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The question of ‘generalization’ to finite strains of the constitutive relations of infinitesimal strain 
theory of elasticity, and classical elasto-plasticity with isotropic and kinematic hardening, is critically 
examined. Simple generalizations, which lead to physically plausible material behaviour, are presented. 

The current controversies surrounding (i) the choice of stress-rate in the above generalization and 
(ii) the ‘anomaly’ of oscillatory stresses in kinematic hardening plasticity, as discussed by E.H. Lee and 
others, are analyzed. It is found that these ‘controversies’ are easily resolvable. 

0. Int~uction 

Nagtegaal and de Jong [I.] presented in 1981 some interesting results for stresses generated 
by simple finite shear of elastic-plastic and rigid-plastic materials which exhibit anisotropic 
hardening. In the equation for the rate of change of the shift tensor (Y (the current center of 
the yield surface), they used the Zaremba-Jaumann-No11 rigid body rate of (Y. They found the 
rather spurious result that the shear stress is oscillatory in time. 

The above ‘anomaly’ has prompted a series of investigations by Lee and his associates [2,3]. 
As a ‘remedy’, Lee et al. [2,3] suggest the use of a ‘modified’ Jaumann derivative of ar in the 
evolution equation for a. While the use of such a modified derivative in the specific problem 
of simple shear has been illustrated [Z], its generalization to the three-dimensional non- 
homogeneous case is not yet fully developed. It has been suggested [2] that “a complete 
investigation of the micro-mechanics and the structures of possible macroscopic. constitutive 
relations will no doubt be needed to fully understand this phenomenon and to generate a fully 
tested theory”. 

It turns out that the anomalies as described above are not peculiar to anisotropic plasticity 
alone; similar behaviour in finite shear may result even in the case of hypo-elasticity and 
classical isotropic hardening plasticity theory. 

Thus, we go back to the central problem of ‘generalizing’ to the finite strain case, of the 
constitutive relations of infinitesimal strain theories of classical plasticity with isotropic or 
kinematic hardening. We discuss the problem of hypo-elasticity as well, 
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We show that the current controversies surrounding the choice of stress rate in the 
finite-strain generalizations of the constitutive relations and the anomalies surrounding kine- 
matic hardening plasticity theory are easily resolvable. 

The contents of the paper in the order of their appearance are: (i) preliminaries concerning 
various ‘objective’ stress-rates; (ii) some anomalies that may arise even in elasticity due to 
‘simple generalizations’ of constitutive relations of infinitesimal strain to finite strain, and (iii) 
‘proper generalizations’ which lead to physically ‘plausible’ material behaviour in the case of 
(iv) hypo-elasticity, (v) classical elasto-plasticity with isotropic hardening, and (vi) classical 
elasto-plasticity with kinematic hardening. 

~0~~~~0~: Let a be a vector and A a tensor, then 

(I = C&g’, A = A,g'g', A * a = Aga'g' , 
A -B = AT;Bnkgmgk, A : B = A!B, , 
A’ = A - &(A : I)1 = deviatoric part of tensor A , 

1. Preliminaries 

Let P be a point, with a position vector R, in the undeformed body B. Let p be the map of 
P in the deformed configuration 6, and let the position vector of p be r. In general R and r 
may be measured in arbitrary coordinate frames. Let 

dR = GJ d,$-’ (1.1) 

where 5” are arbitrary curvilinear coordinates in B. Then let 

(l-2) 

where qi are another set of curvilinear coordinates in b, while 5’ in b are the ‘convected’ or 
‘intrinsic’ coordinates. For instance, 5” in B as well as q’ in b can both be Cartesian, while 5’ 
in b will in general be curvilinear. 

Now, the true or Cauchy stress at p in b, denoted here by 7, can be represented as: 

T = rmngmgn = TMnN*gMgN U.3) 

where the superscripts (M*N*) identify the components of r in the convected basis gM at p, as 
opposed to GM at P. 

Likewise, the Kirchhoff stress tensor denoted here as (r, can be represented as: 

where J is the determinant of the deformation gradient F. 
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Let v be the instantaneous (at time t) velocity of the material particle at p. Let 

v = v”g, = V"‘gM. (1.5) 

Let the velocity gradient e be defined as 

e = v,l,g”g” = z&g.fgM (1.6) 

where ( )in and ( ); M. denote covariant derivatives w.r.t rj” and {“, respectively, using the 
metric at p. We use the decomposition 

e=E+w (l-7) 

where E is the strain-rate and w the spin. 
It can be shown (41 that the time rates of change of bases gM, gN, g,, g” are: 

where I’kj are the Christoffel symbols for spatial coordinates 7’ at p. If the time rate of change 
of convecting bases due to a rigid spin of magnitude o is identified as (dldt), it can be shown 
[4] that 

3ko.gM ;Ig” 
dt 9 dt= o.gN, (1.10) 

Further, it is easy [4] to verify that 

-$&& = 0 _ (l.lla,b) 

We now consider the time rate of change of T for a fixed material particle identified by 5”. 
Thus we define, from (1.3) and (1.9), the material derivative of I as: 

dr DT DT~” 
dt fJ=Dt 

(1.12) 

It can be verified that all the four types of derivatives, D+r”“/Dt, Dr,,,/Dt, . . . , DrZ./Dt form thk 
components of one and the same tensor (DT/D~). 

Suppose that (drMeN l /dt) is the rate of change of the stress components relative to the bases 
&., that spin rigidly with the material element at the rate ,w. Then due to (IJIb), it is seen [4] 
that all the four types of components, (dr&*N*/dt), (dr?*/dt), . . . , ($r$:/df) form the 
components of one and the same tensor, denoted here as (dr/dt). It can be shown [4] from 
(1.3) and (1.10) that 
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& Dr 
dt=Dt+TW-Wr (1.13) 

which can be labeled [4] as the Zaremba-Jaumann-No11 rigid body derivative. Let the 
quantities’ 

DITM*N* D2 TM*N* D3~fM;; 
Dt ’ 

D4& 
Dt ’ Dt ’ Dt (1.14) 

identify, respectively, the time rates of change of T~*~*, Tabs., r?i:, and ~$5: relative to the 

c~~uec~j~g bases gM. Because of (l.lla), each of the above derivatives form the components of 
a distinctly differing tensor, D’r/Dt, i = 1, . . . ,4, as follows: 

DIT D+M*N* 

-ZZ D27 D’7M.N * 
Dt Dt gMgN. Dt= Dt g”g”> 

D3r D37M;; 
-= Dr gMgN. 

D4r 
Dt 

D47;MN.T 
-= Dt g”gN. Dt 

(1.1s) 

Through the use of (1.8) in (1.3). it can be shown [5) that 

D’r DT __=__-~.~--_*‘e’, 
Dt Dt 

D27 DT -=-+et*7+7*e, 
Dt Dt 

(1.16) 

(1.17) 

D3r Dr 
-=--e*r-tr*e, 
Dt Dt 

D47 Dr ---=Dt+e’*r-r*el. 
Dt 

(1.18) 

(1.19) 

Equation (1.16) can be identified as the ‘Truesdell’ [6] or ‘Oldroyd’ f7] rate of r; (1.17) as the 
‘Cotter-Rivlin’ [8] rate of 7, while (1.18) and (1.19) as the ‘mixed-hybrid’ (?!) rates of r. 

Likewise, considering the instantaneous rate of IT as referred to the current configuration, it 
is easy to show [5] that 

(1.20) 

(1.21) 

‘The superscripts 1. . . . ,4 are used simply as a convenient way of distinguishing the rates of the different typea 
of components of 7. 
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and 

+g++I), i=1,...,4. (1.22) 

It is important to note: (i) E is symmetric, (ii) o is skew-symmetric, (iii) the eigen-directions 
of E and T are in general different, (iv) the material derivative Dr/Dt is a symmetric tensor, (v) 
the Zaremba-Jaumann-No11 derivatives dr/dt and da/dt are symmetric, (vi) the derivatives 
D’+Dt and Do/D& i = 1,2 are symmetric, while (vii) D%/Dt and Dw/Dt, i = 3,4 are 
u~sy~~et~c. 

The stress-rates in (1.13), (1.16)-(1.19) and (1.21) (1.22) are objective, while the material 
derivative D7/Dt is not, in the following sense. Suppose we introduce a second observer whose 
reference frame rotates w.r.t that of the first with a time-dependent rigid rotation Q. Let the 
quantities as seen by the second observer be identified by a superposed bar. Then it is seen 
[S, 9] that 

E=QwQ’, s=Q-r*Q’, (1.23a,b) 

G.i=Q-w*Q’+&Q’, 8= Q-e-Q’+ @Qt. (1.24a,b) 

Tensors that transform as in (1.23a,b) under observer transformations are denoted here as 
being objective. Using (1.23) and (1.24), it is verified that since, 

the material rate is not an objective rate, while the rates in (1.13), (1.16)-(1.19), (1.21) and 
(1.22) are all objective. 

It can be seen that since the change of w under observer transformation is of the type 
(1.24a), the rigid-body rate dr/dt is objective. This has recently prompted Dienes [lo] to derive 
a stress-rate that is objective but whose physical meaning is somewhat obscure, Here we 
present an alternate derivation of the stress-rate of Dienes [lo], denoted here as D57/Dt. 

The deformation gradient F at the current time (as referred to the time t = 0) is considered 
to have the polar-decomposition, 

F=R-U, u*= (PF), R*R’=I (1.25a,b,c) 

where R is a rigid-rotation and U is a pure-stretch. Under the above mentioned observer 
transformations, F, R, and U transform as 

p= Q-F, R=Q*R, a=u. 
From (1.25a) we have 

(1.26) 

(1.27) 

Since the velocity gradient e = $ - F-’ [4], we have, using (1.25a) and (1.27) 
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Note that since d(R . R’)fdt = 0, R *It’ is a skew-symmetric tensor. Designating 

and subtracting (1.28) from (1.29) we have 

(1.28) 

(1.29) 

(1.30) 

(1.31) 

which, under an observer transformation, becomes 

Upon using (1.24a) and rearranging terms, we see 

Thus, under observer transformation, a behaves the same as w. Thus it may be seen, as noted 
by Lee et al. [2], that the stress-rate as defined by Dienes [lo], namely, 

(1.34) 

is objective and symmetric. Note, however, that as opposed to the currerzt quantities o and E 
which enter (d/dt) and D’/Dt (i = 1,. . . ,4), the total rotation R as obtained from the 
polar-decomposition of the current deformation gradient R, enters the rate (D57/Dt). 

It is noted that while the above ‘objective’ rates may be used in postulating constitutive 
relations, the boundary value rate problem may be stated in other stress-rates (see [ll] for 
details). 

2. Some anomalies of simple generalizations of ~onstitutive relations of infinit~im~l strain to 
finite strain 

Consider the theory of infinitesimal strain, wherein the strain tensor is y. For isotropic linear 
elastic solids, the relation between the strain y and the stress u may be expressed as 

(2.1) 

where p and h are Lame constants. 
The trend, see however 219,201, in recent ‘co~~~ta~o~a~ mechanics’ has been to ‘generalize’ 

the above relation to finite strains by replacing 0 by an objective stress-rate, denoted in general by 
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ci”, and y by the strain-rate E. Thus let 

ri” = 2jLLE + hI(& :I) (2.2) 

where ci” has most often been taken to be the Zaremba-Jaumann-No11 rate daldt, or dr/dt of 
(1.21) and (1.13), respectively. 

We shall examine, in the following, the consequences of such simple generalizations when 
C;’ is taken alternatively to be any one of the several choices presented in the previous section, 
cf. (1.13) (1.16)-(1.19), (1.21) (1.22) or (1.34). 

In doing so, we shall consider the example of finite shear described in Fig. 1. Here the 
velocities are specified to be 

v1= 2wx2, v2 = 03 = 0 , (2.3) 

Fig. 1. Simple shear in the XI direction. 

Hence e, E, and w are such that 

e12 = 20, all other components of e being zero, (2.4a) 

&12= E21= 0, all other components of E being zero, (2.4b) 

WI2 = -w21= w, all other components of w being zero. (2.4~) 

Note that in the present finite shear case, (E :I) = &I(K = 0, hence the Cauchy and Kirchhoff 
stresses are equivalent to each other. Hence, we may write (2.2) as 

i”=2jLLE. (2.5) 

Case (i): i” = dT/dt (cf. (1.13)). Thus, 

i.e., 

dT/dt = 2~~5, (2.6) 

(2.7) 
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DT,~ _ -_ 
Dt 2@7*2, I>r,,= -20T 

Dt 
12 Y 

DT12 
- = 2/_&w - 2tiN,, . 
Dt 

(2.8a,b) 

(2.9) 

We take the initial conditions of the problem to be such that T(t = 0) = 0. The solution of (2.8) 
and (2.9) for these initial conditions is 

7 11 = -722 = p[l - cos(2ut)f , (2.10) 

712 = j.6 sin(2~t). (2.11) 

That the shear stress oscillates with time is physically unacceptable for any real material. 
Case (ii). io= D’T/Dt (cf. (1.16)). 

(2.12) 

Here the solution can easily be shown to be 

711 = 4/-+It)2, 722 = 0 1 (2.13) 

712 = &.A (id) . (2.14) 

This appears to be ‘plausible’. 
Cuse (iii): i” = D*r/Dt (cf. (1.17)). 

Here the solution can be shown to be 

7 11=(), 722 = -4fr (tot)’ , 

712 = 2/A (Cd) . 

This also appears to be ‘plausible’. 
Case (iv): io= D3r/Dt (cf. (1.18)). 

Here the solution is 

T,, = /A [l - co@Jlt)] , 722 = 0 . 

~~2 = j-6 sin(2ot), 721 = &L(d) . 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 
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Of course, this is unacceptable, since the Cauchy stress should be symmetric for the type of 
continuum considered, viz. the one in which body couples do not exist. 

Case (v): i” = D4r/Dt (cf. (1.19)). 

Here the solution can be shown to be 

711 = /L[l - cos(2wt)] ) 7==0, 

712 = 2cL (wt) , 721 = p sin(2~t). 

(2.21) 

(2.22) 

(2.23) 

This too is unacceptable. 
Case (vi): i” = D5r/Dt (cf. (1.34)). 

Here, Dienes [lo] has obtained the solution to be 

711 = 4~ (COS 2/? In cos /3 t /3 sin 2/3 - sin2/?) = - ~~~ , (2.24) 

712 = 2~ cos 2p(2/3 - 2 tan2fi In cos /? - tan p) , (2.25) 

where tan @ = w. From [lo, Fig. l], it can be seen that ri2 as a function of time is not oscillatory. 
From the above simple example, are we to conclude that &/dt, D3r/Dt, and D4r/Dt are bad 

stress-rates to u!e in a generalization of a constitutive equation as in (2.2)? Or, as suggested by 
Dienes [lo], is dr/dt “accurate for small strains”, but for large strains D5r/Dt is to be used? 
Also, even though both D’r/Dt as well as D%/Dt lead to plausible and exactly the same 
values of r12, the corresponding solutions for T 11 and TU are entirely different. Which one of 
the two, D’r/Dt or D2r/Dt, is to be preferred, if any? 

Some of the answers to the above questions that are currentIy topical in computational 
mechanics appear to have been provided in the celebrated works of Truesdell [12,13] and 
Rivlin [14]. Here we explore further the concepts of [12] and [14], as well as modifications 
thereof. We find that all stress-rates are essentially equivalent when the constitutive equation 
is property posed. beg, not only the ~no~~~ies pointed out in this section, but also the paradoxes 
pointed out by ~ugtegaul and de Jong [l] and Lee et al. [2,3], largely disappear. We also see 
that even though a particular type of constitutive equation can model a class of material 
behaviour, it is ultimately the experiment that determines the actual form of the constitutive 
law. 

3. Hype-elastic materials 

As shown by Rivlin 1141 and Truesdell [12], an ‘objective’ stress-strain relation of the 
‘rate-type’ can be postulated as 

ci” = f(&, a) . (3.1) 
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Here we let li5 to be any one of the objective stress-rates, do/dt or D’u/Dt (i = t, . . . , S) or 

some other. Also, recognizing that D3&Dt and D40/Dt are ~~~~~~~~~, we let c+” be 
~~~y~~~~~~~ in generat. Assuming isotropy, an ~~~y~~e~~~c function f (unlike the ~y~~~e~~~c 
function f introduced by Rivlin [14] and Truesdell [12]) that leads to an objective relation of 
the type (3.1) can be written as 

where cro, . . . , al6 are functions of the following ~~~~~~~~~s: 

I,= (u:I)= tr@, I& = i[(tr c)‘- (tr 02>] , iIIc = det CT, 

M=a:&, N= i+:&, P= UZE2, Q= a’:~‘, 

R = (u~E):(uZ*&Z), v = (E l a) : (E2 * &) . 

(3.3) 

(3.4) 

Follawing Truesdell’s [121 definition of a hypo-elastic material, we restrict f to be a liwur 
function of E. Thus, 

wherein it is seen that (Ye, cx4, lys, q,, cy7 and (Yg must be independent of E, while LY~, lyl and LYZ 
must be of degree one in E. Let 

Thus, it is seen that 

where, now, 

We impose the second restriction, for the moment, that o enters the constitutive relation only 
in a linear fashion. Thus, we arrive at the relation, for what may be termed as hypo-elastic 
materials of grade one, that 
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Even though 6-O, as noted earlier, may be unsymmetric, the material derivative, km = Dr/Dt 
must be symmetric. Noting this, and substituting for k” any of the objective rates, &/dt or 
D’a/Dt (i = 1,. . . ,4), we may postulate the constitutive relation 

~m=~~(Yl+Y2~o)+Y3~]~+6y4u+(y,+y~I,)&+o~u-u.cr,+~7(~.~+~.~) 

(3.10) 
where 

p7= y7= ys if a0 = daldt , (3.11) 

P7’ (y7+ I)= (Ys + 1) if a0 = D’a/Dt, (3.12) 

P7 = (Y7 - 1) = (YS - 1) if ci” = D*a/Dt , (3.13) 

~7 = (~7 - 1) = (ys + 1) if Cr” = D3u/Dt, (3.14) 

CL7 = (YS - 1) = (~7 + 1) if k” = D4u/Dt. (3.15) 

Now we study the problem of simple finite shear as described in (2.3) (2.4) when the 
constitutive law is of the type (3.10). 

For finite shear, from (2.4b), 6 = 0. First, if (3.10) were to represent the usual linear elastic 
behaviour at time t = 0 (when u = 0, I, = 0, A4 = 0), we see that 

YI= A and ys = 2P (3.16) 

where A and p are Lame constants. Equation (3.10) can be written, for simple shear, as 

U ‘m= Du/Dt=y,MI+(y,+y,l&+o~u-u~~++~(u~E+w.T). (3.17) 

Using (2.4b,c) we see that (3.17) becomes 

Dull - = air = 201*0(1+ p7) ) 
Dt 

(3.18) 

al* = 4Y5 + %(Y6 - 1+ p7) + a&ye + 1+ p7)] ) (3.19) 

a22 = %20&7 - 1) , (3.20) 

a33 = 2a12wy3 . (3.21) 

Using (3.18) and (3.20) in (3.19) we find 

where 

. . 
~712 = ‘k.O*U&X (3.22) 

a = ~[3y3y~+~y3~7+~~7y~+2/.4-2]. (3.23) 
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The solution of (3.22) depends on the value of a. Thus, 

ITQ,= 

1 

At+B if N = 0 , 

A sin 2wlal”‘t + B cos 2w{~rl”t if Ly < 0, 

A exp(;?wa! “Zt) + B exp(-3wtu ‘lZt) if cy > 0 . 

Assuming the body to be initially stress-free, the solution becomes 

i712 = 

i 

(wy5f) = 2p.wt, 

(~/~~~1’2)sin 2w/(ui”‘1;. 

(&2a ““)[exp(2wa “*t) - exp(-20a “*t)] 

Likewise, the solutions for gll, crz2, u33 are, respectively, 

a33 = 2wy3 G,&-)dr. 
I , 

(3.24) 

(3.25) 

(3.26) 

cu =o. (3.27) 

cY<o, (3.28) 

a >o. (3.29) 

(3.30) 

(3.31) 

(3.32) 

Even though it is analogous to that of Truesdell [12,13], the above analysis differs from that of 
Truesdell [12, 131 in several ways: (i) only symmetric objective stress-rates are treated in 
[12, 131, while general unsymmetric objective stress-rates are treated here; (ii) only D’r/Dt 
(the now so-called ‘Truesdell’ rate) is treated in [12,13], while the present analysis is general 
for any stress-rate, depending on the values of p7, y7, and ys as in (3.9), (3.11)-(3.15) (note that 
the analysis in [12, 131 pertains to the case of (3.12)); (iii) the definitions of the so-called 
hypo-elastic materials of ‘grade zero’ and ‘grade one’ as given in [12] pertain only when 
D’T/D~ is used as a stress-rate. Thus, Truesdell’s ‘grade zero hype-eIastic’ material corresponds 
to the case (cf. (3.12)) when ,u7 = 1, y7 = ys = 0. However, the same material may be treated as 
‘grade one hypo-elastic’ when other objective stress-rates are employed (see (3.9) (3.11). 
(3.13)-(3.15) when p7 = 1). 

For further simplicity, we consider the case when y3 = yb = 0 in (3.17). i.e., we consider the 
case which represents a valid ‘generalization’ to finite strains of the elasticity relation (2.1) of 
infinitesimal theory, for the present finite shear problem 

tin = yJ& + y7a * & + y*e * u ) (3.33) 

u *m= ygE+W’~-~‘W+~7(O~&+&‘~) (3.34) 

where p7, y7, y8 are related, for various stress-rules, as in (3.11)-(3.15). Also compare the present 
generalization (3.33) to the more commonly used simple generalization (2.5). 
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It is seen that LY of (3.23) now reduces to 

a=(/+l). (3.35) 

Thus, the character of the solution, as indicated in (3.27)-(3.29) depends on CL,: 

Gut > /.L,=+l, (3.36) 

CT12 = p sin 2wt, /-b=O, (3.37) 

(p/2cy “‘)[exp(2wcw “‘t) - exp(-2wa”‘t)] , (p71 > 1 . (3.38) 

It is interesting to note from (3.30)-(3.32) that 

Ull f 0, c22 = 0 , u33 = 0 , p7= +1, (3.39a) 

Ull - -0, a,,fO, (T33=0, /L7=-1, (3.39b) 

CT11 = -u22, 033 - -0, p7=0, (3.39c) 

Ull f 0, n2fO, u33 = 0, b-4 > 1 * (3.39d) 

Thus, a generalization of the type (3.33) (3.34) can generate responses of the type (3.36)-(3.39) 
depending on the value of p7. 

Of course, an experiment must be the ultimate guide to which type of response is correct for 
a given material. Assuming that a ‘linear’ variation of u12 with time is the correct one for the 
given material, an analytical modeling of such a response can be made through an equation of 
the type (3.33) (3.34) provided p7 = +l. The sign of p7 (positive or negative) can only be 
determined from the experimental observation of the response functions for ull, uz2 as in 
(3.39a,b). 

Thus, we see that in order to obtain a non-oscillatory variation of u12 with time in simple 
finite shear, no Olte stress-rate is to be preferred over the others, as the analysis of Section 2 may 
erroneously lead one to conclude. The requirement of p7 = +l can be met by any one of the 
stress-rates, provided y7 and ys of (3.33) or (3.9) are chosen according to (3.11)-(3.15). Also, 
even though the stress-rate of Dienes [lo] is formally objective, and may lead to a non- 
oscillatory u12 response in simple shear, its use is not necessary for ‘rate-type’ materials as 
demonstrated above. 

We also see that the reason for the anomalies shown in Section 2 lies in an improper simple 
generalization from (2.1) to (2.2) while a correct generalization must be as in (3.9) (3.17) or 
(3.33). 

4. Classical elasto-plasticity: isotropic hardening 

We consider the classical ‘J2) plasticity theory, with the ‘yield’ surface defined by 

f= a’:a’-3@2= 0 (4.1) 
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where 
a*= a-f(a:i)I (4.2) 

and 6 is the yield stress in a uniaxial tension test and can be a function of the plastically 
dissipated energy, i.e. 6 = (jL(IVp). 

We use an additive decomposition of the strain-rate, 

&=Ee+Ep (4.3) 

where (e) and (p) refer to ‘elastic’ and ‘pIastic’ components, respectively. We use the 
well-known Drucker’s normality rule 

Taking an objective rate of f, we find the ‘consistency condition’ from (4.1) to be 

where 
*=@:E? 

In (4.9, (‘)* d enotes a generalized ‘objective’ rate to be defined momentarily. 
Using (4.6) and (4.4) in (4.5) we find 

Noting that during yield (for J2 theory), 

we see that 

Now we define ‘equivalent stress’ and ‘equivalent strain’ through the relations 

(4.5) 

(4-6) 

(4.10) 

(4.11) 
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(E&y = 3(EP)I : (EP)’ = $(EP : &P) (4.12) 

since plastic strain rate is assumed to be ‘incompressible’ in nature. In terms of these 
equivalent measures, 

Lifp = u : Ep- Ueq&& = GE& (4.13) 

since ireq = 6 during yield. 
From (4.11) we find 

2u& = 2CT&, = 3(a’ : ci’*) = (3a’ : c+*> . (4.14) 

Likewise we find 

(4.15) 

where K is thus the slope of the ‘true stress versus logarithmic plastic strain curve’ in a uniaxial 
tension experiment. Using (4.14) (4.15) in (4.10), we find 

(4.16) 

We first consider finite plane shear of a rigid-plastic material for which E’ = 0. For this 
material, irrespective of the definition for &” that is used, we find from (4.16) that 

al = 3_ AT_ EP. (3 E&l 

For plane-shear of the rigid-plastic material, 

0 0 0 
&p= w 0 0 ) 

[ I (&&)2 = $.2”2 = $2. 

0 0 0 

(4.17) 

(4.18) 

Thus from (4.17) we find that 

(-r;l=ut=u;3=u*3=~U=o, (4.19) 

CT12 = e/v3 (4.20) 

where G0 is the initial yield stress, and the effect of strain hardening in uniaxial tension is 
expressed by 

&=6()+ I KE’& dt = a,, + (2”Kt)/v/3. (4.21) 
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Thus, in isotropic-hardening rigid-plasticity theory, there are no oscillations in the response 
function a12(t) for any definition of ci”. 

Now we consider elasto-plasticity with isotropic hardening. We assume that until the 
criterion for initial yield is met, the material behaves linear elastically. Following Section 3, we 
may define a generalized objective stress-rate to be 

u ’ * = ,“- y7(a. E)- Y8(& l 0) (4.22) 

where y7 and y8 are defined for various stress-rates a” through (3.1 l)-(3.15). Thus, a ‘correct’ 
generalization of the linear isotropic stress-strain relation, as shown in Section 3, will be 

&*=A(E:I)I+2p&, pa. (4.23) 

It has already been shown in the case of simple shear that for p7 = 0, the solution for cl2 is 
oscillatory in time; for p7 = 2 1, the solution is linear, while for lp,/ > 1, the solution is exponential. 

Equation (4.22) may be written alternatively as 

(ri* :1)=(3A+2~)(& :I), (4.24) 

(ci*)‘= 2/L&‘, (4.25) 
where 

(CP>‘= ci* - +(ri* : I)I, &‘= E -f(E : I)I. (4.26a,b) 

A generalization of (4.23~(4.25) may then be made in the case of elasto-plasticity as 

(ci” :~)=(~A+~~)(E~:I)=(~A+~,G)(E:I), (4.27) 

(Lj*) = 2/.&((E)- EP)) (4.28) 

since (Ed : I) = 0 and &P = (Ed)‘. Thus, choosing a parameter cu such that (Y = 1 when E” f 0 
while a = 0 when &P = 0, we have 

(&*)’ = 2/_& [L - a$#+ : ,i”)d] . (4.29) 

Note that (cr’ : &*) = [a’ : (&*)‘I. From (4.29) we have (taking the trace product of both sides 
with a’) 

(&*)r:f=2p (4.30) 

Hence, 

a’) when E” > 0. (4.3 1) 

Note again that (E’ : d) = (E : 0’). Using (4.31) in (4.29), we have 
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combining (4.27) and (4.32) we have 

ci*=2/L&+A(& :1)-2/A 
[ (2Ky&)b’(E : @‘b’ - 1 

153 

(4.32) 

(4.33) 

It is of interest to note that (4.33) with c+* being interpreted as &r/d& has been widely used in 
literature with the attribution of such a relation being made to Hill [15] by McMeeking and 
Rice [16] and others, while it is attributed to Thomas [17] by Truesdell and No11 [9]. For our 
present purposes, note that a* is defined in (4.22) with y7 and y8 being defined for any of the 
rates da/d& D’u/Dt (i = 1, . . . ,4), through (3.11)-(3.15). We now see the ramifications of the 
use of the present relations (4.33) and (4.22) as compared to the relations of [15-171. 

From (4.22) and (4.33) we first see that 

Do 
-=8m=2p&+h(E:I)+wu-u’W+/L7(&‘u+u~&) Dt 

- a-4 (2Ky&)b2 (E : u’b’ [ 1 
(4.34) 

with p7 being defined for various stress-rates as in (3.11)-(3.15). 
We consider the problem of finite simple shear described in (2.3) (2.4). We define scaled 

variables 

7=2wt, s = u/2/l . (4.35) 

Thus, since (E : Z) = 0 for finite shear, we have* 

where 

c=( 
2K + 6/.+* 

36~~ * 

(4.36) 

(4.37) 

The equations (4.36) can be written, in component form, for the present finite shear case, as 

Ds A_ 

DT - s12 
Sll 

-7+1+cc7 , 1 
DS ____z_ 
D7 - s12 (4.39) 

‘In the remainder of this section, as well as Section 5, we integrate the equations as if they are of ‘hypo-elasticity’ 
as done by Truesdell [12, 131. Thus, the classical plasticity concept of using one set of equations inside the yield 
surface and another set on the yield surface is ignored for simplicity, as it is not central to our discussion. 
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DS33 
- s12 

_ s;3 
DT I I c ’ 

(4.40) 

(4.41) 

Note that, as shown in Section 3, the purely elastic relation, namely c + m. in (4.36) leads to 
different types of material response depending on the value of p7 (whether (i) p7 = 2 1, (ii) 
~7 = 0, or (iii) I,u,[ > 1). In the elastic-plastic case, viz. (4.36)-(4.41), the response can be seen to 
depend on not only p7 but also c. 

In this case it may be noted that Truesdell [13] and Truesdell and No11 [9] presented results 
for the case, in w>ich (i) ci” = daldt in (4.22); (ii) p7 = 0 and hence y7 = yg = 0 in (3.11); (iii), 
due to (ii), &* = daldt in (4.22). Thus, the results in 1131 and [9] correspond to the case when 
p7 = 0.0 in (4.38k(4.41). 

Note that for an elastic-plastic structural metal, from (4.37) it may be noted that c + 1. 
However, for comparison purposes, (4.38 j(4.41) have been integrated in the present work for 
the cases: (a) c = 4, 4, $, and &,; and (b) ,q = 0, + 1, - 1. The results for the case ILL,/ > 1 have 
also been obtained but are not included since they do not have any particularly interesting 
features for the purposes of the present discussion. 

Figs. 2-5 show the results for s 11, sz2, s12, s13 for the cases (i) c = 4, p7 = 0; (ii) c = $, ,u7 = 0; 
(iii) c = a, 1~~ = 0, and (iv) c = & and p7 = 0, respectively. Note that the solution for slZ is 
oscillatory in time except for very small values of c. Further, it is seen that sll = 1.~22, while 
s33 = 0. It may be seen that Figs. 2-5 are identical to those of Truesdell and No11 [9] except 
they plot the results against arctan T rather than 7.3 

Figs. 6-9 show the results for sll, szz, s12, and s33 for the cases (i) c = 4, p7 = 1; (ii) c = i, 
p7 = 1; (iii) c = a, p7 = 1, and (iv) c = & and p7 = 1, respectively. It may be noted that in each 
case, each of the stresses is ~o~-os~~~~a~o~ with respect to time. Thus, Figs. 6-9 may represent a 
more realistic response of common metallic materials. However, in Figs. 2-5, sll is positive while 
s22 is negative; while in Figs. 5-8, both sll and sz2 are positive and ~3~ is also non-zero. 

Figs. lo-13 show the results for s 11, 522, s12, and s33 for the cases (i) c = 4, p7 = - 1; (ii) c = 4, 
J.L, = - 1; (iii) c = $, p, = - 1, and (iv) c = & and ,LL~ = - 1. respectively. For these cases as well, 
each of the stresses is ~~~-oscilZa~~~ with respect to time. However, as opposed to the earlier 
cases, here all the three stresses sI1, s22 and s33 are compressive. 

Thus, the values of p7 = (+ 1) or (- 1) both produce non-oscillatory results for each case of c 
while p7 = 0 produces oscillatory results. In an analytical modeling of a material behaviour, 
whether p7 = + 1 or - 1 or 1~~1 > 1 must be decided only from an experiment on the material in 
question. 

Since it has been shown that there are no oscillations in the vigil-~~asfic case irrespective of 
the definition of the stress-rate that is used, it may be concluded that the oscillations in the 
elastic-plastic case as present in Figs. 2-5 may be attributed to the modeling of the elastic 
portion of the constitutive law. 

3For reasons left unexplained, Truesdell and No11 191, for the case c = 4, present results only for values of time 
UP to 7 = 1.75 or arctan 7 = 60 degrees. It may be seen that the results of f9] would be oscillatory even when plotted 
against arctan T for values of this angle greater than 60 degrees. 
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Fig. 2. Stress variations in simple shear: elasto-plastic isotropic-hardening material (c = 4, p7 = 0). 

Fig. 3. Stress variations in simple shear: elasto-plastic isotropic-hardening material (c = f, ~7 = 0). 
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Fig. 4. Stress variations in simple shear: elasto-plastic isotropic”hardening material (c = a, p7 = 0). 

TIME (2Wt ) 

Fig. 5. Stress variations in simple shear: elasto-plastic isotropic-hardening material (c = & PY= 0). 
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Fig. 6. Stress variations in simple shear: elasto-plastic isotropic-hardening material (c = 4.0, ~7 = +1.0). 
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Fig. 7. Stress variations in simple shear: elasto-plastic isotropic-hardening material (c = :, p7 = +l.O). 
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Fig. 8. Stress variations in simple shear: elasto-plastic isotropic~hardening materiai (c = $, ~7 = + 1.0). 

P 
ci_ 

Fig. 9. Stress variations in simple shear: elasto-plastic isotropic-hardening material (c = &, pL7 = + 1.0). 
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Fig. 10. Stress variations in simple shear: elasto-plastic isotropic-hardening material (c = 4.0, ~7 = -1.0). 

Fig. 11. Stress variations in simple shear: elasto-plastic isotropic-hardening material (c = $, ~7 = -1.0). 
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5: 
p: 1 

Fig. 12. Stress variations in simple shear: elasto-plastic strain-hardening material (c = k ~7 = - 1 .O). 

Sl2k2.0) 

TIME (2wt) 

Fig. 13. Stress variations in simple shear: elasto-plastic strain-hardening material (c = T&X /LL~ = - 1.0). 
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It should also be evident that even though the values p7 = +l or 1~~1 > 1 produce ~tolt- 
oscillatory results, these values can be used in conjunction with any stress-rate (cf. (4.22), 
(3.11~(3.15)) p rovided that the definition of the generalized stress-rate as in (4.22) is used. Thus, 
no one stress-rate is preferable to others. However, it should be noted that the simple 
generalization as in McMeeking and Rice [16] may lead to erroneous results when large elastic 
strains are present. 

We now consider finite strain plasticity with anisotropic hardening. 

5. Classical elasto-plasticity: kinematic hardening 

We consider the simple kinematic-hardening theory as suggested by Prager [18], in which 
the current yield surface is defined by 

f=(u’-(Y’):(u’--‘)--~*=O. (5.1) 

The normality condition is 

EP4-$. (5.2) 

We will consider pure kinematic hardening, i.e. 6 = constant. The consistency condition then 
becomes 

(5.3) 

The linear kinematic-hardening theory of Prager [18], as generalized to finite deformations, 
states that 

a ‘*EC&p (5.4) 

where c is a constant. 
Use of (5.4) and (5.2) in (5.3) results in 

A=[(-g):c+*]/c[-g:$]. (5.5) 

Note that in the present generalizations to finite strain, c+* and &* are generalized objective 
stress-rates such that, as in Section 4, 

u '*=~"-y7(a.+-yYs(E.4, (5.6) 

(Y '*=~"-y7(a*E)-y*(E.(Y) (5.7) 
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where ci” and a;t” can be any one of the rates [(daldt), D’a/Dt, i = 1, . . . .4] and [((ialdt), 
D’cufDt, i = 1, . . . ,4]; and y7 and ys are defined as in (3.11~(3.15). 

It can easily be seen from (5.1) that 

and hence (5.4) becomes 

h = (42) -[(a’- a’) : &*I 

(5.8) 

(5.9) 

and 

E~=&I(a’-(U’): &*J(a’-(u’). (5.10) 

We first consider the rigid-plastic case, as was done by Lee et al. [2,3], and consider pure 
kinematic hardening, i.e. 6 = constant. In this case, it follows from (5.3) that 

or 
2(a’- (Y’) : (o* - fi*) = 0 (5.11) 

(CT’-~‘):Cj*=(Cf’-CY’):CY*. (5.12) 

Thus, in rigid-plastic, pure kinematic hardening, we have from (5.10) and (5.12) that 

EP= (2;62) -[(a’- a’): &“](a’- a’). (5.13) 

Now we consider the example of finite simple shear, as described in (2.3) and (2.4). Because 
of the assumed rigid plasticity, in this example, eP = E. Thus, for the example. 

0 w 0 
&PZEZ 

[ I 000 - 
0 00 

Since (a’- cy’) : cU* # 0, we obtain from (5.13) that 

Using (5.14) and (5.15) in (5.16), we find that 

(5.14) 

(5.15) 

(5.16) 

(5.17) 
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Now we consider the evolution of (Y for the present rigid-plastic finite shear case. From 
(5.4) (5.7) and (3.11)-(3.15) we see that 

a *m= ce+w.CY--.‘O+CC,((Y.&+&.(Y) (5.18) 

where E is given earlier and w is given by 

0 0 0 
o= [ 0 0 0 1 * 

0 0 0 

Thus, (5.18) can be written as 

(5.19) 

Da11 
- = ai;= 20(1!12(1+ p,) , Dt (5.20) 

- - 4 + G-b- all) + /-+11+ Lyz)] ) Dt (5.21) 

Daz _ - - 20a12@7- 1) 7 

Dt (5.22) 

(5.23) 

The system (5.20)-(5.23) is analogous to the system in (3.18)-(3.21) when, in the latter, one sets 
y3 = y6 = 0 and y5 = c. Thus, we may define a constant p such that 

p = (puf- 1). 

Assuming (Y = 0 at t = 0, we have the solution (cf. (3.27)-(3.32)): 

(5.24) 

I 
cwt, P=O, (5.25) 

(Y 12 = (c/2]p[“*)sin 201PI”*t, P<O, (5.26) 

(c/4/3 ln)(exp(20@ l’*t) - exp(-2o/3 ‘“t)) , /I > 0 , (5.27) 

CY 11= 2w(l+ ~7) I, c&)dT, (5.28) 

~zz = 24~7 - 1) I, a&)dT, (5.29) 

cr33= 0. (5.30) 

It may be seen that Nagtegaal and de Jong [l] and Lee [2] considered the case when p7 = 0 or 
p = -1. Thus, from (5.26) (5.28) and (5.29), it is seen that in [l, 21, one has 
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Now, for the rigid-plastic finite shear problem, since 

(0’ - cy’) : cu* = (0’ - ar’) : CEP = 2(a*2 - a&c, 

it is seen that (5.16) leads to 

(5.31) 

(5.32) 

(5.33) 

(534) 

(5.35) 

(5.36) 

From (5.13), (5.1.Q (5.36) and (5.31)-(5.33), it follows that 

and 

(5.37) 

Oil = --q+2 =ic(l - cos 2wt). (5.38) 

The solution for stresses for finite shear, as in (S-37), (S.Sg), is clearly unacceptable on physical 
grounds, It may atso be seen from (5.14), (5.l.Q (5.16) and (5.31~(5.36) that the reason for 
oscillatory solutions for m is the oscillatory nature of ‘back-stress’ LY when ,+A~ = 0 or 6 - - 1 in 

(5.24). This ‘anomaly’, first reported in [l], has prompted a series of investigations by Lee and 
his colleagues [2,3]. 

In order to remedy the above ‘anomaly’, Lee et al, [2,3] proposed a*‘modified Zaremba- 
Jaumann-No11 rate. This ‘modified rate’ has a form analogous to that of dr/dt of (1.13), except 
it is based on the “spin of the specific material directions associated with the kinematic 
hardening” rather than the spin o of the material particle (which is physically the angular 
velocity of the principal directions of the strain-rate E>_ Lee et al. have so far aimed at deriving 
such a modified rate for the specific problem of finite shear, while such a ~rnod~~ed rate’ for 
general non-homogeneous three-dimensional deformations appears, as yet, to be vague. 

However, it can be seen from the present theory that if j3 = 0 (i.e., p-r = +t, in (5.18) and 
(5.24)), we have, from (5.25~(5.30) that the solution for Q! is 

(,5.39) 

(S&la) 
(S.40b) 

(SAlZi) 

(SAlb) 

I-fence, it fullows from (5.14 j(5.16) and (5.34~(5.363 that 
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p,=+L (5.42a) 
Eilt= (-I), (5.42b) 

llC7=+I, (5.43a) 

/+==-I, (5.43b) 

JL7=+1. (5.44) 

Thus, the solution in (5.42a)-(5.44) are non-oscillatory and are physically plausible for 
structural metals. Which pair of solutions, corresponding to p7 = (+ 1) or (-1) respectively, is 
more realistic depends on an actual experiment on the material. 

It should be noted that the present theory based on ‘generalized’ objective rates &* and &* 
is applicable, clearly, to general non-homogeneous three-dimensional deformations. 
Moreover, the condition p7 = rtl can be achieved in (5.18) for any o~te of the objective rates 
(d/d?) or D’/Dt through defining y7 and ys in (5.6), (5.7), as per (3.11)-(3.15). 

We have so far seen that: (i) there are no oscillations in a rigid-plastic isotropic-hardening 
theory; (ii) there may be oscillations in an elastic-plastic isotropic hardening theory, due to an 
improper ‘elastic’ constitutive law; (iii) there may be oscillations in a rigid-plastic kinematic- 
hardening theory due to an ‘improper’ equation for the rate of LY. We conclude the present 
paper by considering an elastic-plustic theory with kinematic hardening. 

Here we postulate an elastic-plastic constitutive law of the type in (4.27) (4.28) except that 
cP is determined from (5.10) instead of (4.16). Thus, in terms of the ‘generalized rates’ &* and 
Q! * *, we have the elastic-plastic kinematic-hardening constitutive law 

CT * * = 2/L& + h(E : I)1 - 2p [(c +3&.; [& : (a’- a’)](a’- a’,] (5.45) 

and 
<y ‘*=c&P. (5.46) 

In the above, &* and &* are as in (5.6) (5.7) and, hence, are related to material rates as 

Da -=~m=(j*+O~(r--(7’W+CL7(Cf‘E+E*~) 
Dt 

(5.47) 

and 
*Ill cy = <Y*+O’(Y-Q!‘#+~,((Y’E+E’(Y), (5.48) 

and p7 is defined for various rates as in (3.11)-(3.15). We consider the finite shear problem of 
(2.3), (2.4) and define a change in variables as 

(5.49) 

Using (5.45~5.49), we obtain the following differential equations4 for the present elastic 

‘For simplicity, we set ep= E in the evolution equation for cu. For large strains, this assumption has been found to be 

inconsequential. 
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kinematic”hardening plastic finite shear problem: 

e = Ml + CL,), 

F= P12i/.w- 1), 

F= %c* + @22-&t)+ /.&Gl+p**)j, 

D&LO, 
DT 

I$ = I-c3(s12 - P*z)(& - p:l) + 5*2(1+ /L,)] ) 

(5.50) 

(Ml) 

(5.52) 

(5.53) 

(5.54) 

2 = [-c3@12 - Piz)(& - P/2) + s&L7 - 1) ) 

where 

Jh 1. 
l-J7 - 2L1 + fi7(sIi -+ $22) f (s22 - SKI) - k&2 

DSD _ 
~ - -c&12 - &2)(s53 - ff $3) DT 

6P2 1 
c3 = #(c * + 1) = K2(c * Jr 1) ’ 

c* = (c/2/L). 

- 

(5.55) 

Pl2)“l Y (S.56) 

(5.57) 

(5.58) 

(5.59) 

We present, in the following, numerical solutions of the differential system (5.50)-(557) for the 
case when c = $6, i.e., 

(5.60) 

It is noted that the present results are for the elastic purely kinematic-hardening case 
(ii = constant). In all the results to follow, K2 = (~?*/6~~2) = A. Figs. 14 and 15 show the 
solutions for the non-dimensional back-stress pij and true stress sij for the case p7 = 0. From 
Fig. 14 it is seen that pij is oscillatory and, as in the rigid kinematic-hardening plastic case, this 
causes Sij to oscillate as in Fig. 15. Figs. 16 and 17 show the results for pij and Sij, respectively, 
for the case when J.L~ = +l.O. Here all the components of PiI and Sii are non-oscillatory and 
thus are physically plausible for structural metals. Finally, Figs. 18 and 19 show the results for 
flij and Sijt respectively, when f.~~ = -1.0. Even though the results for s12 in both the cases 
p7 = (f 1) or (- 1) are physically plausible, those for s 11 and sz2, while also non-oscillatory, are 
quite different when p7 = +l from those when p, is (-1). An experiment must be used as an 
ultimate guide in deciding which of these behaviours*is correct. Once again, the value of p7 
can be set to be rl when any one of the stress-rates d/d& D’/Dt is used as noted earlier. 
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Variation of back-stresses (a/2@) in simple shear: elasto-plastic kinematic-hardening material (K* = 

p7 = 0). 

Fig. 15. variation of stresses in simple shear: elasto-plastic kinematic-h~deni~g material (K’ = &, ~7 = 0). 
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TIME (2wt) 

Fig. 16. Variation of back-stresses (&2,u) in simple shear: eIasto-plastic kinematic-hardening 

/A-/= 1.0). 
material (K’ = A, 

Fig. 17. Variation of stresses in simple shear: elasto-plastic kinematic-hardening material (K2 = &, J.Q = 1.0). 
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Variation of back-stresses (42~) in simple shear: elasto-plastic kinematic-hardening material 
/J‘7 = - 1.0). 

:: I \ 

Fig. 19. Variation of stresses in simple shear: dasto-t-plastic kinematic-h~den~ng material 

(K2 = 28, 
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6. Closure 

It has been demonstrated that the recent controversies in the choices of stress-rates, in 
postulating constitutive laws, are largely without basis. More importantly, the anomalies in the 
finite strain kinematic-hardening plasticity disappear when the generalized stress-rates ci” and 
&* are used. 
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