to n-dimensional problems. The moving
least squares (MLS) approximation may be considered as
one of such schemes, and is used in the current work.

Consider a sub-domain Xx, the neighborhood of a point
x and denoted as the domain of de®nition of the MLS
approximation for the trial function at x, which is located
in the problem domain X. To approximate the distribution
of function u in Xx, over a number of randomly located
nodes fxig, i � 1; 2; . . . ; n, the Moving Least Squares ap-
proximant uh�x� of u; 8x 2 Xx, can be de®ned by

uh�x� � pT�x�a�x� 8x 2 Xx �1�
where pT�x� � �p1�x�; p2�x�; . . . ; pm�x�� is a complete mo-
nomial basis of order m; and a�x� is a vector containing
coef®cients aj�x�; j � 1; 2; . . . ;m which are functions of the

space coordinates x � �x1; x2; x3�T. For example, for a 2-D
problem,

pT�x� � �1; x1; x2�; linear basis; m � 3 ; �2a�
pT�x� � �1; x1; x2; �x1�2; x1x2; �x2�2�;

quadratic basis; m � 6 ; �2b�
and for a 3-D problem

pT�x� � �1; x1; x2; x3�; linear basis; m � 4 ; �3a�
pT�x� � �1; x1; x2; x3; �x1�2; �x2�2; �x3�2; x1x2; x2x3; x1x3�

quadratic basis; m � 10 : �3b�
The coef®cient vector a�x� is determined by minimizing a
weighted discrete L2 norm, de®ned as:

J�x� �
Xn

i�1

wi�x��pT�xi�a�x� ÿ ûi�2

� �P � a�x� ÿ û�T �W � �P � a�x� ÿ û� ;
�4�

where wi�x� is the weight function associated with the
node i, with wi�x� > 0 for all x in the support of wi�x�, xi

denotes the value of x at node i, n is the number of nodes
in Xx for which the weight functions wi�x� > 0, the ma-
trices P and W are de®ned as

P �
pT�x1�
pT�x2�
� � �

pT�xn�

2664
3775

n�m

; �5�

W �
w1�x� � � � 0
� � � � � � � � �
0 � � � wn�x�

24 35 ; �6�

and

ûT � �û1; û2; . . . ; ûn� : �7�
Here it should be noted that ûi; i � 1; 2; . . . ; n in Eqs. (4)
and (7) are the ®ctitious nodal values, and not the nodal
values of the unknown trial function uh�x� in general (See
Fig. 1 for a simple one dimensional case for the distinction
between ui and ûi.)

The stationarity of J in Eq. (4) with respect to a�x� leads
to the following linear relation between a�x� and û.

A�x�a�x� � B�x�û �8�
where the matrices A�x� and B�x� are de®ned by

A�x� � PTWP � B�x�P �
Xn

i�1

wi�x�p�xi�pT�xi� ; �9�

B�x� � PTW � �w1�x�p�x1�;w2�x�p�x2�; . . . ;

wn�x�p�xn�� : �10�
The MLS approximation is well de®ned only when the
matrix A in Eq. (8) is non-singular. It can be seen that this
is the case if and only if the rank of P equals m. A nec-
essary condition for a well-de®ned MLS approximation is
that at least m weight functions are non-zero (i.e. n � m)
for each sample point x 2 X and that the nodes in Xx will
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not be arranged in a special pattern such as on a straight
line. Here a sample point may be a nodal point under
consideration or a quadrature point.

Solving for a�x� from Eq. (8) and substituting it into Eq.
(1) gives a relation which may be written as the form of an
interpolation function similar to that used in FEM, as

uh�x� � UT�x� � û �
Xn

i�1

/i�x�ûi; uh�xi� � ui 6� ûi;

x 2 Xx �11�
where

UT�x� � pT�x�Aÿ1�x�B�x� �12�
or

/i�x� �
Xm

j�1

pj�x��Aÿ1�x�B�x��ji : �13�

/i�x� is usually called the shape function of the MLS ap-
proximation corresponding to nodal point yi. From Eqs.
(10) and (13), it may be seen that /i�x� � 0 when
wi�x� � 0. In practical applications, wi�x� is generally

chosen such that it is non-zero over the support of nodal
points yi (see Fig. 2). The support of the nodal point yi
is usually taken to be a circle of radius ri, centered at yi.
The fact that /i�x� � 0, for x not in the support of nodal
point yi preserves the local character of the Moving Least
Squares approximation.

The smoothness of the shape functions /i�x� is deter-
mined by that of the basis functions and of the weight
functions. Let Ck�X� be the space of k-th continuously
differentiable functions. If wi�x� 2 Ck�X� and
pj�x� 2 Cl�X�, i � 1; 2; . . . ; n; j � 1; 2; . . . ;m, then
/i�x� 2 Cr�X� with r � min �k; l�.

The partial derivatives of /i�x� are obtained as (Bel-
ytschko et al., 1994)

/i;k �
Xm

j�1

�pj;k�Aÿ1B�ji � pj�Aÿ1B;k � Aÿ1
;k B�ji� �14�

in which Aÿ1
;k � �Aÿ1�;k represents the derivative of the

inverse of A with respect to xk, which is given by

Aÿ1
;k � ÿAÿ1A;kAÿ1 �15�

where, � �;i denotes o� �=oxi.
In implementing the MLS approximation for the pres-

ent local symmetric weak form, the basis functions and
weight functions should be chosen at ®rst. Both Gaussian
and spline weight functions with compact supports can be
considered in the present work. The Gaussian weight
function corresponding to node i may be written as

wi�x� �
exp�ÿ�di=ci�2k�ÿexp�ÿ�ri=ci�2k�

1ÿexp ÿ�ri=ci�2k� � 0 � di � ri

0 di � ri

(
�16�

where di � jxÿ xij is the distance from node xi to point
x; ci is a constant controlling the shape of the weight
function wi and therefore the relative weights; and ri is the
size of the support for the weight function wi and deter-
mines the support of node xi. In the present computation,

ûi ui

u h ( )x

x

u

Boundary node

1x 2x ix

Fig. 1. The distinction between ui and ûi

Fig. 2. The shapes of weight
functions wi�x�
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k � 1 was chosen. It can be easily seen that the Gaussian
weight function is C0 continuous over the entire domain
X. Therefore, the shape functions and the trial function are
also C0 continuous over the entire domain. Even though
the de®nition of all constants ci is more or less arbitrary,
they do effect the computational results signi®cantly. Lu,
Belytschko and Gu (1994) recommended a method to
chose constants ci, however, better methods to chose these
constants should be explored.

A spline weight function is de®ned as

wi�x� � 1ÿ 6
di

ri

� �2

� 8
di

ri

� �3

ÿ 3
di

ri

� �4

0 � di � ri

0 di � ri

8<: :

�17�
It can also be easily seen that the spline weight function
(17) is C1 continuous over the entire domain X. Therefore,
the shape functions and the trial function are also C1

continuous over the entire domain.
Here, distinction between ``the domain of de®nition of

an MLS approximation for the trial function at a point''
(herein after simpli®ed as ``the domain of de®nition of a
point'') and the support of a node should be noted. The
domain of de®nition of a point x is a domain in which
wi�x� 6� 0; i � 1; 2; . . . ; n and the support of node j is a
circle (sphere) of radius rj, centered at xj, in which wi 6� 0
(see Fig. 3 and Mukherjee and Mukherjee 1997).

It is easy for the moving least squares approximation to
attain higher order of continuity for the shape functions
and the trial function by constructing a more continuous
weight function. A simple way is to use higher order spline
functions.

The size of support, ri, of the weight function wi as-
sociated with node i should be chosen such that ri should
be large enough to have suf®cient number of nodes
covered in the domain of de®nition of every sample point
(n � m) to ensure the regularity of A. A very small ri

may result in a relatively large numerical error in using
Gauss numerical quadrature to calculate the entries in the
system matrix. On the other hand, ri should also be small
enough to maintain the local character of the MLS ap-
proximation.

3
Local symmetric weak form (LSWF)
Although the present approach is fully general in solving
general boundary value problems, only the linear Pois-
son's equation is used in the following, to demonstrate
the formulation. The Poisson's equation can be written
as

r2u�x� � p�x� x 2 X �18�
where p�x� is a given source function, and the domain X is
enclosed by C � Cu [ Cq, with boundary conditions

u � u on Cu ; �19a�
ou

on
� q � q on Cq �19b�

where u and q are the prescribed potential and normal
¯ux, respectively, on the essential boundary Cu and on the
¯ux boundary Cq, and n is the outward normal direction
to the boundary C.

In the Galerkin ®nite element, and element free Galerkin
methods, which are based on the global Galerkin formu-
lation, one uses the global weak form over the entire do-
main X to solve the problem numerically.

In the present LSWF, we start from a weak form over a
local sub-domain Xs, and use the MLS approximation to
develop a true meshless method, where the local sub-do-
main Xs is located entirely inside the global domain X. The
local sub-domain Xs is conveniently taken to be a sphere
(in 3-D, or a circle in 2-D) centered at a point x in ques-
tion. A generalized local weak form of the differential
equation (18) and the boundary conditions (19), over a
local sub-domain Xs, can be written as:Z

Xs

�r2uÿ p�v dXÿ a
Z

Csu

�uÿ u�v dC � 0 �20�

where u is the trial function, v is the test function, and Csu is
a part of the boundary oXs of Xs, over which the essential
boundary conditions are speci®ed. In general,
oXs � Cs [ Ls, with Cs being a part of the local boundary
located on the global boundary and Ls being the other part
of the local boundary over which no boundary condition is
speci®ed, i.e., Cs � oXs [ C and Ls � oXs ÿ Cs (see Fig. 3).
If the sub-domain Xs is located entirely within the global

The domain of definition of point x

ri

Support of node

Node
Ls

∂Ωs = Ls sΓ

x

iy

iy

y
x

xΩ

xΩ

sΩ

sΩ

L ss L=Ω∂

ΓΩ∂=Γ ss

GsΩ

Local boundary for an internal node

Sub-domain

∪

∩

Fig. 3. The local domains, the supports of nodes, the domain of
de®nition of the MLS approximation for the trial function at a
point, and the domain of in¯uence of a source point (node): (1)
The domain of de®nition of the MLS approximation, Xx, for the
trial function at any point x is the domain over which the MLS is
de®ned, i.e., Xx covers all the nodes whose weight functions do
not vanish at x. (2) The domain of in¯uence for source point y is
the union of all Xx; 8x 2 Xs (taken to be a circular domain of
radius r0 in this paper). (3) The support of source point yi is a
sub-domain (taken to be a circle of radius ri for convenience) in
which the weight function wi corresponding to this node is non-
zero. Note that the ``support'' of yi is distinct and different from
the ``domain'' of in¯uence of yi

120



domain X, and there is no intersection between the local
boundary oXs and the global boundary C, the boundary
integral over Csu vanishes. In Eq. (20), a penalty parameter
a� 1 is used to impose the essential boundary conditions,
as the MLS approximation will be used to approximate the
trial function, and it is not easy to directly impose the es-
sential boundary conditions, a priori, in the MLS approxi-
mation.

Using �r2u�v � u;iiv � �u;iv�;i ÿ u;iv;i, and the diver-
gence theorem, yields the following expression:Z

oXs

u;iniv dCÿ
Z

Xs

�u;iv;i � pv� dX

ÿ a
Z

Csu

�uÿ u�v dC � 0 �21�

in which oXs is the boundary of the sub-domain Xs and n
is the outward unit normal to the boundary oXs.

It should be noted that Eq. (21) holds irrespective of the
size and shape of oXs. This is an important observation
which forms the basis for the following development. We
now deliberately choose a simple regular shape for Xs and
thus for oXs. The most regular shape of a sub-domain
should be an n-dimensional sphere for a boundary value
problem de®ned on an n-dimensional space. Thus, an n-
dimensional sphere (or a part of an n-dimensional sphere
for a boundary node), is chosen in our development (see
Fig. 3).

In the following development, the Petrov-Galerkin
method is used. Unlike in the conventional Galerkin
method in which the trial and test functions are chosen
from the same space, the Petrov-Galerkin method uses the
trial functions and the test functions from different spaces.
In particular, the test functions need not vanish on the
boundary where the essential boundary conditions are
speci®ed.

Imposing the natural boundary condition, q � q, and
noticing that u;ini � ou=on � q in Eq. (21), we obtain:Z

Ls

qv dC�
Z

Csu

qv dC�
Z

Csq

qv dCÿ
Z

Xs

�u;iv;i � pv� dX

ÿ a
Z

Csu

�uÿ u�v dC � 0 �22�

in which Csq is a part of oXs, over which the natural
boundary condition, q � q, is speci®ed. For a sub-domain
located entirely within the global domain, there is no in-
tersection between oXs and C, Ls � oXs and the integrals
over Csu and Csq vanish.

In order to simplify the above equation, we deliberately
select a test function v such that it vanishes over Ls, the
circle (for an internal node) or the circular arc (for a node
on the global boundary C). This can be easily accom-
plished by using the weight function in the MLS approx-
imation as also the test function, with the radius ri of the
support of the weight function being replaced by the ra-
dius r0 of the local domain Xs, such that the test function
vanishes on a circle of radius r0. Using this test function
and rearranging Eq. (22), we obtain the following local
symmetric weak form (LSWF):

Z
Xs

u;iv;i dX� a
Z

Csu

uv dCÿ
Z

Csu

qv dC

�
Z

Csq

qv dC� a
Z

Csu

uv dCÿ
Z

Xs

pv dX : �23�

With Eq. (23) for any point x, the problem becomes one as
if we are dealing with a localized boundary value problem
over an n-dimensional sphere Xs. The radius of the sphere
will affect the solution. In the present formulation, the
equilibrium equation and the boundary conditions are
satis®ed, a posteriori, in all local sub-domains and on their
Cs, respectively. Theoretically, as long as the union of all
local domains covers the global domain, i.e., [Xs � X, the
equilibrium equation and the boundary conditions will be
satis®ed, a posteriori, in the global domain X and on its
boundary C, respectively. However, from our computa-
tion, the present formulation yields a very satisfactory
result even when the union of all local domains does not
cover the global domain.

4
Discretization and numerical implementation
As a known test function is used in the LSWF, the use of
the LSWF for one point (and hence for one local do-
main) will yield only one linear equation involving û.
Note that the trial function u within the sub-domain Xs,
in the MLS approximation, is determined by the ®cti-
tious nodal values ûi, within the ``domain of de®nition''
for all points x falling within Xs. The LSWF, Eq. (23),
gives one algebraic equation relating all these ûi. Thus,
one obtains as many equations as the number of nodes.
Therefore, we need as many local domains Xs as the
number of nodes in the global domain to obtain as
many equations as the number of unknowns. In the
present implementation, the local domain is chosen as a
circle, centered at a node xi.

To obtain the discrete equations from the LSWF (23),
the MLS approximation (11) is used to approximate the
test function u. Substitution of Eq. (11) into the LSWF (23)
for all nodes leads to the following discretized system of
linear equations:

K � û � f �24�
where, the entries of the ``stiffness'' matrix K and the
``load'' vector are de®ned by

Kij �
Z

Xs

/j;k�x�v;k�x; xi� dX� a
Z

Csu

/j�x�v�x; xi� dC

ÿ
Z

Csu

/j;n�x�v�x; xi� dC �25a�

and

fi �
Z

Csq

q�x�v�x; xi� dC� a
Z

Csu

u �x�v�x; xi� dC

ÿ
Z

Xs

p�x�v�x; xi� dX �25b�

in which /j is the shape function from the MLS approxi-
mation, and � �;n � o� �=on.
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It can be easily seen that the system stiffness matrix in
the present method is banded but unsymmetric. The lo-
cations of the non-zero entries in the system ``stiffness''
matrix depend upon all the nodes located within the do-
main of in¯uence of the node in question, as shown in
Fig. 3.

It should be noted that, in the present implementation,
the test function v is selected to be the same as the weight
function wi in the MLS approximation used to approxi-
mate the trial function u. Fig. 4 shows the similarity be-
tween the test function in the LSWF, and the weight
function in the MLS approximation.

The implementation of the present method can be
carried out according to the following routine:

1. Choose a ®nite number of nodes in the domain X and
on the boundary C of the given physical domain; decide
the basis functions and weight functions such that the
MLS approximation is well de®ned.

2. Determine the local sub-domain Xs and its corre-
sponding local boundary oXs for each node (see Fig. 3).

3. Loop over all nodes located inside the global domain
and at the global boundary C

� Determine Gaussian quadrature points xQ in Xs and
on oXs.
� Loop over quadrature points xQ in the sub-domain

Xs and on the local boundary oXs

(a) determine the nodes xi located in the domain of
de®nition of the MLS approximation for the trial
function at point xQ, i.e., those nodes with
wi�xQ� > 0;

(b) for those nodes in the domain of de®nition of the
MLS approximation of trial function at point xQ;
calculate /i�xQ� and the derivatives /i;j�xQ�;

(c) evaluate numerical integrals in Eqs. (25a) and
(25b);

(e) assemble contributions to the linear system for all
nodes in K; f ;

(f) end if

� End quadrature point loop

4. End node loop.
5. Solve the linear system for the ®ctitious nodal values û.
6. Calculate the value of the unknown variable and its

derivatives by using Eq. (28) at those sample points
under consideration.

From the above implementation, we can easily see that the
present method is a truly meshless method, as absolutely
no domain and boundary elements are needed, either for
interpolation purposes or for integration purposes. The
domain and boundary integrals in the present method can
be easily evaluated over the regularly-shaped sub-domains
(spheres in 3-D or circles in 2-D) and their boundaries.

5
Numerical examples
In this section, some numerical results are presented to
illustrate the implementation and convergence of the
present LSWF approach. For the purpose of error esti-
mation and convergence studies, the Sobolev norms jj jjk
are calculated. In the following numerical examples, the
Sobolev norms for k � 0 and k � 1 are considered for the
present potential problem. These norms are de®ned as:

jjujj0 �
Z

X
u2 dX

� �1
2

�26a�

and

jjujj1 �
Z

X
u2 � � ruj j�2 dX

� �1
2

: �26b�

The relative errors are de®ned as

rk � jju
num ÿ uexactjjk
jjuexactjjk

; k � 0; 1 : �27�

Fig. 4. The test function in the weak form and the weight function
in the MLS approximation

Coordinates for patch (b)

Nodes

2              0.3,0.0
4              0.0,0.2
5              1.2,0.4
6              0.8,0.9
7              0.9,1.0
8              1.4,1.2
9              0.5,1.3

10              1.1,1.2
11              2.0,1.8
13              0.8,2.0
14              1.6,1.9

a Regular nodes b Irregular nodes
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Fig. 5a±c. Nodes for the patch test

122



5.1
Patch test
Consider the standard patch test in a domain of dimension
2� 2 as shown in Fig. 5, and a Dirichlet problem with
p � 0 in Eq. (18) (i.e., the Laplace equation). We consider
a problem with the exact solution

u � x1 � x2 �28�
where the potential boundary condition Eq. (19a) is pre-
scribed on all boundaries according to Eq. (28). Satisfac-
tion of the patch test requires that the value of u at any
interior node be given by the same linear function (28);
and that the derivatives of the computed solution be
constant in the patch.

Since the exact solution is a linear function of x1 and x2,
a linear basis for the MLS approximation is able to rep-
resent this solution. Note that the shape functions and
their derivatives from the MLS approximation are no
longer piecewise polynomials, and the numerical integra-
tion scheme will not yield accurate values for the matrices

in the linear system (24). In this example, 9 Gauss points
are used on each section of Cs, and 5� 8 points are used in
the local domain Xs for numerical quadratures.

The nodal arrangements of all patches are shown in Fig.
5. Both Gaussian and spline weight functions are tested.
In all cases, ri � 4 and ri=ci � 4 are used in the compu-
tation. In Fig. 5, the coordinates of node 5 for mesh c1, c2,
c3, c4, c5 and c6 are (1.1, 1.1), (0.1, 0.1), (0.1, 1.8), (1.9,
1.8), (0.9, 0.9) and (0.3, 0.4) respectively.

The computational results show that the present
meshless method based on the LSWF passes all the patch
tests in Fig. 5 for both Gaussian and spline weight func-
tions with the given source function p � 0.

5.2
Laplace equation
The second example solved here is the Laplace equation in
the 2� 2 domain shown in Fig. 5, with the exact solution, a
cubic polynomial, as

u � ÿ�x1�3 ÿ �x2�3 � 3�x1�2x2 � 3x1�x2�2 : �29�
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Fig. 6a,b. Relative errors and convergence rates for the
Dirichlet problem of Laplace equation: a for norm jj � jj0, b for
norm jj � jj1. In this ®gure and thereafter, R is the convergence
rate; and ``LS'', ``LG'', ``QS'' and ``QG'' denote ``Linear Spline'',
``Linear Gaussian'', ``Quadratic Spline'' and ``Quadratic Gaussian''
respectively
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Fig. 7a,b. Relative errors and convergence rates for the mixed
problem of Laplace equation: a for norm jj � jj0, b for norm jj � jj1
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A Dirichlet problem is solved, for which the essential
boundary condition is imposed on all sides, and a mixed
problem, for which the essential boundary condition is
imposed on top and bottom sides and the ¯ux boundary
condition is prescribed on left and right sides of the do-
main. The MLS approximation with both linear and qua-
dratic bases as well as Gaussian and spline weight
functions are employed in the computation. The size of
support for both weight functions are taken to be 5h with h
being the mesh size, and the parameter ci for Gauss weight
function is ri=4.

Regular meshes of 9(3� 3), 36(6� 6) and 64(8� 8)
nodes are used to study the convergence of the method.
Also, 9 Gauss points are used on each section of Cs, and
5� 8 points are used in the local domain Xs for numerical
quadratures. The size (radius) of the local boundary for
each node is chosen as h in the computation.

The convergence with mesh re®nement of the present
method is studied for this problem. The results of relative
errors and convergence for norms jj � jj0 and jj � jj1 are
shown in Fig. 6 for the Dirichlet problem and in Fig. 7 for
the mixed problem, respectively.

It can be seen that the present meshless method based
upon the LSWF method has high rates of convergence for
norms jj � jj0 and jj � jj1 and gives reasonably accurate re-
sults for the unknown variable and its derivatives.

5.3
Poisson's equation
The results from the present meshless LSWF formulation
are also studied for the Poisson's equation with a given
source function p � x1 � x2 in the same 2� 2 domain, for
which the exact solution is taken to be

u � ÿ5
6��x1�3 � �x2�3� � 3�x1�2x2 � 3x1�x2�2 : �30�

The boundary conditions, the size of local boundary, the
parameters ci and ri in the MLS approximation as well as
the nodal arrangement are the same as those used in the
last example. Also, the MLS approximations with both
linear and quadratic bases as well as Gaussian and spline
weight functions are tested in the computation.

The convergence with mesh re®nement of the present
method is studied for this problem. The results of relative
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Fig. 8a,b. Relative errors and convergence rates for the Dirichlet
problem of Poinson's equation: a for norm jj � jj0, b for norm
jj � jj1
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Fig. 9a,b. Relative errors and convergence rates for the mixed
problem of Poinson's equation: a for norm jj � jj0, b for norm
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errors and convergence for the jj � jj0 and jj � jj1 norms are
shown in Fig. 8 for the Dirichlet problem and in Fig. 9 for
the mixed problem, respectively. These ®gures show that
the present meshless method works quite well for the
Poisson's equation.

5.4
Potential flow
Consider the problem of a potential ¯ow around a cylinder
of radius a in an in®nite domain, shown in Fig. 10. u
represents the stream function.

Due to symmetry, here only a part, 0 � x1 � 4 and
0 � x2 � 2, of the upper left quadrant of the ®eld is
modeled as shown in Fig. 10. The exact solution for this
problem is given by

u � x2 1ÿ x1

�x2�2 � �x1 ÿ L�2
" #

: �31�

Fig. 10 shows the prescribed u and ou=on values along all
boundaries. The essential boundary condition on the left
and top edges is imposed according to the exact solution
(31).

The initial mesh of 26 nodes is considered as shown in
Fig. 11(a). Subsequently, the number of nodes is increased
to 47 in Fig. 11(b) and 74 in Fig. 11(c) to study the con-
vergence with mesh re®nement of the present meshless
method.

Both linear and quadratic bases as well as Gaussian and
spline weight functions are considered. We use ci � li and
ri � 4ci in the calculation, where li is de®ned as:

li � 2 max
j2Sj

jjxj ÿ xijj �32�

where Sj is the minimum set of neighboring nodes of xi

which construct a polygon surrounding xi.
The convergence for the Sobolev norms jj � jj0 and jj � jj1

is shown in Fig. 12. The mesh size h in this problem is
de®ned as the average mesh sizes on the bottom edge.

The stream lines from the exact solution and from the
numerical solution of the present meshless formulation
with a linear basis and Gaussian weight functions for the
cases of 26 and 47 nodes are also shown in Fig. 13. It can
be seen that the stream lines are well approximated by the
present method with 47 nodes as compared to the closed
form solution.

From these examples, it can be seen that the quadratic
basis yields somewhat of a better result than the linear basis
while both bases possess high accuracy. Also, the Gauss
weight function works better than the spline weight func-
tion. We should keep in mind that the appropriate param-
eters ci in Eq. (16) need to be determined for all nodes for
the Gauss weight function. The values of these parameters
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Fig. 10. Flow around a cylinder in an in®nite ®eld and the model
with boundary conditions

a 26 nodes

b 47 nodes

c 74 nodes

Fig. 11a±c. Flow around a cylinder: nodal arrangement
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will effect the numerical results considerably. With inap-
propriate ci used in the Gaussian weight function, the re-
sults may become very unsatisfactory. The optimal choice
of these parameters is still an open research topic.

6
Conclusions and discussions
A novel and truly meshless method, based on the presently
proposed local symmetric weak form is developed in the
present paper. As is the case with other meshless methods
based on a global Galerkin method, the present method
also possesses the following advantages over the ®nite el-
ement method.

� The present method is considerably more accurate for
computing the values of the unknown variable and its
derivatives than the ®nite element method.
� No smoothing technique is required to compute the

derivatives, as the original result is smooth enough.
� No element connectivity is needed; and only randomly

distributed nodal points are constructed.

Convergence studies in the numerical examples show that
the present method possesses an excellent rate of con-
vergence for both the unknown variable and its deriva-

tives. Only a simple numerical manipulation is needed for
calculating the derivatives of the unknown function as the
original approximated trial solution is smooth enough to
yield reasonably accurate results for derivatives. The nu-
merical results show that using both linear and quadratic
bases as well as spline and Gaussian weight functions in
the approximation function can give quite accurate nu-
merical results.

Compared with the other meshless techniques, discus-
sed in literature, based on a global Galerkin formulation
(for instance, the EFG method), the present approach is
found to have the following advantages.

� Absolutely no elements are needed in the present for-
mulation, either for interpolation purposes or for inte-
gration purposes, while shadow elements are required in
the EFG method to evaluate volume integrals.
� No special integration scheme is needed to evaluate the

volume and boundary integrals. The integrals in the
present method are evaluated only over regularly-shaped
sub-domains and their boundaries. The local boundary
in general is the surface of a ``unit sphere'' centered at
the node in question. This ¯exibility in choosing the size
and the shape of the local sub-domain will lead to a
more convenient formulation in dealing with the non-
linear problems.

Besides, the current formulation possesses ¯exibility in
adapting the density of the nodal points at any place of the
problem domain such that the resolution and ®delity of
the solution can be improved easily. This is especially
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Fig. 13. The stream lines of the ¯ow problem
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useful in developing intelligent, adaptive algorithms based
on error indicators, for engineering applications.

The present method possesses a tremendous potential
for solving nonlinear problems and/or problems with
discontinuities. Further results in using the current ap-
proach in some solid mechanics problems will be pre-
sented in a series of forthcoming papers.

In view of the local weak form, and the nature of the
trial and test functions, used in this paper, we label the
approach described in this paper for future reference as,
``Meshless Local Petrov-Galerkin (MLPG) method''.
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