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Abstract This report provides a summary of the Elastic-
Plastic Finite Element Alternating Method (EPFEAM), the
T�-integral fracture mechanics parameter, and the use of
both tools to predict the residual strength of aircraft panels
with multiple-site damage. Because this report is meant to
be self-contained and each of the three subjects is a con-
siderable research topic in itself, the report is written in
three parts. Part I, EPFEAM Theory provides a summary
of the elastic-plastic ®nite element alternating method
(EPFEAM) and the algorithms for fracture analysis and
crack growth predictions. Part II, Fracture and the T�-
Integral Parameter provides a complete description of the
T�-integral fracture parameter including a detailed dis-
cussion of the theoretical basis of T� and the practical
aspects of its use for fracture predictions. Finally, Part III,
Computational Predictions of the NIST Multiple Site
Damage Experimental Results provides a series of pre-
dictions of a number of fracture tests performed at the
National Institute of Standards and Technology (NIST).
These predictions are then compared with the experi-
mental data, thus validating the present model for com-
puting the residual strength under wide-spread-fatigue
damage conditions.

The reader that is interested in all the topics can study
all three self-contained parts, while the reader that is only
interested in the practical aspects of fracture predictions
using these methods can read only Part III.

This is the Part II report, Fracture and the T�-Integral
Parameter.

1
Introduction
The economic environment in the United States (and the
global economy for that matter), that has persisted for
more than ten years, is focused on controlling and con-
taining costs. This attitude, which has been prevalent in
industry for years and now is the focus of the US gov-
ernment as well, has led to a concept called life extension.
Life extension refers to the concept of continuing to use
structures long beyond the original intended design life.
As long as the maintenance costs associated with extend-
ing the life of an aging component or process remain lower
than the huge capital expenditures associated with de-
signing and building a new structure, the life extension
philosophy will continue. Examples of industries which are
actively extending the life of processes include the fossil
and nuclear power industries which are attempting to use
plants far beyond their intended design life. Also, the
aerospace industry, both commercial and military, is at-
tempting to use aircraft far beyond their initial design
lives. Indeed, methods to evaluate the structural integrity
so that life extension of the aging commercial airline ¯eet
may continue is the focus of this report.

In order to de®ne the maintenance requirements of an
aging aircraft to ensure its continued structural integrity
and safety, advanced analytical tools for life and residual
strength prediction are necessary. The FAA has been
charged with the development a wide range of tools for
assuring the integrity of aging aircraft. These tools include,
among many others, advanced and accurate non-destruc-
tive inspection methods, and fracture analysis techniques.
The latter is the subject of this report. The FAA Center of
Excellence at Georgia Tech. has been involved with the
development of advanced computational methods to per-
mit the evaluation of structural integrity of aging aircraft
in a rapid, accurate, and ef®cient way. Three major topics
of development are discussed in this report: EPFEAM,
Fracture, and Predictive methods.

This report is written in three parts. Part I, EPFEAM
Theory provides a summary of the elastic-plastic ®nite
element alternating method (EPFEAM) and the algorithms
for fracture analysis and crack growth predictions. Part II,
Fracture and the T�-Integral Parameter provides a com-
plete description of the T�-integral fracture parameter
including a detailed discussion of the theoretical basis of
T� and the practical aspects of its use for fracture pre-
dictions. Finally, Part III, Computational Predictions of
the NIST Multiple Site Damage Experimental Results
provides a series of predictions of a number of fracture
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tests performed at the National Institute of Standards and
Technology (NIST). These predictions are then compared
with the experimental data, thus validating the computa-
tional model.

This report focuses on the Part II topic in this report
series, Fracture and the T�-Integral Parameter.

2
The T*-Integral Parameter
Fracture mechanics methods are now widely used by
nearly all industries to help ensure that structures fabri-
cated from metals do not break prematurely. This success
is due, to a large extent, to the pioneering work of Irwin
who showed that the crack tip ®elds under elastic condi-
tions are governed by the stress intensity factor, K. For
ductile materials an inelastic zone typically develops near
the crack tip which provides more energy absorbtion ca-
pacity compared with elastic bodies. With the knowledge
that this energy absorbtion capability should be exploited
so that structural designs based on elastic fracture me-
chanics methods do not lead to overly large, heavy, and
expensive structures, elastic-plastic fracture mechanics
methods have evolved and are used in many industries
today. This was due to the asymptotic solutions under
elastic-plastic conditions developed by Hutchinson, Rice
and Rosengren (HRR) which reveal that the Eshelby-
Cherepanov-Rice J-integral characterizes this ®eld. For
structures which operate at high temperatures, where time
dependent creep crack growth may occur, the creep ana-
logue of the HRR ®eld, the C�-integral has been used.
Today, the limitations of J-integral and C� type methods,
which require monotonic loading, are limited to simple
constitutive relations, do not permit crack growth, and
cannot account for load history, have led to the quest for
more generally applicable fracture parameters. For the
severe conditions which are increasingly being demanded
of structures (higher temperature performance, higher
loads, lower weight, etc.), a uni®ed fracture mechanics
methodology that is practical enough to be applied to real
structures is needed. Two general types of approaches
have emerged to ®ll this fracture methodology void which
we refer to as Local or Damage Methods, and Integral or
Energetic Methods.1 A brief outline, with example prob-
lems, of the various approaches to predict fracture re-
sponse is provided Brust, Nakagaki, and Gilles (1990).

Local or Damage methods, summarized in the recent
book by Lemaitre and Chaboche (1990), attempt to take
into account the microscopic breaking process such as
void nucleation, microcracking, cavitation, etc., while
staying within the framework of continuum mechanics.
The models range from simple phenomenological ap-
proaches where the necessary parameters are ®t based on
what `works', to complicated micro-based approaches
which require extensive micrographic work to develop the
necessary parameters. While these approaches show

promise, they still must overcome one critical obstacle:
predictions depend on the mesh size chosen. This is be-
cause the damage parameters depend on integrals of stress
and strain type quantities at the material points of con-
cern. Since, at a crack tip these quantities are mesh size
dependent, the accumulated damage, and hence, fracture
predictions, depend on mesh re®nement. Hence, one must
de®ne an element size that is `®t' based on calculations and
this size must be used for all future analyses. Otherwise,
the ®ner the mesh, the more rapid the crack growth is
predicted. For crack nucleation predictions this is not a
problem.

Integral or Energetic methods consist of evaluating an
integral of stress and strain type quantities which en-
compass the growing crack tip. For both elastic-plastic,
creep, or dynamic fracture a resistance curve is developed
by analyzing a laboratory specimen, analogous to classical
J-Tearing procedures. This resistance curve is assumed to
be an intrinsic material property. For high cycle fatigue,
the range of the integral parameter is ®t to a simple
equation, completely analogous to classical fatigue crack
growth analyses that are routinely performed based on DK.
With the emergence of advanced computational methods
for fracture based on inelastic ®nite element alternating
methods, practical fracture analyses based on these inte-
gral parameters are now possible. Hence, the historical
stigma regarding these integral methods that they are `nice
but not practical for real structures' is no longer valid.

The purpose of this paper is not to summarize all po-
tential `uni®ed' methods. Moreover, the purpose is not to
summarize all integral type approaches. Rather, we will
attempt to summarize the theory, practical use of, and
provide example analyses (in that order) for one such
integral parameter, T�. References which summarize many
of the methods will be pointed out in the following text.

3
Theory and physical interpretation of the T*-integral
From the original work by Eshelby (1956), through Che-
repanov (1967) and Rice (1968), to the present day, a large
amount of work has been performed which investigates
integral parameters and their relation to fracture me-
chanics. A historical summary of the various integral pa-
rameters may be found in Atluri (1986), and further
reviews are provided by Kim and Orange (1988) for elastic
plastic fracture, and by Brust, Nakagaki, and Spring®eld
(1989) for high temperature fracture. A summary of the
historical development of the T�-integral has been recently
compiled by Cherepanov (1989).

The de®nition of the T�-integral for arbitrary consti-
tutive relations is:

T� �
Z

Ce

�Wn1 ÿ tiui;1�dC �1�

In Eq. (1), W is the stress work, which must be evaluated
throughout the load and deformation history at each point
(or Gauss points) in the cracked body. Referring to Fig. 1a,
n1 is the x1-component of the unit normal (ni) to the path
Ce at any point, ti is the traction and ui;1 is the derivative of
the i-th component of displacement with respect to the x1

coordinate direction. x1 de®nes the direction of the crack

1 Other `uni®ed' approaches have been suggested such as the
crack tip opening angle (or crack tip opening displacement).
However, since they are geometric parameters, they are not
viewed as general enough to be included here.
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in a local coordinate system while x2 is the direction
perpendicular to the crack for a two dimensional problem.
The de®nition of the path Ce for the stationary crack
(Fig. 1a) or for the growing crack (Fig. 1b) will be dis-
cussed in detail shortly. Usually, for convenience in
practical calculations, Eq. (1) is evaluated along a far ®eld
path Cf combined with a volume integral over the region
between Cf and Ce (i.e., over VÿVe). This is done by ap-
plying the divergence theorem to Eq. (1) and simple al-
gebra (see Atluri (1986) and Brust, Nishioka, Nakagaki,
and Atluri (1985) for instance). The reason this is more
convenient is because of the de®nition of the paths (es-
pecially for growing cracks) as will become clear shortly.
Finally, for three-dimensional problems it is convenient to
evaluate T� using a domain integral approach which is
summarized by Nikishkov and Atluri (1987). For two di-
mensional problems, it is equally advantageous to evaluate
Eq. (1) using a direct approach or using a domain integral
approach. T� also can be de®ned for large deformation/
strain cases as discussed in Atluri (1986) and Brust,
Nishioka, Nakagaki, and Atluri (1985).

The physical interpretation of T� is developed by con-
sideration of the two dimensional case (Fig. 1) and for the
small deformation and small strain case. The following
development is perhaps the most straightforward ap-
proach while alternative interpretations have been pro-
vided elsewhere (see for instance Atluri (1986) or (1982)).
As seen in Fig. 1a a two-dimensional volume of material
with a crack of initial size a0 is shown. This volume of
material is bounded by a ®xed material curve, Cf , and by a
curve, Ce, which encircles the current crack tip and moves
with the crack tip having constant size and shape, with
speed _a. Note that because Ce moves, different material
particles are within the volume VÿVe as a function of time
(Ve is within Ce). Willis (1975) showed, from simple en-
ergy balance considerations, and for arbitrary constitutive

relations (neglecting heat ¯ux and inertial effects and for
Mode I crack growth):Z

Cf

�rij _ui�njdCÿ D

Dt

Z
vÿve

WdV �
Z

Ce

�W _a� rij _ui�njdC:

�2�
The ®rst term on the extreme left-hand side of Eq. (2)

may be interpreted as the rate of energy input to V ÿ Ve,
the second term represents the rate of change of energy
within V ÿ Ve, while the term on the right-hand side
represents the energy ¯ux through Ce. Hence, for crack
growth in the x1 direction one may write for the energy
lost through Ce:

_E �
Z

Ce

� _aWn1 � rij _uinj�dC: �3�

Or, for the energy ¯ux through Ce per unit crack growth,

_E= _a �
Z

Ce

Wn1 � rij _uinj

_a

� �
dC: �4�

If e is taken to be small so as to be within a separable
asymptotic crack ®eld, one may write

_ui � ÿ _aui;1 �5�
Equation (4) may thus be rewritten as

T� � _E= _a �
Z

Ce

�n1W ÿ njrijui;1�dC: �6�

T� thus represents the energy deposited, per unit crack
growth in the x1 direction, to a process zone in the vicinity
of the growing crack tip whose size depends on Ce.

Let us now completely repeat the arguments leading to
Eq. (6), except now Ce is de®ned as in Fig. 1b, and we refer
to it as ~Ce here. As seen in Fig. 1b, ~Ce is circular at the
initial crack size, a0, and extends in a Dugdale fashion as
the crack grows. In this case, the arguments of Eq. (3) to
(6) lead to2:

T� �
_E

_a
�
Z

Ce

�n1W ÿ njrjiui;1�dC: �7�

Hence T� is meant to be calculated along a ``Dugdale'' path
to avoid numerical errors for reasons outlined in the next
section. Further discussion of the need to use a Dugdale
type path de®nition is discussed in the next section. Recall
that the developments leading to Eqs. (6) and (7) are valid
for arbitrary constitutive relations.

Hence we interpret T� evaluated along a Dugdale path
as the energy ¯ow into a ®nite-sized process zone near the
current crack tip. ~Ce must be ®nite sized. Hence T� is a
function of e. Implications of this e dependence of T� will
be discussed shortly.

Fig. 1a,b. Integral path geometry: a Circular path b Dugdale path

2This is written as approximate since Eq. (7) does not apply
entirely along ~Ce behind the growing crack. However, the con-
tribution to T� from this portion of ~Ce is small as can be seen by
referring to Eq. (7) and observing the values of the individual
components of T� along the ¯at portion of the path. This was also
veri®ed numerically by Brust, Nakagaki, and Spring®eld (1989).
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4
Practical numerical evaluation of the T�-integral
Figure 2 is a blowup of a ®nite element mesh where a crack
is propagating. The crack growth direction is a symmetry
plane, hence only half the mesh is present for this two
dimensional problem. In Fig. 2a, a rectangular path, Ce, is
de®ned, which is of size 3h parallel to, and perpendicular
to, the current crack location. Note that in practice the
path de®nitions are usually square rather than circular.
After loading and permitting elastic-plastic and/or creep
straining, but before crack growth, we may calculate the
T�-integral as the line integral:

T� �
Z

Ce�3h

�Wn1 ÿ tiui;1�dC: �8�

After the crack grows (Fig. 2b), one may also evaluate T�
along the stretched ``Dugdale'' path, ~Ce�3h, where e � 3h
for a growing crack is understood as the distance in front
of and perpendicular to the current crack tip, also using
Eq. 8. Note that if we evaluate the integral along the dash
path (Ce, Fig. 2b, which is analogous to the moving path of
Figs. 1a and 2a), we obtain signi®cant errors in the cal-
culated values of all the integrals. The source of these
numerical errors is discussed in the next paragraph.

There is an important practical reason for requiring T�
to be evaluated on a Dugdale-type path such as in Figs. 1b
or 2b. Consider crack growth to be modeled by a node
release technique in a ®nite element model (Fig. 2). If we
consider a dashed path in Fig. 2b (i.e., the square path that
moves with the crack tip with the center at the current
crack tip) through the ®nite element mesh at the current
crack tip, a0 � Da � a, then two elements model the
complete angular variation of the crack tip ®elds from 0 to
p at the crack tip, with the coordinate system as in Fig. 1a
or 1b. It is clear that this mesh discretization is grossly
inadequate and that the calculated stresses, strains, etc., in
the growing wake region are incorrect. If one attempts to
evaluate T� along a square path which passes through
these crack wake elements, large errors are introduced into

T� (i.e., in effect, T� cannot be calculated accurately).
Moreover, if one uses a moving crack tip mesh to model
crack growth, the errors associated with mesh shifting and
remeshing lead to similar errors if Ce is circular or square
(see Brust, Nishioka, Nakagaki and Atluri (1985)). Kosty-
lev and Margolin (1993) in their studies of the use of T� to
characterize elastic-plastic crack growth found no need for
the use of a `Dugdale' type path. They found that using the
moving square path of Fig. 2 gave good results. Our ex-
perience does not indicate that this is possible unless the
inelastic zone at the growing crack tip is very small. It
should be noted that the above comments are equally
applicable with the EPFEAM method.

In actual numerical calculations, it is more convenient
to evaluate the integrals as follows. We may write (using
the divergence theorem and equilibrium considerations):

T�je � 0 � lim
e!0

Z
Ce�0

�Wn1 ÿ tiui;1�dC �9�

T�je�0 �
Z

Cf

�Wn1 ÿ tiui;1�dC�
Z

Vf

�W;1 ÿ �rijeij;1��dV

�10�
where Cf is a path which encircles the crack far from the
crack tip, and Vf is the volume within Cf . The numerical
value for Eq. 9 may be zero for elastic-perfectly-plastic rate
independent materials, but is non-zero for elastic, hard-
ening plastic, and high strain rate viscoplastic materials.
Note that T�je�0 of Eq. 10 is path independent for any Cf .
This path independence is irrelevant, except as a check on
mesh size re®nement. We have found that lack of path
independence when T�je�0 is evaluated along many paths,
Cf and using Eq. 10 are a clear indication to improve the
mesh re®nement and reanalyze the problem.
Then, to evaluate the integral for a given e :

T�je�3h �
Z

Cf

�Wn1
ÿ tiui;1�dC

ÿ
Z

VfÿVe�3h

�W;1 ÿ �rijeij;1��dV:

�11�

Thus, it is convenient to evaluate all of the integrals using
Eq. 11 (or a similar form for other integrals) and then
subtract out the Ve term for each path size, e, of interest.
Since it is simple to store the Ve value in each element, one
only needs to know the current crack tip location, and the
e values to evaluate the integrals. In practice, we have
found that a buffer zone of at least two elements (for 8-
node isoparametric elements) is often required. This
means that, in Fig. 2, e � 2h. Smaller values can result in
inaccuracies. However, some recent applications using the
elastic plastic ®nite element alternating method have en-
abled only one large element to be used along the crack
growth direction. Also, e should be large enough to be
beyond the process or large strain zone.

We generally evaluate the integrals for ®ve or six values
of e, the minimum e being de®ned as the length of two
elements. Since the numerical value of the integrals de-
pends on e, we thus have ®ve or six different resistance
curves which can be used as the fracture resistance curve
for another history dependent analysis prediction. In

Fig. 2a,b. Integral de®nitions of paths: a Initial Crack b After
crack growth

373



principle, each resistance curve should be able to charac-
terize fracture as long as e is not too large. For large e, the
energy lost through ~Ce becomes divorced from the crack
tip dissipation energy and, thus, will not characterize
history-dependent fracture. For a stationary crack, the
energetic interpretation of these integrals is not appro-
priate.

The philosophy of characterizing an elastic-plastic or
creep crack growth process via the T�-integral parameter
may be described as follows. A material resistance curve is
developed by performing an experiment on a laboratory
fracture specimen. This analysis phase has been termed
`generation phase' analysis by Kanninen (1978) and Kan-
ninen and Popelar (1986) since the purpose is to generate
the resistance curve. The experiment is then modeled via
the ®nite element method where the T�-integral is calcu-
lated along several small ®nite-sized paths. This numerical
experiment then produces the material resistance curve(s),
which depend on the path size de®nitions, e. In principle,
any of these path size de®nitions may be used as long as e
is not too small so that numerical errors occur or too large
so that the energy dissipated is divorced from crack tip
events. The behavior of other arbitrarily loaded and
cracked structures can then be predicted by modeling the
time history of loading and using this generated resistance
curve (as de®ned by e) as a crack growth criterion. The
resistance curve is assumed to be an intrinsic material
property. The time history of crack initiation and growth
may thus be predicted. The analogy to elastic-plastic
fracture mechanics based upon the J-integral may be
made.

Also, for engineering predictions, the methods may be
used as an empirical parameter-rate type of approach by
relating _a or da/dN to the rates or changes in the pa-
rameter. This has been done, as will be summarized in the
next section.

5
Example Applications of the T�-integral
This section reviews some of the work performed to date
which uses T�-integral methodology to predict crack
growth and fracture of cracked specimens and service
structures. In the following, we are only concerned with
studies which illustrate the use of the method and provide
validation. The validation of this method can only be
achieved by comparing predictions with experimental re-
sults. We ®rst review the literature to summarize the work
that has been performed which validates the T�-integral
methodology. Next, several detailed examples, taken from
this literature, are provided which illustrate the perfor-
mance of the method. It should be noted that the Part III
report in this series provides a number of new predictions
of residual strength for the multi-site-damage problem.
The examples shown in the following section consider
history dependent elastic-plastic fracture, creep fracture,
and some earlier predictions of MSD using EPFEAM.

The ®rst practical validation of the T� technique was
shown by Brust, Nishioka, Nakagaki, and Atluri (1985) and
Brust, McGowan, and Atluri (1986a). This work considered
elastic-plastic stable crack growth as well as the effect of
unloading on the stable crack growth process and clearly

showed that T� could capture the history dependent crack
growth processes while the classical parameters (the J-in-
tegral and the crack tip opening angle) could not. An ex-
ample of this work will be shown later. Brust and Atluri
(1986b) also considered and validated that creep crack
growth could be modeled using T�, although veri®cation
was not provided.

It is interesting to point out that, after this original
validation work, there was about a ®ve-year lag before
more studies were made. The main reasons for this delay
in further veri®cation work were twofold:

� The T�-integral methodology received criticism in sev-
eral early papers after the original publications showing
its practical utility. As was shown earlier and will be
illustrated in some of the examples to be presented la-
ter, this criticism was unfounded. However, as is usually
the case, it takes some time for a new technique in any
®eld to receive widespread acceptance.

� The issue of how practical the method is for analyzing
service structures was an important issue early on since
computational methods were required. The method was
considered nice theory, but was not practical since
complex and detailed ®nite element analyses were re-
quired to apply it. However, as will be seen in one of the
examples to be discussed later, the development of the
Nonlinear Finite Element Alternating Method
(NLFEAM), which is an advanced and computationally
extremely ef®cient fracture analysis methodology which
has emerged recently, renders the T� methodology
practical for modeling service structures.

Since 1992, however, a number of publications which
verify the predictive ability of the T�-integral methodolo-
gies have appeared. Kim et al. (1992) showed that DT�
could characterize the complex creep-fatigue crack growth
process under the severe service conditions experienced in
the space shuttle main engine environment. Other classical
fracture parameters produced poor results compared with
the extensive experimental data that was compiled in this
program. Also Liu, Han, and Yan (1992) showed that T�
can characterize large scale creep crack growth while
classical creep parameters again failed to perform. In 1993,
Kostylev and Margolin (1993), in the context of elastic-
plastic crack growth, illustrated the ability of T� to char-
acterize quasi-static and dynamic crack response. From
1992 to the present, Brust and co-workers (1994±1995)
have shown that the T�-integral can characterize the high
temperature history dependent crack growth response of
several steel alloys used in fossil fueled energy production
facilities. An example of this work is presented later. Ex-
perimental methods to evaluate the T�-integral have also
been recently developed (see Okada, Suzuki, Ma, Lam,
Pyo, and Atluri (1995)). Finally, since 1994 Atluri and co-
workers (1994-1995) have veri®ed that T� can characterize
the multi-site damage induced by multiple cracks in an
aircraft fuselage. This work introduced the Elastic Plastic
Finite Element Alternating Methodology (EPFEAM) which
is a great advancement to nonlinear computational frac-
ture mechanics analysis procedures since it permits sim-
ple, fast, and cheap analyses to be performed using the T�
theory. An example from this work is illustrated also.
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5.1
Example 1 ± Elastic-plastic stable crack growth
This example is taken from the ®rst veri®cation study
(Brust, Nishioka, Nakagaki, and Atluri (1985) and Brust,
McGowan, and Atluri (1986)), and illustrates several im-
portant features of T�. Consider an A533B steel which is
made into a number of compact tension specimens and
tested. These specimens were analyzed using elastic plastic
®nite element analysis from the beginning of the test,
through crack initiation and growth, through failure. Since
these were displacement control tests, the analysis input
consists of the load point displacement versus crack
growth record and the predictions consist of the loads, the
T�-integral, and other fracture parameters. Figure 3 illus-
trates the behavior of T� throughout one of the tests. This
analysis was performed using four different mesh re®ne-
ments with near crack tip mesh size (h from Fig. 2; here
h � Da, the crack growth step size) de®nitions. Fig. 3,
which is the T� resistance curve for this material for
e � 0:6 mm (see Fig. 2), shows that T� is mesh size inde-
pendent. Note that the solution using the Da � 0:6 mm
mesh re®nement is very coarse, and violates the rule of
thumb discussed in the previous section requiring a buffer
zone of two elements for the path de®nition, but still does

not deviate much from the converged solutions repre-
sented by the Da � 0:1; 0:15 mm solutions in Fig. 3. Also
observe from Fig. 3 that T� rises up and reaches a satu-
ration value at steady state. This is a typical feature of the
T� resistance curve, and also is observed under creep crack
growth conditions.

Finally, an example illustrating the importance of con-
sidering history dependence is presented (Brust,
McGowan, and Atluri (1986). An ASTM A508 steel com-
pact tension specimen was loaded beyond crack initiation,
then completely unloaded and reloaded. The response of
this specimen was predicted using three different resis-
tance curves based on J, CTOA, and T�. The resistance
curves were developed from a generation phase analysis of
another A508 compact specimen which was not unloaded.
The J-resistance curve rises continuously, the CTOA re-
sistance curve starts with a high value and lowers to a
constant value, while the T� resistance curve is of the form
of Fig. 3, except numerically different since the material is
different. The unload/reload specimen was analyzed three
different times in an application phase prediction to ob-
serve which resistance curve can capture the history de-
pendent damage caused by the unload/reload cycle. The
predictions are compared with experimental results in Fig.
4. Figure 4 shows that the crack growth reinitiation after
the unload/reload cycle was accurately predicted using the
T� methodology since the history of crack growth and
unloading is accounted for with T�. The analyses based on
J or CTOA yielded nonconservative predictions. While this
is a simple example, it was the ®rst which clearly illus-
trated the advantages of T� compared with the other
currently accepted fracture parameters. It should be
mentioned that J and CTOA are still widely used in many
industries to predict elastic-plastic crack growth. It is time
that T� methodology begins to work its way into the ap-
plications' arena.

5.2
Example 2 ± Aircraft fuselage multi-site damage predictions
The example summarized above represented the ®rst de-
velopment of a practical application procedure and veri-

Fig. 3. T� resistance curves for different near-®eld mesh
re®nement

Fig. 4. Experimental and analytical load
versus crack-growth curves for A508 steel

375



®cation of the T�-integral methodology. As discussed
previously, after this work was completed about ten years
ago, there was a lull period of about ®ve years before more
veri®cation work was performed. At present though, a
large amount of work is being performed which is further
verifying the ability of T� to characterize practical fracture
problems where conventional parameters cannot perform.
This ongoing work deals with high temperature creep
fracture (Brust and co-workers (1994±1995)) and elastic-
plastic fracture (Atluri and Co-workers (1994±1995)). The
example discussed in this subsection illustrates one case of
this veri®cation work for elastic-plastic fracture and re-
sidual strength for a large crack which approaches several
smaller cracks, while the example in the next subsection
illustrates the performance of T� for severe history de-
pendent creep crack growth. The work in this section
represents earlier EPFEAM work using T� to predict re-
sidual strength. The work presented in the Part III report
uses the new EPFEAM developments to predict residual
strength under MSD conditions. Since this is ongoing
work, we expect a number of additional papers detailing
this in the near future.

The ®nite element alternating method (FEAM) has seen
extensive development and application for both two and
three dimensional single and multiple elastic crack prob-
lems in recent years (see Nishioka and Atluri (1983), At-
luri, Harris, Hoggard, Miller, and Sampath (1992) and
Atluri, Sampath, and Tong (1991) for some examples). It
can now be said that FEAM represents the state of the art
practical fracture mechanics analysis methodology since
the mesh does not have to be modi®ed to directly account
for the crack. The use of the method results in greatly
reduced man hour and computational requirements. The
method was extended to permit elastic-plastic crack
growth analyses. The original Elastic Plastic FEAM tech-
nique is summarized by Pyo, Okada, and Atluri (1994a,
1994b), Shenoy, Potyondy, and Atluri (1994), and Singh,
Park, and Atluri (1994). The new improvements to
EPFEAM are discussed in the Part I portion of this report
series. The EPFEAM uses the initial stiffness technique in
conjunction with the radial return plasticity algorithm and
the elastic FEAM method to iterate to a solution. The
method was used to perform the analyses of multisite
damage and to evaluate the effectiveness of the T�
approach.

Multi-site damage is a potential problem in certain
models of aging commercial and military aircraft. The
problem consists of a major crack with adjacent smaller
cracks as illustrated at the top of Figure 5. The analysis
results summarized here are for a ¯at panel rather than a
curved fuselage. The test methodology and results are
summarized in Broek (1993). As illustrated in Fig. 5, six of
the tests were analyzed; three had single cracks of different
size (Tests P1 to P3), two (tests P4, P5) had major cracks
different size with one adjacent smaller crack at each crack
tip (the smaller cracks were of the same size as seen in
Fig. 5), while test P6 had a major crack with two adjacent
equal size cracks at each tip.

Only one coarse mesh was developed and used for each
analysis. This is, of course, one of the major advantages of
the EPFEAM method. The stress-strain relationship was

modeled using a Ramberg-Osgood approximation of the
properties of 2024-T3 aluminum alloy. The T�-Resistance
curve was developed by performing a generation phase
analysis on specimen P1 which was one of the single crack
cases. The T�-Resistance curve, which is provided by Pyo,
Okada, and Atluri (1994), had the characteristic initiation
value and increase to a saturation value of the type illus-
trated in Fig. 3. This curve was then used as the resistance
curve for all other ®ve tests in application phase analyses.

The predicted maximum loads for cases P2 and P3 (see
Pyo, Okada, and Atluri (1994)) compared very well with
the experimental data. The results for cases P4 and P5,
which had one MSD crack at each tip, are illustrated in
Figs. 6 and 7. It is seen that the predictions compare well
with the test results for both cases. Again, these predic-
tions are made using only the T�-Resistance curve as the
fracture criterion. Finally, the predicted results for the two
MSD cracks adjacent to the main crack (Fig. 8) slightly
over predict the experimental data but are also considered
to be quite good.

Again, it is illustrated that T� methodology provides
good predictions for the case of MSD cracks. Many other
comparisons of predictions using T� theory are made for
other multiple crack problems in the cited references and
will appear in pending publications.

5.3
Example 3 ± History dependent creep crack growth
Here we show an example of the behavior of a compact-
tension specimen made of a 9 Cr-1Mo steel which is
subjected to a high-temperature (528 °C) load spectrum

Fig. 5. Crack con®gurations of ¯at panels analyzed
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consisting of a load and hold for twenty-four hours, un-
load to zero load and hold for ®ve minutes, reload and
hold for twenty-four hours, etc. The test lasted for about
thirty days before failure. The ®ve-minute hold time was
enough time for signi®cant displacement recovery to occur
along with a signi®cant compressive zone to develop at the
crack tip. The alternating tension-compression-tension
conditions experienced near the crack tip are known to
cause extensive creep damage near the crack tip (see
Krishnaswamy, Brust, and Ghadiali (1995), Brust and
Majumdar (1994), Brust (1995a, 1995b)). Crack growth
began on about the eighth day. The Murakami-Ohno
constitutive law (see the cited References), which can ac-
count for the cyclic creep constitutive response, was used.
The load versus crack growth record was input to the ®nite
element analysis. The applied maximum load was 23.353
KN and plane stress was assumed.

The predicted and experimental displacements
throughout the entire 700 hours considered here are
shown in Fig. 9. The analysis used the Murakami-Ohno
constitutive law. Predictions using other constitutive laws
typically used for creep analyses (i.e., the Norton or strain-
hardening creep law) produce results signi®cantly lower
than these. The upper curve represents the experimental
and predicted displacements at the end of the hold period,
just before unloading, while the lower data points repre-
sent the displacements at the end of the hold period, just
before unloading, while the lower data points represent the

Fig. 6. Comparison between the results of tests and EPFEAM
for P4

Fig. 7. Comparison between the results of tests and EPFEAM
for P5

Fig. 8. Comparison between the results of tests and EPFEAM
for P6

Fig. 9a,b. Comparison of displacements for 9 Cr-Mo test: a
Maximum displacements at the end of the reload-hold times.
b Minimum displacements at the end of the unload-hold times
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displacements at the end of the unload hold period. The
comparison is reasonable except beyond about 630 hours,
where the predicted results begin to become large. The
experiment began to experience unstable behavior at times
greater than 700 hours.

The dif®culty with using classical creep crack growth
predictive methods for these creep-fatigue problems is that
these methods cannot account for the alternating tensile
and compressive creep damage which develops at the
moving crack tip. Even though the specimen is only un-
loaded to zero load, a large compressive creep zone ema-
nates from the crack tip as illustrated in Fig. 10. Figure 10
illustrates the compressive stress zone that develops at the
end of the unload hold periods at three different times
during this test. (These are analysis results). The classical
(C�;Ct; etc.), which are based on asymptotic solutions
using simplistic constitutive relations, cannot account for
cyclic creep conditions.

The T�-integral was calculated throughout this entire
test. A plot of T� versus time is illustrated in Fig. 11. T�
was evaluated on three different path sizes (R � e here).
Recall that unloading occurs at twenty four-hour incre-
ments throughout this analysis Each time an unload/re-
load occurred, T� remained at its' saturation value until
after 600 Hours. After 600 Hours, T� rises, i.e., failure is
predicted. Note that T� achieving a constant value
throughout the majority of the test shows that it is a valid
parameter since, during stable crack growth, only a given

amount of energy may be deposited at the growing crack
tip. The rising T� after 600 Hours indicates that the crack
was modeled as growing too slowly (recall that the input is
experimental crack growth versus time). What this means
is that, in an application phase analysis, after 600 Hours,
T� would predict more rapid crack growth than that ob-
served experimentally, i.e., T� would predict earlier failure
that the experimental times.

As indicated in Fig. 11, crack growth begins at 192
hours, after the eighth unloading. Also note that the T�
integral attains a nearly constant value (close to the nu-
cleation value) throughout the entire crack growth and
time history (between 100 and 130 KJ/m2, as indicated by
the lines in Fig. 11). This suggests that a constant value of
T� will characterize crack growth under creep fatigue
conditions. After about 628 hours the curves become un-
stable, suggesting that unstable creep failure is predicted.

The nearly constant values for T� during crack growth
suggests that this parameter may be used as a creep frac-
ture parameter for cyclic creep. The fact that T� is not
perfectly uniform is due to three-dimensional crack-
growth effects and the plane-stress assumption. However,
these integrals may be used to predict crack initiation as
well as growth by using the value at initiation throughout
the history. Many more details are illustrated in the cited
publications and will appear soon.

6
Conclusions
This paper provided a review of the T�-integral method-
ology and the works that have been performed in recent
years which are attempting to validate its performance in
predicting the fracture response of cracked structures
which experience severe conditions. T� is valid under
simple load conditions as well (T� equals J for instance for
monotonic loading, stationary crack plasticity), and thus
should be viewed as a general parameter. The physical
basis of T� as an energetic parameter as well as practical
ways to evaluate the method was reviewed here. Several
example problems illustrating the practical use of the
method were summarized.

The T�-integral methodology discussed in this Part II of
this report series will be used exclusively in Part III,

Fig. 10a-c. Compressive stress zones after unloading and holding
for 0.1 hours

Fig. 11. T�-integral versus time for several de®nitions of path size
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Application Predictions of the NIST Multiple Site Damage
Experiments.
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