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Summary

A survey of variational principles, which form the basis for computational methods in both continuum me-
chanics and multi-rigid body dynamics is presented: all of them have the distinguishing feature of making
an explicit use of the finite rotation tensor.
A coherent unified treatment is therefore given, ranging from finite elasticity to incremental updated La-
grangean formulations that are suitable for accomodating mechanical nonlinearities of an almost general
type, to time-finite elements for dynamic analyses. Selected numerical examples are provided to show the
performances of computational techniques relying on these formulations.
Throughout the paper, an attempt is made to keep the mathematical abstraction to a minimum, and to
retain conceptual clarity at the expense of brevity. It is hoped that the article is self-contained and easily
readable by nonspecialists.
While a part of the article rediscusses some previously published work, many parts of it deal with new results,
documented here for the first time∗.

1. INTRODUCTION

Most of the computational methods in non-linear solid mechanics that have been developed
over the last 20 years are based on the “displacement finite element” formulation. Most
problems of structural mechanics, involving beams, plates and shells, are often characterized
by large rotations but moderate strains. In a radical departure from the mainstream
activities of that time, Atluri and his colleagues at Georgia Tech, have begun in 1974 the
use of primal, complementary, and mixed variational principles, involving point-wise finite
rotations as variables, in the computational analyses of non-linear behavior of solids and
structures. This article summarizes this 20 year effort at Georgia Tech.

This paper has the objective of providing a unified treatment of the principles of Con-
tinuum Mechanics and Multi-rigid Body Dynamics when finite rotations are accounted for:
indeed recent developments of hybrid or mixed field formulations rely on this approach, and
it has been often shown that such techniques provide higher accuracy for both linear and
nonlinear problems, than the conventional methods, where only the displacement field is
discretized.

Assumed stress hybrid elements, based on the variational principle of complementary
energy, were pioneered by Pian (1964) in the framework of linear elasticity, and, for non linear
problems, by Atluri (1973) using the displacements and the second Piola-Kirchhoff stresses as
variables. Subsequently Atluri and Murakawa (1977) and Murakawa and Atluri (1978, 1979)
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introduced mixed variational principles for non-linear elasticity problems, involving rotation
fields as variables, with and without volume constraint, as first proposed by Reissner (1965)
for linear elasticity. Extensive research on the use of mixed variational principles involving
finite rotations as variables was subsequently carried in a variety of areas of nonlinear solid
mechanics: problems of strain localization in elastic-plastic solids (Murakawa and Atluri,
1979); problems of plasticity, inelasticity and creep (Atluri, 1983a and 1983b; Reed and
Atluri, 1984); large deformations of plates (Murakawa and Atluri, 1981; Murakawa, Reed,
Rubinstein and Atluri, 1981; Punch and Atluri, 1986); large deformations of shells (Fukuchi
and Atluri, 1981; Atluri, 1984a); large deformations of beams (Iura and Atluri, 1988 and
1989); large deformations of space-frames (Kondoh and Atluri, 1985a and 1985b; Tanaka,
Kondoh and Atluri, 1985; Kondoh, Tanaka and Atluri, 1986; Kondoh and Atluri, 1987; Shi
and Atluri, 1988; and Shi and Atluri, 1989); large rotational motions in multi-rigid body
dynamics (Mello, Borri and Atluri, 1990; and Borri, Mello and Atluri, 1991a and 1991b).
In current literature, hybrid stress elements are based on mixed variational principles in
general; the term “hybrid element” denoting a formulation which eventually leads to a finite
element stiffness method.

While the variational formulations with rotation fields were extensively studied for non-
linear problems as mentioned above since 1977, they became increasingly popular in the late
’80s and early ’90s after a paper by Hughes and Brezzi (1989) dealing with linear elasticity
that showed how to construct robust mixed elements with drilling degrees of freedom by
means of a so-called regularization term, whose introduction was justified on the basis of a
mathematical background.

Finite elements with drilling degrees of freedom, based on a discretization of the rotation
fields have also been independently formulated by Iura and Atluri (1992) and by Cazzani
and Atluri (1993) for linear problems: the former making use of a purely kinematic principle
with displacements and rotations as variables, the latter based on a modified complementary
energy principle with unsymmetric stresses, displacements and rotations as variables. These
approaches have been subsequently extended to problems of strain-softening hyperelastic
materials with the development of shocks and shear bands by Seki (1994) and Seki and
Atluri (1994) for both compressible and incompressible materials.

Variational formulations including finite rotations have also been proposed for Multi-
rigid Body Dynamics, a field where initial value problems have relied on the solution of
differential-algebraic equations almost exclusively. These methods have successfully been
extended to primal and mixed (multi-field) forms also including the presence of holonomic
and non-holonomic constraints, as shown by Borri, Mello and Atluri (1990a, 1990b, 1991).

The rest of this paper is organized as follows: in section 2, some basic concepts related to
finite rotations and Continuum Mechanics will be briefly overviewed; variational principles
for finite elasticity and compressible materials will be presented in section 3, while in section
4 incompressible elastic materials subjected to finite deformation will be dealt with. In
section 5 the basic notions of consistent linearization of the field equations will be given,
in order to allow presentation of variational principles in Updated Lagrangean form in
section 6 (these principles form the basis of computational mechanics of large rotation
problems of both elastic and inelastic solids); section 7 will show the resulting variational
principles when linear elasticity is considered. In section 8 basic concepts of multi-rigid body
dynamics will be illustrated, and mixed methods in constrained multi-rigid body dynamics
will be discussed. Finally section 9 will give selected numerical examples, featuring the
performances of the variational methods previously presented.

The discussion in this paper is confined to variational principles for three-dimensional
continua. The treatment of finite deformation of structural components such as beams,
plates and shells over the years by the first author and his various colleagues can be found
in the extensive list of references cited in this paper.
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As for the notation used in the sequel of the paper, unless otherwise noted, italic symbols
and unboldened greek letters (like A, a, α, etc.) will denote scalar quantities, while vectors
will be written as boldface italic symbols (like AA, aa, etc.) and second order tensors with
upright boldface letters (e.g. A, a, etc.); boldmath greek letters are mostly used to denote
vectors, the only exceptions being ττττττττττττττ , σσσσσσσσσσσσσσ, εεεεεεεεεεεεεε, ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ, κκκκκκκκκκκκκκ (in order of appearance), traditionally used to
indicate tensors. The symbol · is used to denote an inner (or dot, or scalar) product, while
the symbol × defines a cross (or vector) product, between vectors and/or second order
tensors; finally the symbol : denotes the double contraction of two second order tensors;
dyadic notation is used throughout the paper so no reference is made to any particular
system of base vectors nor component notation is needed.

2. OVERVIEW OF BASIC CONCEPTS

2.1 Preliminaries

In order to outline the role of rotations in Computational Solid Mechanics, some basic
concepts about rotation tensors, finite rotation vectors and polar decomposition of the
deformation gradient will be briefly reviewed in this section.

It is well known that in a three-dimensional Euclidean space E [see Bowen and Wang
(1976)] the rotation of a rigid body B – or that of a differential element of a deforming
continuum, which, in the reference (or initial or undeformed) configuration occupies the
region D ⊂ E , and in the current (or final or deformed) configuration the region D′ ⊂ E ,
may be expressed by means of a rotation tensor R.

Indeed if a material particle, belonging to a rigid body B, which occupies a position P,
denoted by vector r, is displaced to a new position P’, denoted by vector r’, then it results

r′ = R·r. (2.1)

Equation (2.1) should be replaced by the following one when a differential element of a
deforming continuum is considered:

dr′ = R·dr. (2.2)

As a rotation is an isometric and conformal transformation in E , tensor R in equations (2.1)
and (2.2) must not only preserve the length of any vector but also the mutual orientation
of any two vectors as well, i.e. it has to be a proper orthogonal tensor:

R·RT = RT ·R = I, det(R) = +1 (2.3)

with I being the identity (or unit, or metric) tensor, the only tensor such that

I·a = a for any vector a, (2.4)

and

I·A = A for any second order tensor A. (2.5)

It can be easily shown, by expanding equations (2.3) that there are 6 independent non-linear
orthogonality relationships between the 9 components of R, so that it is completely specified
by 3 independent parameters only (see Rooney, 1977).
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However, it can be proven that no 3-parameter representation of R exists which is both
global and singularity-free (Stuelpnagel, 1964) and, therefore, a global and non-singular
representation has to consist of at least 4 parameters and one constraint relationship.

A standard procedure is to choose as a representation of R the normalized components
of its only real eigenvector e (see Ogden, 1984) and the angle of rotation θ: indeed e is the
only vector such that

R·e = e, (2.6)

all other vectors being rotated around e, which lies along the axis of rotation, by an angle
equal to θ.

Of course this angle might be uniquely defined only if its range is properly restricted, as
the following property must hold:

R(e; θ + 2nπ) = R(−e;−θ + 2nπ) (2.7)

where n is an integer number: equation (2.7) shows that by reversing the sign of e,
the rotation angle θ, as seen from the positive side of the axis, turns from clockwise to
anticlockwise or vice versa.

It is often customary to define a finite rotation vector closely related to e and then
express the rotation tensor R in terms of such a vector; several choices have been proposed
and among these the alternate representations that are commonly used are:

ΩΩΩΩΩΩΩΩΩΩΩΩΩΩ = (sin θ) e; ϑϑϑϑϑϑϑϑϑϑϑϑϑϑ = 2[tan(θ/2)] e; θθθθθθθθθθθθθθ = θ e; �������������� = [sin(θ/2)] e. (2.8)

In particular, Lur’e (1971) used ϑϑϑϑϑϑϑϑϑϑϑϑϑϑ, while Pietraszkiewicz (1979) made use of ΩΩΩΩΩΩΩΩΩΩΩΩΩΩ; θθθθθθθθθθθθθθ and�������������� (the
vector part of the Euler parametrization) were instead chosen by Borri, Mello and Atluri
(1990a).

A survey of finite rotation vectors, along with the relationships among themselves and
with the rotation tensor, can be found in Pietraszkiewicz and Badur (1983), while useful
relations are presented by Argyris (1982); an historical note aiming to restore the due credits
in the development of finite rotation theory has been presented by Cheng and Gupta (1989).

Here we are interested in deriving an explicit expression for R: by making use of Figure 1,
it is apparent that vector r′, the image of vector r as transformed through R, as stated in
equation (2.1) can be written as:

r′ = |(N −O)|e + cos θ|(P −N)|q + sin θ|(P −N)|s (2.9)

where |(N − O)| is the magnitude of vector (N − O), i.e. of the component of r which is
parallel to e, whilst |(P −N)| is the magnitude of vector (P −N), the component of r which
is perpendicular to the rotation axis, and therefore to e; clearly (P −N) + (N −O) = r;
q and s are mutually perpendicular unit vectors – q being co-planar with both r and e –
chosen in a way such as they form a right-handed triad.

The right-hand side (r.h.s.) terms in equation (2.9) may be rewritten in the form of dot
and cross vector products, involving only e and r:

|(N −O)|e = (e · r)e
|(P −N)|s = (e × r) (2.10)
|(P −N)|q = |(P −N)|s× e = (e × r)×e = −e×(e × r).

We now use the fundamental vector identity:

a×(b × c) = (a · c)b − (a · b)c (2.11)
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Figure 1. A way to define the finite rotation tensor.

which holds for any three vectors a, b and c; when applied to e×(e × r) it gives:

e×(e×r) = (e · r)e − (e · e)r = (e · r)e − r, (2.12)

since e is a unit vector; therefore equation (2.101) becomes

(e · r)e = r + e×(e × r). (2.13)

Substitution of equations (2.13) and (2.10) allows to rewrite equation (2.9) in the following
form:

r′ = r + e×(e × r)− cos θ e×(e × r) + sin θ (e × r). (2.14)

If the identity tensor I, in equation (2.4), is now introduced, after some rearrengement, and
by making use of the linearity of the dot product, we arrive at this expression:

r′ = [I+ sin θ (e×I) + (1− cos θ) e×(e×I)]·r. (2.15)

A comparison of equations (2.1) and (2.15) leads us to identify R with the following
expression:

R = I+ sin θ (e×I) + (1− cos θ) e×(e×I) (2.16)

Equation (2.16) might be rewritten in a more compact form (see, for instance, Pietrasz-
kiewicz and Badur, 1983, Borri, Mello and Atluri, 1990a) as follows: first of all, a Taylor
expansion of sin θ and (1− cos θ) is taken:

sin θ = θ − θ3

3!
+
θ5

5!
− θ7

7!
+ · · ·

1− cos θ =
θ2

2!
− θ4

4!
+
θ6

6!
− θ8

8!
+ · · ·

so that equation (2.16) becomes:

R = I +
[
θ − θ3

3!
+
θ5

5!
− θ7

7!
+ · · ·

]
(e×I) +

[
θ2

2!
− θ4

4!
+
θ6

6!
− θ8

8!
+ · · ·

]
e×(e×I). (2.17)
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Then, by making use of equations (2.11) and (2.12) these recursion formulae can be easily
checked:

e×(e×(e×r)) = e×((e·r)e− (e · e)r) = (e·r)e×e − e×r = −e×r, (2.18)

as e·e = 1 and
e×e = 0, (2.19)

0 being the null vector, and

e×(e×(e×(e×r))) = e×(−e×r) = −e×(e×r). (2.20)

It is apparent from equations (2.18) and (2.20) that, whenever the cross product appears an
odd number of times, then the result will be ±e×r (where + will hold only if the number of
cross products can be written as 4n+ 1, n being a nonnegative integer), while if it appears
an even number of times, the result will be ± e×(e×r), again with the + sign holding only
when there are 4n+ 2 cross products.
Therefore, by means of equations (2.83), (2.4), (2.18) and (2.20) it is possible to rewrite the
terms appearing in equation (2.17) in this way:

θ(e×I) = (θθθθθθθθθθθθθθ×I) (2.21)

θ2

2!
e×(e×I) =

1
2!
θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×I) (2.22)

−θ
3

3!
(e×I) =

θ3

3!
e×(e×(e×I) =

1
3!
θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×I) (2.23)

−θ
4

4!
e×(e×I) =

θ4

4!
e×(e×(e×(e×I)) =

1
4!
θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×I)) (2.24)

and so on.
By substituting equations (2.21)–(2.24) into (2.16) we finally get

R = I+ (θθθθθθθθθθθθθθ×I) +
1
2!
θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×I) +

1
3!
θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×I))

+
1
4!
θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×I))) + · · · .

(2.25)

Equation (2.25) has the form of an exponential in (θθθθθθθθθθθθθθ×I) = θ (e×I), so the rotation tensor
may be written concisely in this exponential form:

R = exp[θ (e×I)]. (2.26)

Further properties of the rotation tensor, with particular reference to its time derivative will
be given in Section 8.

It must be emphasized that the same expression for R, equation (2.16) or (2.9), does
indeed apply to both cases (2.1) and (2.2), but whilst in the former –rigid body– e and θ
are constant throughout B, in the latter –deforming continuum– they are both functions of
the position.

When a deformable continuum B is considered, it is well known that, once rigid body
motions (parallel translations) have been discarded, an infinitesimal material fiber at some
point P , which was aligned in the reference configuration D with vector dX, is mapped, in
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the current configuration D′, through the deformation gradient tensor, F, into a new vector
at p, dx (see Atluri, 1984a):

dx = F·dX. (2.27)

However this mapping can be seen as the composition of a pure stretch along three mutually
orthogonal directions and a finite rotation of the neighbourhood of point P ; this is called
the polar decomposition of the deformation gradient (see Malvern, 1969):

F = R·U (2.28)

where U is known as the right stretch tensor: it is symmetric and positive definite, i.e. its
principal values are real and positive.

Of course we could devise a different polar decomposition consisting of the sequence of
a finite rotation followed by a pure stretch, which would eventually lead to this expression:

F = V·R (2.29)

where V is the left stretch tensor, again symmetric and positive definite; the same rotation
tensor, R, appears in both equations (2.28) and (2.29).

Even though it is irrelevant which decomposition of the deformation gradient is used,
nevertheless the variational principles stated in terms of V alone turn out to be quite
analogous to those expressed in terms of U (see Atluri, 1984a); therefore, in the sequel,
reference will be made only to polar decomposition written as in equation (2.28). However,
a full account of variational principles, using the decomposition in equation (2.29), can be
found in Atluri (1984a).

Figure 2. Schematic representation of polar decomposition.

Keeping this in mind, and making reference to Figure 2, it is easy to see that equa-
tion (2.27) might be rewritten as:

dx = R·U·dX, dx = R·dx∗, dx∗ = U·dX (2.30)

so that vector dX is first stretched (and eventually rotated, if it did not lie along a principal
direction of stretch) by U to dx∗, and then rigidly rotated, with its neighbourhood, by R
to dx.
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2.2 Alternate Stress Measures

Let us consider an oriented differential area dan, n being its outward unit normal, at a
point p in the deformed (or current) configuration D′; let the internal force acting on this
area be df .

The true stress tensor, also known under the name of Cauchy stress tensor, is defined
through this fundamental relation:

df = (dan)·ττττττττττττττ (2.31)

and, in the absence of body couples, as done in the present context, it is symmetric.
Several alternative stress measures might be introduced through their fundamental re-

lations with the above defined differential force vector df (see, for instance, Atluri, 1984a);
here only those needed in the sequel will be presented:

df = (dAN)·t (2.32)

df = (dAN)·r∗·RT . (2.33)

The physical interpretation of tensor t, equation (2.32), often referred to as the first Piola-
Kirchhoff or the Piola-Lagrange or the nominal stress tensor (see Truesdell and Noll, 1965)
can be seen from this relation:

(dAN)·t = df ; (2.34)

it is derived by moving, in parallel transport, the vector df , acting on dan, to the pre-image
dAN of this differential oriented area in the undeformed (or reference) configuration D, N
being the outward unit normal at point P .

It should be noted that the rigid rotation through R does not produce any length, area or
volume changes of the material elements, and these are, therefore, solely due to the stretch
tensor U: so an oriented area dAN at P , in the undeformed configuration D, is mapped by
U into an oriented area dan∗ (in an intermediate stretched configuration D∗); the rotation
tensor R has then the effect of mapping dan∗ to dan at p, in the deformed configuration
D′; thus the unit normal n∗ has changed to n, but the area da is left unchanged by R.

From purely geometrical considerations it is easy to find that the differential oriented
areas in the deformed and undeformed configuration are related as follows:

(dAN) =
1
J
(dan)·F (dan) = J(dAN)·F−1, (2.35)

where J = det(F) is the absolute determinant of the deformation gradient F, and F−1 the
inverse deformation gradient, i.e. the mapping that pushes differential vectors back from
the deformed to the undeformed configuration. Therefore, from equations (2.34) and (2.35)
it follows that the relation between the nominal stress tensor t and the true stress tensor ττττττττττττττ
is simply:

t = (JF−1)·ττττττττττττττ (2.36)

and it is apparent from (2.36) that t is generally unsymmetric. The inverse relation between
the Cauchy stress tensor and the first Piola-Kirchhoff stress tensor is obviously

τ =
1
J
F·t. (2.37)
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Tensor r∗, in equation (2.33), known as the Biot-Lur’e stress tensor, as it has been introduced
and extensively used by both Biot (1965) and Lur’e (1980), may instead be given the
following physical interpretation:

(dAN)·r∗ = df ·R = RT ·df ≡ df ∗ (2.38)

where df ∗ is the force vector acting on the stretched, but not yet rotated, differential area
dan∗.

Suppose now we move df ∗ in parallel transport onto the image of the differential oriented
area dAN at P in the undeformed configuration: then a stress tensor is derived such that

(dAN)·r∗ = df ∗ = df ·R = (dan)·ττττττττττττττ ·R = J(dAN)·F−1·ττττττττττττττ ·R, (2.39)

where equations (2.31), (2.35)2) and (2.38) have been used.
Hence the relations between the Biot-Lur’e stress tensor and the stress tensors already

introduced turn out to be:

r∗ = JF−1·τ ·R = t·R (2.40)

and, conversely

τ =
1
J
F·r∗·RT , t = r∗·RT , (2.41)

again, this stress tensor is generally unsymmetrical .

2.3 Field Equations

The fundamental field equations, with reference to equilibrium, compatibility and consti-
tutive law (restricting ourselves to hyperelastic materials) will be briefly restated in this
section for any description based on the alternate stress measures previously introduced.
A specialization of the equations presented in the current section to the case of shells is
discussed in detail in Fukuchi and Atluri (1981), and in Atluri (1984a).

2.3.12.3.1 Equilibrium equationsEquilibrium equations

In order for a body B to be in equilibrium under prescribed body forces in the deformed
configuration, D′, it must satisfy the local momentum balance conditions, which can be
stated as:

• Linear Momentum Balance (LMB):

d

dt

∫
V
vdm =

∫
S
df +

∫
V
fdm (2.42)

• Angular Momentum Balance (AMB):

d

dt

∫
V
r×vdm =

∫
S
r×df +

∫
V
r×fdm (2.43)

where v is the velocity field, m denotes mass, f the applied forces per unit mass, r the
position vector from a fixed point, and V , S are, respectively, the volume and the surface of
the body element in the deformed configuration.
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Under the hypothesis of mass conservation, dm/dt = 0, then dm = ρdv = const, where ρ
is the mass density in the deformed configuration and dv, da are respectively the differential
volume and differential area elements in the deformed configuration, and equations (2.42)–
(2.43) become, when equation (2.31) is taken into account:∫

S
n·ττττττττττττττda+

∫
V
ρ(f − a)dv = 0 (2.44)

∫
S
r×(n·ττττττττττττττ)da +

∫
V
r×ρ(f − a)dv = 0, (2.45)

where a = d/dt(v) is the acceleration and, in deriving equation (2.45), the following step
has been taken into account:

d

dt
(r×v) =

d

dt
(r)×v + r× d

dt
(v) = v×v + r×a = r×a (2.46)

since by the very definition of velocity it results d/dt(r) = v and moreover v×v = 0.
Let now ∇∇∇∇∇∇∇∇∇∇∇∇∇∇ be the gradient operator in the deformed configuration D′, at p:

∇ ≡ gm ∂

∂ηm
(2.47)

where ηm are general curvilinear (possibly, but not necessarily, convected) coordinates
defined in the deformed configuration, and gm the corresponding contravariant base vectors.

Then, upon application of the divergence theorem to the first integral in equation (2.44):∫
S
n·ττττττττττττττda =

∫
V
∇∇∇∇∇∇∇∇∇∇∇∇∇∇·ττττττττττττττdv,

the LMB becomes: ∫
V
[∇∇∇∇∇∇∇∇∇∇∇∇∇∇·ττττττττττττττ + ρ (f − a)]dv = 0 (2.48)

and since it must hold for any arbitrary volume V it follows:

∇∇∇∇∇∇∇∇∇∇∇∇∇∇·ττττττττττττττ + ρ (f − a) = 0. (2.49)

In order to obtain the differential form of the AMB, from equation (2.45), it is useful to
rewrite the cross products by making use of this identity:

(b×c)×d = (c⊗b− b⊗c)·d (2.50)

between skew-symmetric tensors (⊗ denotes a dyadic product) and axial vectors expressed
in a cross product form.

Indeed since equation (2.50) must hold for any vector d, it follows that the cross product
b×c can be replaced by the skew-symmetric tensor (c⊗b − b⊗c) which admits b×c as
its axial vector (see Ogden, 1984); hence equation (2.45) can be replaced by the following
tensorial equation:∫

S
(n·ττττττττττττττ⊗r − r⊗τT ·n)da +

∫
V
[ρ(f − a)⊗r − r⊗ρ(f − a)]dv = 0, (2.51)

where 0 is the null tensor and the identity n·ττττττττττττττ = ττττττττττττττT ·n has been taken into account.
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Again, applying the divergence theorem to the surface integral in (2.51) gives (see Ogden,
1984): ∫

S
(n·ττττττττττττττ⊗r − r⊗ττττττττττττττT ·n)da =

∫
V
(∇∇∇∇∇∇∇∇∇∇∇∇∇∇·ττττττττττττττ⊗r + ττττττττττττττ − ττττττττττττττT − r⊗ττττττττττττττT ··············∇)dv. (2.52)

When substituting equation (2.52) back in equation (2.45), taking into account that ττττττττττττττT ·∇∇∇∇∇∇∇∇∇∇∇∇∇∇ =
∇∇∇∇∇∇∇∇∇∇∇∇∇∇·ττττττττττττττ , it results:

∫
V
{[∇∇∇∇∇∇∇∇∇∇∇∇∇∇·ττττττττττττττ + ρ(f − a)]⊗r− r⊗[∇∇∇∇∇∇∇∇∇∇∇∇∇∇·ττττττττττττττ + ρ(f − a)]}dv +

∫
V
(ττττττττττττττ − ττττττττττττττT )dv = 0. (2.53)

The first integral in equation (2.53) does vanish because of the LMB condition (2.49); the
second must vanish for an arbitrary volume V ; therefore the AMB condition can be stated
as

ττττττττττττττ = ττττττττττττττT, (2.54)

i.e. ττττττττττττττ has to be symmetric.
For the Cauchy stress tensor the equilibrium equations expressed in differential form are

therefore given by

• LMB: ∇∇∇∇∇∇∇∇∇∇∇∇∇∇·ττττττττττττττ + ρ(f − a) = 0

• AMB: ττττττττττττττ = ττττττττττττττT .

In a similar way, the equilibrium equations can be deduced for the first Piola-Kirchhoff and
for the Biot-Lur’e stress tensors, however it is necessary to state them with reference to the
proper configuration: for instance when the nominal stress t is considered, the integral form
of the LMB has to be written with reference to the undeformed configuration D, and hence,
to the volume V0 and the surface S0 of the body element in that configuration. Moreover
since mass is conserved, the following relation between the mass densities ρ, ρ0 respectively
in the deformed and undeformed configuration and the corresponding differential volume
elements, dv and dV must be fulfilled:

dm = ρdv = ρ0dV , dv =
ρ0

ρ
dV. (2.55)

Therefore the integral form of LMB written in terms of the nominal stress is:
∫
S0

N·tdA+
∫
V0

ρ(f − a)
ρ0

ρ
dV = 0 (2.56)

where dA is the differential area element in the undeformed configuration; the ratio ρ0/ρ
turns out to be equal to

ρ0

ρ
=

dv

dV
= J = det(F), (2.57)

i.e. to the determinant of the deformation gradient, J , which plays the role of the Jacobian
of the transformation that maps the undeformed configuration into the deformed one.

Again, the divergence theorem can be applied to the surface integral of equation (2.56),
provided that the gradient operator ∇∇∇∇∇∇∇∇∇∇∇∇∇∇0 in the undeformed configuration D at P is intro-
duced:

∇∇∇∇∇∇∇∇∇∇∇∇∇∇0 ≡ GJ ∂

∂ξJ
(2.58)
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where ξJ are general curvilinear coordinates defined in the undeformed configuration, and
GJ the corresponding contravariant base vectors.

Then the differential form of the LMB turns out to be:

∇∇∇∇∇∇∇∇∇∇∇∇∇∇0·t+ ρ0(f − a) = 0 (LMB) (2.59)

The AMB equation can be easily obtained from equation (2.54) by substituting the expres-
sion (2.37) of t as a function of ττττττττττττττ , which gives:

F·t = tT ·FT (2.60)

Let us now introduce the following notation, which holds for any general second-order tensor
B:

(B)a ≡ 1
2
(B −BT ) (2.61)

(B)s ≡ 1
2
(B +BT ). (2.62)

Clearly (B)a represents the anti-symmetric (or skew-symmetric) part of B, while (B)s
represents the symmetric part of it; therefore any second-order tensor can be written as

B = (B)a + (B)s. (2.63)

With this notation at hand equation (2.60) can be written more concisely as

(F·t)a = 0 (AMB) (2.64)

which means that the anti-symmetric part of F·t must vanish.
Finally the equilibrium conditions for the Biot-Lur’e stress tensor might be found by

plugging into equations (2.59), (2.60) the expression (2.412) of r∗ as a function of t; the
result is:

∇∇∇∇∇∇∇∇∇∇∇∇∇∇0·(r∗·RT ) + ρ0 (f − a) = 0 (LMB) (2.65)

and

F·r∗·RT = R·r∗T ·FT

which, by making use of polar decomposition as in equation (2.28), becomes

R·U·r∗·RT = R·r∗T ·U·RT i.e. R·(U·r∗ − r∗T ·U)·RT = 0, (2.66)

since FT = (R·U)T = U·RT , as U = UT because it is symmetric by definition; equa-
tion (2.66) can be fulfilled only when

U·r∗ = r∗T ·U, (2.67)

or, equivalently, with the same notation as in equation (2.61),

(U·r∗)a = 0 (AMB), (2.68)

so that the anti-symmetric part of U·r∗ must vanish.
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2.3.22.3.2 Compatibility conditionCompatibility condition

It has been considered in section 2.1 that the deformation gradient tensor F completely
characterizes the deformation process, in the sense that it defines the mapping of any vector
dX at some point P in the undeformed configuration D into the corresponding vector dx at
point p in the deformed configuration D′ of the body, as shown by equation (2.27):

dx = F·dX
In particular, the deformation gradient can be replaced by its polar decomposition into a
proper orthogonal tensor, R, and a symmetric, positive definite stretch tensor, U, as it has
been done in equation (2.28):

F = R·U

When the polar decomposition is adopted, the mapping of dX into dx becomes, as derived
in equation (2.301):

dx = R·U·dX. (2.69)

However, it is also possible to define the same mapping working with the displacement
gradient instead of the deformation gradient: indeed, if X is the position vector of some
point P in the undeformed configuration D, and x is the position vector of the corresponding
point p in the deformed configuration D′, then a displacement vector u must exist, such
that

x = X+ u. (2.70)

If equation (2.70) is differentiated with respect to X, i.e. with reference to the coordinates
of the reference configuration, the following result is obtained (see Truesdell and Noll, 1965,
Malvern, 1969):

dx = dX+ gradu·dX, (2.71)

where

gradu ≡ (∇∇∇∇∇∇∇∇∇∇∇∇∇∇0u)T (2.72)

is the transpose of the deformation gradient, ∇∇∇∇∇∇∇∇∇∇∇∇∇∇0u, taken with reference to the undeformed
configuration.

By making use of equation (2.4) it is possible to restate equation (2.71) as:

dx = (I+ gradu)·dX (2.73)

which gives the aforementioned mapping expressed in terms of the displacement gradient.
Now equations (2.69) and (2.73) represent the same mapping and must, therefore, bear

the same result. Nonetheless, if tensors R, U and the vector field u are independently
constructed, the following Compatibility Condition (CC) has to be met:

F = R·U = (I + gradu). (2.74)
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2.3.32.3.3 Constitutive lawConstitutive law

We will restrict our attention, in the following, to hyperelastic materials. For such materials
it is possible to postulate the existence of a path-independent rate of increase of internal
energy (or stress-working rate).

Such an increase of internal energy, referred to the unit deformed volume, will be denoted
by Ẇ and has the following expression in terms of the Cauchy stress (see Hill, 1968, Atluri,
1984a):

Ẇ = τ :D (2.75)

where D is the strain rate tensor, which is the strain measure conjugate to the true stress
(see Malvern, 1969, Atluri, 1984a) and the symbol (:) denotes the double contraction of two
second order tensors, B and C :

B:C ≡ tr (B·CT ) (2.76)

tr (·) being the trace operator. From definition (2.76) it is easy to deduce the following
properties, which hold for any B and C:

B:C = C:B = BT :CT . (2.77)

If S is a symmetric tensor, while B is generally unsymmetric, then

S:B = ST :BT = S:BT =
1
2
S:(B +BT ) = S:

1
2
(B +BT ) (2.78)

which means, with the definitions (2.61)-(2.62), that

S:(B)s = S:B S:(B)a = 0. (2.79)

Conversely, if A is an anti-symmetric tensor, while B is generally unsymmetric,

A:B = AT :BT = −A:BT =
1
2
A:(B − BT ) = A:

1
2
(B −BT ) (2.80)

again, with the definitions (2.61)-(2.62), it follows

A:(B)s = 0 A:(B)a = A:B. (2.81)

Let now B be a general second order tensor in the form B = P·Q; then

B:C = (P·Q):C = C:(P·Q) = (QT ·PT ):CT = CT :(QT ·PT ) (2.82)

and by straightforward algebra the following cyclic property of the trace operation can be
checked:

(P·Q):C = P:(C·QT ) = Q:(PT ·C)
= (C·QT ):P = (PT ·C):Q (2.83)
= (Q·CT ):PT = (CT ·P):QT

and so on.
The rate of increase of internal energy per unit undeformed volume, Ẇ0, is linked to Ẇ

as follows:

Ẇ0 =
ρ0

ρ
Ẇ ≡ JẆ . (2.84)
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Hence
Ẇ0 = Jττττττττττττττ :D. (2.85)

In terms of the other stress measures introduced in section 2.2, it is possible to show (see
Atluri, 1984a) that equation (2.75) becomes:

Ẇ0 = t:ḞT, (2.86)

in terms of the first Piola-Kirchhoff stress, whose conjugate strain measure is the transposed
deformation gradient, and

Ẇ0 = r∗:U̇ =
1
2
(r∗ + r∗T ):U̇ (2.87)

for the Biot-Lur’e stress, whose conjugate strain measure is the right stretch tensor U;
equation (2.872) follows from the properties of the double contraction operator when one of
the two tensors in equation (2.76) is symmetric.

Equations (2.86)–(2.87) allow us to write down the Constitutive Law (CL) for any
hyperelastic material in terms of the strain energy density W0 per unit undeformed volume;
it results, indeed, for the stress measures to be used in the sequel:

∂W0

∂F
= tT (2.88)

or, remembering equation (2.412)

∂W0

∂F
= R·r∗T, (2.89)

since tT = [r∗·RT ]T = R·r∗T ; finally

∂W0

∂U
=

1
2
(r∗ + r∗T ) = (r∗)s = r, (2.90)

where use has been made of the notation presented in equation (2.62); equation (2.90), if
expressed in terms of t and R, by means of equation (2.402) reads:

∂W0

∂U
=

1
2
(t·R+ RT ·tT ) = (t·R)s. (2.91)

Tensor r appearing in equation (2.90) is nothing but the symmetrized Biot-Lur’e tensor and
is also known as the Jaumann stress tensor.

3. VARIATIONAL PRINCIPLES FOR FINITE ELASTICITY: COMPRESS-
IBLE MATERIALS

In this Section variational principles written in terms of both the first Piola-Kirchhoff and
the Biot-Lur’e stress tensors will be presented, with reference to finite strain analysis for
hyperelastic materials.

In both cases, as it will be clear, the adoption of unsymmetric stress measures is essential
in order to have the rotation tensor R playing an active part in the Euler-Lagrange equations
deduced from these variational principles.
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3.1 Variational Principles Written in Terms of t

We will start by considering variational principles where the unsymmetric stress measure is
chosen to be the first Piola-Kirchhoff stress, t.

3.1.13.1.1 A Four-field principleA Four-field principle

As first indicated by Fraeijis de Veubeke (1972) and then generalized by Atluri and Mu-
rakawa (1977), a four-field mixed principle valid for a general elastic material, involving u,
R, U, and t as independent variables may be stated as the stationarity condition of this
functional:

F1(u,R,U, t) =
∫
V0

{W0(U) + tT :[(I+ gradu)− R·U]− ρ0b·u}dV

−
∫
Sσ0

t·u dA−
∫
Su0

N·t·(u − u)dA (3.1)

where b = f − a, f being applied body forces per unit mass and a the acceleration field; t
are prescribed tractions on Sσ0 and u the prescribed displacements on Su0; V0 is the volume
of the body in the undeformed configuration, D, and Sσ0 , Su0 the parts of its surface S0

(with S0 = Sσ0 ∪ Su0) where tractions and displacements are respectively prescribed.
It should be emphasized that these are the only requirements to be satisfied by the

variable fields: u must be C0 continuous, R orthogonal , U symmetric and t unsymmetric,
in order to be admissible trial fields.

In writing equation (3.1) it has been already taken into account that, as required by the
principle of frame-indifference [see Truesdell and Noll (1965)], the strain energy density per
unit undeformed volume, W0, can be a function of the deformation gradient F only through
the right stretch tensor U [i.e., W0 ≡W0(FT ·F)].

The first variation of F1 is then:

δF1(δu, δR, δU, δt) =
∫
V0

{∂W0

∂U
:δU + δtT :[(I+ gradu)−R·U]

+ tT :grad δu − tT :(δR·U)− tT :(R·δU)

− ρ0b·δu}dV −
∫
Sσ0

t·δu dA

−
∫
Su0

{N·δt·(u− u) +N·t·δu}dA. (3.2)

Let us make use of the properties of the trace operator, outlined in equations (2.77)–(2.83);
it follows then that:

tT :(R·δU) = (RT ·tT ):δU =
1
2
(RT ·tT + t·R):δU (3.3)

because δU is symmetric, and (RT ·tT )T = t·R; furthermore

tT :(δR·U) = (tT ·UT ):δR = (tT ·U):(δR·RT ·R) = (tT ·U·RT ):(δR·RT ) (3.4)

since, by equation (2.32) δR = δR·I = δR·RT ·R. It is useful to remind that the r.h.s.
of equation (3.4) can also be written as (tT ·FT ):(δR·RT ) since, by equation (2.28), FT =
(R·U)T = U·RT .
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However, due to the orthogonality conditions (2.3), it is easy to see that:

δ(R·RT ) = δR·RT +R·δRT = δI = 0 (3.5)

or, similarly,

δ(RT ·R) = δRT ·R +RT ·δR = δI = 0 (3.6)

and, therefore, δR·RT , or δRT ·R, is a skew-symmetric tensor, i.e.:

(δR·RT )s = (δRT ·R)s = 0. (3.7)

As a consequence, equation (3.4) by virtue of equation (2.63) can be rewritten as:

(tT ·U·RT )s:(δR·RT ) + (tT ·U·RT )a:(δR·RT ) = (tT ·U·RT )a:(δR·RT ) (3.8)

since (tT ·U·RT )s:(δR·RT ) = (tT ·U·RT )s:(δR·RT )a = 0.
Finally, the surface integrals in equation (3.2) can be rewritten in this form:

−
∫
Sσ0

t·δu dA −
∫
Su0

{N·δt·(u − u) +N·t·δu}dA =

−
∫
Sσ0

(t− N·t)·δu dA −
∫
Su0

N·δt·(u − u) dA−
∫
Sσ0∪Su0

N·t·δu dA (3.9)

and the last integral in the r.h.s. of equation (3.9) may be transformed, by making use of
the divergence theorem, as follows:

−
∫
Sσ0∪Su0

N·t·δu dA = −
∫
V0

∇∇∇∇∇∇∇∇∇∇∇∇∇∇0·(t·δu)dV = −
∫
V0

[(∇∇∇∇∇∇∇∇∇∇∇∇∇∇0·t)·δu + tT :grad δu]dV (3.10)

where, again, trace property (2.772) and definition (2.72) have been taken into account:

t :∇∇∇∇∇∇∇∇∇∇∇∇∇∇0δu = tT :(∇∇∇∇∇∇∇∇∇∇∇∇∇∇0δu)T = tT :grad δu.

Back-substitution of equations (3.3)–(3.4), and (3.9)–(3.10) into (3.2) gives us:

δF1(δu, δR, δU, δt) =
∫
V0

{[∂W0

∂U
− 1

2
(t·R +RT ·tT )]:δU

+ δtT :[(I+ gradu)−R·U]

− (tT ·U·RT ):(δR·RT )− (∇∇∇∇∇∇∇∇∇∇∇∇∇∇0·t+ ρ0b)·δu}dV

−
∫
Sσ0

(t−N·t)·δu dA −
∫
Su0

N·δt·(u − u) dA (3.11)

since the term + tT :grad δu appearing in equation (3.2) cancels out with that in the r.h.s.
of equation (3.10).

When stationarity of F1 is imposed, i.e. when the condition δF1 = 0 is enforced for arbi-
trary and independent variations: C0 continuous δu, δR under the constraint (3.7), namely
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δR·RT = (δR·RT )a, as a consequence of equation (3.5), symmetric δU and unsymmetric δt,
the following Euler-Lagrange Equations (ELE) and Natural Boundary Conditions (NBC)
are recovered:

• in V0:

CL :
∂W0

∂U
=

1
2
(t·R +RT ·tT ) = (t·R)s (3.12)

CC : (I + gradu) = R·U (3.13)

AMB : (tT ·U·RT )a = 0 (3.14)

LMB : ∇∇∇∇∇∇∇∇∇∇∇∇∇∇0·t+ ρ0b = 0 (3.15)

• in Sσ0 :

TBC : N ·t = t (3.16)

• in Su0 :

DBC : u = u (3.17)

where TBC stands for Traction Boundary Condition, and DBC for Displacement Boundary
Condition. Equations (3.12)–(3.14) can be easily recognized as being the same field equa-
tions presented in Section 2.3, as equations (2.91), (2.74), (2.64) and (2.59) respectively,
provided that the AMB condition (3.14), written with the synthetic notation (2.62), is fully
expanded as: R·U·t = tT ·U·RT ; when supplemented by the relevant boundary conditions
(DBC and TBC) they allow to formulate a well-defined finite elasticity problem.

Therefore, as shown above, functional F1 is such that enforcing its stationarity with
respect to the independent field variables is equivalent to writing down equations (3.12)–
(3.17).

3.1.23.1.2 A purely kinematic principleA purely kinematic principle

The objective now is to seek a variational principle involving the kinematic variables u and
R only; in order to develop it, we might eliminate U from F1 (while noting that U is required
to be symmetric a priori , whilst u is required to be C0 continuous and R is required to be
orthogonal) by choosing U so as to satisfy a priori this condition [Atluri (1992)]:

U = [RT ·(I + gradu)]s. (3.18)

Substitution of (3.18) in (3.1) leads to the functional:

F2(u,R, t) =
∫
V0

{W0 < [RT ·(I + gradu)]s > +
1
2
tT :[(I + gradu)

−R·(I + gradu)T ·R]− ρ0b·u}dV
−

∫
Sσ0

t·u dA −
∫
Su0

N·t·(u− u) dA. (3.19)

The variation of F2 in (3.19) can be shown to be:
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δF2 =
∫
V0

{( ∂W0

∂[RT ·(I+ gradu)]s
):[δRT ·(I+ gradu) +RT·grad δu]

+
1
2
δtT :[(I + gradu)− R·(I+ gradu)T ·R]

+ tT :[grad δu − 1
2
R·RT ·grad δu − 1

2
R·(grad δu)T ·R

− 1
2
δR·(I + gradu)T ·R − 1

2
R·(I+ gradu)T ·δR

−R·δRT ·(I+ gradu) +R·δRT ·(I + gradu)]− ρ0b·δu}dV
−

∫
Sσ0

t·δu dA −
∫
Su0

N·δt·(u − u)dA−
∫
Su0

N·t·δudA. (3.20)

It can be shown that the ELE and NBC that are consequences of the condition δF2 = 0 are:

• in V0:

CL : (
∂W0

∂[RT ·(I+ gradu)]s
)s = (t·R)s (3.21)

CC : (I+ gradu) = R·[(I+ gradu)T ·R]s (3.22)
AMB : {[(I+ gradu) + R·(I+ gradu)T·R]·t}a = 0 (3.23)
LMB : ∇∇∇∇∇∇∇∇∇∇∇∇∇∇0·t+ ρ0b = 0 (3.24)

• in Sσ0 : TBC : N·t = t (3.25)

• in Su0 : DBC : u = u. (3.26)

If the compatibility condition, equation (3.13), is satisfied a priori, the functional in
equation (3.1) is reduced to:

F ∗
2 (u) =

∫
V0

{W0(U)− ρ0b·u}dV −
∫
Sσ0

t·u dA (3.27)

wherein, without much loss of generality, it is assumed that the displacement boundary
conditions are also satisfied a priori. It should be noted that the principle of material
frame-indifference demands that the strain energy density function W0(U) should only be
a function of FT ·F, where F = (I+ gradu).
Thus,

∂W0

∂FT
=

∂W0

∂(I+ gradu)T
=

∂W0

∂(FT ·F)
·∂(F

T ·F)
∂FT

. (3.28)

It can be easily shown [Atluri (1984a)] that:

∂W0

∂(FT ·F)
=

1
2
s, (3.29)

where s is the symmetric second Piola-Kirchhoff stress tensor. Equation (3.28) implies that:

t = s·FT . (3.30)
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Thus, the constitutive law (3.28) essentially implies the AMB condition, equation (2.60),
viz., that F·t = tT ·FT . If, instead of only u as in equation (3.27), both the kinematic
variables u and R are introduced as independent variables (i.e. as trial functions), the
compatibility condition:

RT ·(I+ gradu) = (I+ gradu)T ·R (3.31)

can be directly introduced into equation (3.27), in a least-squares sense, through a Lagrange
multiplier γ [Atluri (1992)] and define a modified functional:

F ∗∗
2 (u,R) =

∫
V0

{W0(FT ·F) +
γ

4
(RT ·F)2a − ρ0b·u}dV −

∫
Sσ0

t·u dA (3.32)

wherein F = (I+ gradu) and

(RT ·F)2a = (RT ·F−FT ·R):(RT ·F− FT ·R).

The independent fields u and R in equation (3.32) are required to be such that u is C0

continuous and R is orthogonal, in order to be admissible. The variation of F ∗∗
2 can be

shown to lead to:

δF ∗∗
2 =

∫
V0

{[s·FT + γ(F− R·FT ·R)]:δF − ρ0b·δu

+ γ[RT ·F·FT ·R − FT ·R·FT ·R]:δRT ·R}dV
−

∫
Sσ0

t·δu dA (3.33)

wherein δF = grad δu. The Euler-Lagrange equations are thus:

∇0·[s·FT + γ(F− R·FT ·R)] + ρ0b = 0 (3.34)

and
(FT ·R)2 = (RT ·F)2. (3.35)

Equation (3.35) is the CC between u and R; and equation (3.34) is the LMB, since the
compatibility condition implies that F = R·FT ·R. The AMB is embedded in the strain
energy density function W0, as explained in equations (3.29)–(3.30).

3.1.33.1.3 A Three-field mixed kinematic-kinetic principleA Three-field mixed kinematic-kinetic principle

This time the objective is, instead, to devise a complementary variational principle involving
u, R and t alone. This can be done if U is eliminated from F1 by applying the following
contact transformation (also known as a Legendre transformation):

W0(U)− 1
2
(t·R+ RT ·tT ):U = −Wc(r) (3.36)

where r = 1/2(t·R + RT ·tT ) has been already defined in equation (2.90) to be the sym-
metrized Biot-Lur’e stress tensor or Jaumann stress tensor, andWc the so called complemen-
tary energy density. Making use of the above mentioned contact transformation is equivalent
to adopting the hypothesis that CL is a priori met: indeed, when (3.36) is established, it is
implicitly assumed that:

∂Wc

∂r
= U (3.37)
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holds true.
When equation (3.36) is substituted into the expression (3.1) of functional F1, the

following three-field functional is obtained:

F3(u,R, t) =
∫
V0

{−Wc[
1
2
(t·R +RT ·tT )] + tT :(I+ gradu)

− ρ0b·u}dV −
∫
Sσ0

t·u dA−
∫
Su0

N·t·(u − u)dA. (3.38)

The variable fields in functional (3.38) have to satisfy the following requirements: u must
be C0 continuous, R orthogonal , and t unsymmetric.

The first variation of F3,

δF3(δu, δR, δt) =
∫
V0

{−∂Wc

∂r
:(δt·R + t·δR)s + δtT :(I + gradu)

+ tT :grad δu − ρ0b·δu}dV −
∫
Sσ0

t·δu dA

−
∫
Su0

N·δt·(u − u)dA−
∫
Su0

N·t·δu dA, (3.39)

when equation (3.10) is taken into account, may be rewritten, with minor algebraic manip-
ulations as:

δF3(δu, δR, δt) =
∫
V0

{δtT :[−R·(∂Wc

∂r
)s + (I + gradu)]

− [R·(∂Wc

∂r
)s·t]:(R·δRT )− (∇∇∇∇∇∇∇∇∇∇∇∇∇∇·t+ ρ0b)·δu}dV

−
∫
Sσ0

(t− N·t)·δu dA −
∫
Su0

N·δt·(u − u)dA. (3.40)

When the condition δF3 = 0 is imposed, i.e. when stationarity of F3 is enforced for arbitrary
and independent δu, δR, δt, subject only to the additional constraint (R·δRT )s = 0, the
following ELE and NBC are recovered:

• in V0:
CC : R·(∂Wc

∂r
)s = (I+ gradu) (3.41)

AMB : [R·(∂Wc

∂r
)s·t]a = 0 (3.42)

LMB : ∇∇∇∇∇∇∇∇∇∇∇∇∇∇0·t+ ρ0b = 0 (3.43)

• in Sσ0 :
TBC : N·t = t (3.44)

• in Su0 :

DBC : u = u. (3.45)
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For special cases of R = I, however, it turns out [see Murakawa and Atluri (1978); see
also, for a deeper insight about the invertibility of W0 in order to define Wc, Truesdell and
Noll (1965), and Ogden (1984) as well] thatWc may not be an invertible function of t alone,
but of (t)s; therefore only the symmetric part of t would enter the variational principle.

In order to overcome this difficulty, a modified (regularized) functional can be devised,
where, through a least-squares weight γ, the AMB condition is independently enforced in
terms of gradu and t, as follows:

F ∗
3 (u,R, t) =

∫
V0

{−Wc[
1
2
(t·R +RT ·tT )] + tT :(I+ gradu)

+
1
2
γ[(I + gradu)·t]2a − ρ0b·u}dV

−
∫
Sσ0

t·u dA −
∫
Su0

N·t·(u − u)dA, (3.46)

where

[(I + gradu)·t]2a = [(I+ gradu)·t− tT ·(I+ gradu)T ]
:[(I+ gradu)·t− tT ·(I+ gradu)T ]. (3.47)

The requirement on the field variables are as follows: C0 continuity for u, orthogonality for
R, while t has to be unsymmetric.

The stationarity of F ∗
3 gives us the same ELE and NBC as functional F3. The main

objective of the regularization in equation (3.46) is to eliminate the stress parameters in t
alone at the element level, in the discrete version (finite element version) of functional (3.46).

3.2 Variational Principles Written in Terms of r∗

The variational principles which have been previously stated in terms of the first Piola-
Kirchhoff stress, t, can now be rephrased in terms of the Biot-Lur’e stress tensor, r∗, as
well: this will be done in the remaining part of this Section.

3.2.13.2.1 A four-field principleA four-field principle

By making use of the relation (2.412) existing between the Biot-Lur’e and the first Piola-
Kirchhoff stress tensors, the following functional, G1, may be deduced from F1, equa-
tion (3.1) [see Atluri (1984a)]:

G1(u,R,U, r∗) =
∫
V0

{W0(U) + r∗T :[RT ·(I+ gradu)−U]− ρ0b·u}dV

−
∫
Sσ0

t·u dA−
∫
Su0

N·r∗·RT ·(u − u)dA, (3.48)

which holds for all C0 continuous u, orthogonal R, symmetric U, and unsymmetric r∗.
With the same procedure examined when dealing with F1, the first variation of G1,

δG1, can be evaluated: if the condition δG1 = 0 is imposed for arbitrary values of δu,
δR, under the constraint (3.7), δU and r∗, i.e. the ELE and NBC corresponding to the
stationarity condition of G1 are sought, we arrive, as the reader may easily check, to the
same equations (3.12)–(3.17), obtained by enforcing the stationarity of F1, though expressed
in terms of r∗ rather than of t.
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3.2.23.2.2 A purely kinematic principleA purely kinematic principle

A kinematic variational principle involving u and R only may be devised, starting from G1,
equation (3.48), by choosing U to satisfy a priori the condition (3.18):

U = [RT ·(I + gradu)]s.

Substitution of equation (3.18) into the expression, (3.48), of functional G1 gives:

G2(u,R, r∗) =
∫
V0

{W0 < [RT ·(I + gradu)]s >

+ r∗T :[RT ·(I+ gradu)]a − ρ0b·u}dV

−
∫
Sσ0

t·u dA −
∫
Su0

N·r∗·RT ·(u − u) dA. (3.49)

where notation (2.61) has been used. Analogous to the functional F ∗∗
2 of equation (3.32), a

functional involving only kinematic variables can be developed, as follows:

G∗∗
2 (u,R) =

∫
V0

{W0(FT ·F) +
γ

4
(RT ·F)2a − ρ0b·u}dV −

∫
Sσ0

t·u dA (3.50)

where F = (I + gradu).

3.2.33.2.3 A three-field kinematic-kinetic principleA three-field kinematic-kinetic principle

A mixed-type functional can be derived from G1, equation (3.48), by following a procedure
analogous to the one used to derive F3, equation (3.38), from F1, equation (3.1): indeed if the
right stretch tensor U is eliminated from equation (3.48) through the contact transformation:

W0(U)− 1
2
(r∗ + r∗T ):U = −Wc[

1
2
(r∗ + r∗T )] = −Wc(r), (3.51)

then the following mixed functional, depending only on C0 continuous u, orthogonal R, and
unsymmetric r∗, is obtained:

G3(u,R, r∗) =
∫
V0

{−Wc[
1
2
(r∗ + r∗T )] + r∗T :RT ·(I + gradu)− ρ0b·u}dV

−
∫
Sσ0

t·u dA−
∫
Su0

N·r∗·RT ·(u− u)dA, (3.52)

whose stationarity condition, (δG3 = 0), leads to ELE and NBC analogous to equa-
tions (3.41)–(3.45) arising from the stationarity of F3, equation (3.38), but expressed in
terms of the Biot-Lur’e stress tensor.

Also in the case of G3, however, Wc, as a function of r∗ alone, may not be invertible,
even if it is still invertible as a function of r∗s = r; to overcome this problem we can add to
the functional an independent AMB condition, enforced by means of a Lagrange multiplier,
γ, arriving at:
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G∗
3(u,R, r

∗) =
∫
V0

{−Wc[
1
2
(r∗ + r∗T )] + r∗T :RT ·(I+ gradu)

+
1
2
γ[(I + gradu)·r∗·RT ]2a − ρ0b·u}dV

−
∫
Sσ0

t·u dA −
∫
Su0

N·r∗·RT ·(u − u)dA. (3.53)

The variational principle based on functional G∗
3, equation (3.53), holds for all C0 continuous

u, orthogonal R, and unsymmetric r∗; in equation (3.53) the following short-hand notation
has been adopted:

[(I+ gradu)·r∗·RT ]2a = [(I + gradu)·r∗·RT −R·r∗T ·(I + gradu)T ]

:[(I + gradu)·r∗·RT −R·r∗T ·(I + gradu)T ].

4. VARIATIONAL PRINCIPLES FOR FINITE ELASTICITY: INCOM-
PRESSIBLE MATERIALS

The variational principles presented in section 3 are no more suitable when dealing with
incompressible materials (and nearly incompressible, too, if we are concerned with compu-
tational issues).

Indeed, as it is well known and will be, however, shown in the sequel, when the material is
incompressible, then the stress field is not uniquely related to the strain by the constitutive
relation only, as the superposition of any purely hydrostatic stress does not change the strain
field: therefore only part of the stress is responsible for deformation, while the remaining
part is determined only by the boundary conditions.

4.1 Review of Incompressibility Equations in Finite Elasticity

Incompressibility means, by definition, that at a local level there is no volume change during
the deformation process from the undeformed configuration, D, to the deformed one, D′ of
the body, B.

This requires that for an arbitrary, differential element of the body, it results

dv = dV (4.1)

where, as usual, dV denotes the differential volume in D and dv the corresponding volume
in D′; equation (4.1) might be conveniently written as

dv

dV
= 1, (4.2)

and this ratio turns out to be equal to J = det(F), according to equation (2.57).
Therefore the incompressibility condition can be stated as:

J = det(F) = 1. (4.3)

Now by making use of the determinant property:

det(A·B) = det(A) det(B), (4.4)
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together with equations (2.32) and (2.28), we may rewrite equation (4.31) under the form:

J = det(F) = det(R·U) = det(R) det(U) = det(U), (4.5)

so that incompressibility is also encompassed by

det(U)≡J = 1. (4.6)

Of course equation (4.6) does not mean that U must be equal to I, nor that it must be
orthogonal.

In order to deal with incompressible, or nearly incompressible materials, we need to
isolate the portion of deformation which affects stress: so we are interested in splitting the
whole deformation in a dilatational part, responsible only for local volume change, and a
distortional one, accounting for local distortion, i.e. shape change at constant volume, of
the differential element of the body.

Such a procedure, whose validity is general (in the sense that it applies to compressible
materials as well) is known as a kinematic split , and, in the case of finite strain, consists of
a multiplicative decomposition, of the same kind as the polar decomposition (2.28). Indeed
if we define

U′ = UJ− 1
3 , (4.7)

then by recalling the following determinant property,

det(kA) = kn det(A), (4.8)

where, in the present case of a three-dimensional space n = 3, it is easy to realize, by making
use of equation (4.5), that

det(U′) = det(U)J−1 = 1. (4.9)

Therefore U′ is the distortional part of the right stretch tensor, U, while IJ+1/3 is the
dilatational portion ; hence the sought-after decomposition may be written as:

U = U′·IJ+1/3 = U′J+1/3, (4.10)

and it is clearly multiplicative.
For sake of completeness, equations (4.7) and (4.10) can be also written in terms of F,

resulting in

F′ = FJ−1/3 (4.11)

and

F = F′·IJ+1/3 = F′J+1/3 (4.12)

respectively.
For comparison purposes, it might be useful to remark that, for the infinitesimal strain

case, the kinematic split is an additive decomposition, that reads:

εεεεεεεεεεεεεε′ = εεεεεεεεεεεεεε− 1
3
εvI (4.13)

where

εv ≡ εεεεεεεεεεεεεε:I = tr (εεεεεεεεεεεεεε) (4.14)
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is the volumetric strain, which represents the dilatational strain, and εεεεεεεεεεεεεε′ is the deviatoric
strain, responsible for distortion only; εεεεεεεεεεεεεε is, of course, the infinitesimal strain tensor. Equa-
tion (4.13) is therefore the counterpart of decomposition (4.7) in the framework of infinites-
imal strain theory.

Let us turn now to the stress description: it is well known that the true or Cauchy
stress tensor may be split into a deviatoric part and an hydrostatic one, with a procedure
analogous to the above-presented additive decomposition:

ττττττττττττττ ′′ = ττττττττττττττ − pI (4.15)

where ττττττττττττττ ′′ is the deviatoric part of the Cauchy stress, and the scalar quantity p, defined as

p ≡ 1
3
ττττττττττττττ :I =

1
3
tr (ττττττττττττττ) (4.16)

is the hydrostatic pressure. It must be emphasized that equations (4.15)–(4.16), involving
a stress measure defined in the current , deformed configuration, do not depend on the
magnitude of deformation, and their validity, differently from equations (4.13)–(4.14), is not
restricted to the range of infinitesimal strain theory.

It is then possible to split also the other stress tensors, introduced in section 2.2, into
their deviatoric and hydrostatic part: by making use of equations (2.36) and (2.401) one
may define:

t′′ = JF−1·(τ − pI) = t − pJF−1, (4.17)

for the first Piola-Kirchhoff stress tensor, and

r∗′′ = JF−1·R·(τ − pI) = r∗ − pJF−1·R = r∗ − pJU−1, (4.18)

for the Biot-Lur’e stress tensor: in deriving equation (4.18) it has been taken into account
that,

F−1 = (R·U)−1 = U−1·R−1 = U−1·RT . (4.19)

It must be outlined that, as these stress measures depend upon deformation , since they
are not referred, unlike ττττττττττττττ , to the current, deformed configuration, their hydrostatic parts
depends on deformation, too: it would be therefore wrong, for instance, to define the
hydrostatic part of t as being given by (t:I)I = tr (t)I, as it results (by taking into account
that ττττττττττττττ is symmetric):

(t:I)I = J(F−1·ττττττττττττττ :I)I = J(F−1:ττττττττττττττ)I �= J(ττττττττττττττ :I)F−1 = pJF−1.

In order to completely explore the incompressibility equations in the framework of finite
elasticity, we next consider the constitutive equation; for our convenience only the Biot-
Lur’e stress, r∗, will be exploited, but a parallel development can be carried out in terms of
the nominal stress, t, as well (see Seki, 1994).

It has already been shown in equation (2.90) that, in an hyperelastic material, in terms
of the strain energy density per unit undeformed volume, W0, the following relation between
the symmetric part of the Biot-Lur’e stress tensor and the right stretch tensor holds:

(r∗)s =
∂W0

∂U
(4.20)

where, of course, the strain energy density is a real-valued function of U alone: W0 =W0(U).
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With the aim of dealing with incompressibility, the strain energy density might be
rewritten in a form such that dilatational and distortional portions of strain are decoupled :
if U is written as in equation (4.10), then (see Atluri and Reissner, 1989)

W0(U) =W ∗
0 (U

′, J) (4.21)

such that

(r∗′)s =
∂W ∗

0 (U
′, J)

∂U′ , p =
∂W ∗

0 (U
′, J)

∂J
. (4.22)

Equations (4.22) show that (r∗′)s is the part of stress related to distortional strain, and p
the part of it produced by dilatation .

If equation (4.7) is taken into account, we can express a variation of the distortional
strain as a function of corresponding variations of the total strain and of the dilatational
portion:

δU′ = J+1/3δU − 1
3
J−4/3UδJ. (4.23)

But J is a function of U, and therefore

δJ =
∂J(U)
∂U

:δU, (4.24)

where, by the properties of determinants (see Ogden, 1984), it follows that

∂J(U)
∂U

= J(U−1)T = JU−1, (4.25)

since U−1 has to be symmetric inasmuch as U is symmetric, and therefore

δJ = JU−1:δU. (4.26)

Back-substitution of equations (4.24)–(4.26) into equation (4.23) leads to this expression:

δU′ = J+1/3δU − 1
3
J+1/3(U−1:δU)U. (4.27)

We are now able to identify the portion of (r∗)s which is responsible for distortional strain
and the one responsible of dilatation , as the following relations must hold:

δW0 =
∂W0

∂U
:δU = (r∗)s:δU, (4.28)

because of equation (4.20) while, because of equations (4.22)–(4.27):

δW ∗
0 =

∂W ∗
0

∂U′ :δU
′ +

∂W ∗
0

∂J
δJ = (r∗′)s:δU′ + pδJ

= J+1/3(r∗′)s:δU − 1
3
J+1/3[(r∗′)s:U](U−1:δU) + pJU−1. (4.29)

However, by virtue of equation (4.21), the strain energy density is the same and hence

δW0 = δW ∗
0 .



76 S.N. Atluri & A. Cazzani

This implies that the r.h.s. of equations (4.28) and (4.29) have to give the same result: as
a consequence we can write:

(r∗)s = J+1/3(r∗′)s − 1
3
J+1/3[(r∗′)s:U]U−1 + pJU−1; (4.30)

it appears that the stress tensor (r∗′)s is not equivalent to the symmetric part of the
deviatoric stress (r∗′′)s resulting from equation (4.18), but it can be found that

(r∗′′)s = J+1/3(r∗′)s − 1
3
J+1/3[(r∗′)s:U]U−1. (4.31)

Moreover it should be noted that (r∗′)s is not uniquely determined by equation (4.221),
when the constraint (4.9), det U′ = 1, is taken into account: if this is done by embedding
the constraint inside the strain energy density by means of a Lagrange multiplier, modifying
W ∗

0 as follows (without affecting, however, the strain energy density itself):

W ∗
0λ =W ∗

0 + λ(det U′ − 1), (4.32)

then the corresponding stress, (r∗λ
′)s turns out to be:

(r∗λ
′)s =

∂W ∗
0λ(U′, J)
∂U′ = (r∗′)s + λ(det U′)U′−1

, (4.33)

since, as before, in equation (4.25), it results:

∂ det U′

∂U′ = det U′(U′−1)T = (det U′)U′−1
.

Equation (4.33) shows that there is an ambiguity in the determination of (r∗′)s: the stress
is determined by the deformation to within an additive arbitrary stress, λ(det U′)U′−1, for
which the stress working rate vanishes for any deformation process compatible with the
constraint (4.9).

However no ambiguity arises in the determination of the deviatoric stress, (r∗′′)s: indeed
if we substitute equation (4.33) inside equation (4.31) we obtain:

(r∗λ
′′)s = (r∗′′)s + J+1/3λ{(det U′)U′−1 − 1

3
(det U′)[U′−1:U]U−1}

= (r∗′′)s,
(4.34)

since the two terms:

J+1/3λ(det U′)U′−1 − 1
3
J+1/3λ(det U′)[U′−1:U]U−1

cancel each other because, as a consequence of equation (4.7)

U′−1 = J+ 1
3 U−1, (4.35)

so that
J+1/3λ(det U′)U′−1 = λ(det U′)U−1,

and

−1
3
J+1/3λ(det U′)[U′−1:U]U−1 = −1

3
λ(det U′)[U−1:U]U−1

= −λ(det U′)U−1
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since, by symmetry of U and by properties (2.82)–(2.83) of the trace operation it follows:

U−1:U = U−1·UT :I = U−1·U:I = I:I = tr (I) = 3. (4.36)

The above discussion indicates that it is possible, even though not necessary, to select, for
a given strain energy density, W ∗

0 , a value of λ such that (r∗λ
′)s becomes a deviatoric tensor,

i.e. such that:

(r∗)s = J+1/3(r∗λ
′)s + pJU−1; (4.37)

a comparison with equation (4.28) shows that this happens if (r∗λ′)s:U = 0.
Equations (4.30) and (4.33) have been established on the basis of equations (4.20), (4.221)

and (4.33), and therefore involve only the symmetric part of tensors r∗, r∗′ and r∗λ
′; however

if an analogous development is carried out in terms of t, it is easy to see that the following
relations hold (see Seki, 1994):

t = J+1/3t′ − 1
3
J+1/3(t′T :F)F−1 + pJF−1; (4.38)

where

tT =
∂W0(F)
∂F

; t′T =
∂W ∗

0 (F′, J)
∂F′ ; p =

∂W ∗
0 (F′, J)
∂J

, (4.39)

and

t′Tλ = t′T + λ(det F′)F′−T
, (4.40)

with

W ∗
0λ =W ∗

0 + λ(det F′ − 1); t′Tλ =
∂W ∗

0λ(F
′, J)

∂F′ ,

where F′−T = (F′−1)T = (F′T )−1.
If equation (2.412) is substituted within equations (4.38)–(4.40), minor algebraic manip-

ulations lead us to these equations:

r∗ = J+1/3r∗′ − 1
3
J+1/3(r∗′:U)U−1 + pJU−1; (4.41)

r∗λ
′ = r∗′ + λ(det U′)U′−1

, (4.42)

where r∗′ = t′·RT , r∗λ
′ = t′λ·RT , showing that equations similar to (4.38)–(4.40) hold for

the anti-symmetric part of r∗ as well.

4.2 Formulation of Variational Principles

By making use of the concepts explored above, we are going to formulate variational princi-
ples for hyperelastic materials undergoing finite strains, capable of dealing with the incom-
pressibility constraint: of course these variational principles may be used for compressible
materials, too, though the need to introduce a larger number of variables makes them of
little interest when we are concerned with the compressible case.

In the sequel only principles written in terms of stress measures related to the Biot-Lur’e
stress tensor, r∗′, p, as in equation (4.41) will be considered, but in a similar way analogous
principles in terms of stress measures related to the first Piola-Kirchhoff stress tensor, like
t′ and p of equation (4.38), can be devised (see Atluri and Reissner, 1989).
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4.2.14.2.1 A Six-field variational principleA Six-field variational principle

An extension of the four-field functional G1, equation (3.48), when the kinematic split is
taken into account results in the following form (see Atluri and Reissner, 1989 and Seki and
Atluri, 1994):

G4(u,R,U′, J, r∗′, p) =
∫
V0

{W ∗
0 (U

′, J) + [f(Ju,R)− f(J)] p

+ r∗′T :[RT ·(I+ gradu)J−1/3
u,R −U′]

− ρ0b·u}dV −
∫
Sσ0

t·u dA−
∫
Su0

t·(u − u)dA, (4.43)

where the short-hand notation

Ju,R ≡ det{[RT ·(I + gradu)]s} (4.44)

has been adopted, f is a smooth and strictly monotone (f ′ �= 0) real-valued function of its
argument, and t is the (unknown) traction acting on Su0 .

The introduction of function f allows for a more general formulation of the variational
principle: the requirements of smoothness and monotonousness ensure us that it is every-
where differentiable, that the first derivative f ′ is nowhere equal to zero and does not reverse
its sign. In particular with the choice

f(J) = J − 1,

p in equation (4.43) gains the physical meaning of hydrostatic pressure.
The requirements to be fulfilled by field variables, in order for the variational principle

based on functional G4 to hold, are as follows: u must be C0 continuous, R orthogonal , U′

symmetric, J positive and r∗′ unsymmetric.
The first variation of G4 can now be evaluated, and produces:

δG4(δu, δR, δU′ , δJ, δr∗ ′, δp) =

∫
V0

{[∂W
∗
0 (U′, J)
∂U′ − (r∗′)s]:δU′ + [

∂W ∗
0 (U′, J)
∂J

− f ′(J) p]δJ

+ [f(Ju,R)− f(J)]δp+ δr∗′T :[RT ·(I+ gradu)J−1/3
u,R −U′]

+ RT ·(I + gradu)· < r∗′Ju,R − [
1
3
r∗′T :RT ·(I+ gradu)J−1/3

u,R

− pf ′(Ju,R)Ju,R]Û−1 > :RT ·δR
− <∇∇∇∇∇∇∇∇∇∇∇∇∇∇0·{[J−1/3

u,R r∗′ − (
1
3
r∗′T :RT ·(I+ gradu)J−1/3

u,R

− pf ′(Ju,R)Ju,R)Û−1]·RT}+ ρ0b > ·δu}dV
−

∫
Sσ0

{t− N·J−1/3
u,R r∗′ − 1

3
r∗′T :RT ·(I+ gradu)J−1/3

u,R

− pf ′(Ju,R)Ju,RÛ−1·RT}·δu dA −
∫
Su0

δt·(u − u)dA

−
∫
Su0

{t−N·J−1/3
u,R r∗′ − [

1
3
r∗′T :RT ·(I+ gradu)J−1/3

u,R

− pf ′(Ju,R)Ju,R]Û−1 > ·RT}·δu dA, (4.45)
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with the additional abbreviation:

Û ≡ [RT ·(I + gradu)]s. (4.46)

The derivation of the terms depending on δU′, δJ , δp and δr∗′ is straightforward; in order to
obtain the terms depending on δR and on δu we need to take into account that, in analogy
with equation (4.24):

δJu,R =
∂Ju,R

∂Û
:δÛ = Ju,RÛ−1:δÛ

= Ju,RÛ−1:[δRT ·(I+ gradu) +RT ·grad δu]

= Ju,RRT ·(I + gradu)·Û−1:RT ·δR

+ Ju,RÛ−1·RT :(grad δu)T ,

(4.47)

where symmetry of Û, trace properties (2.82)–(2.83), and the orthogonality property (2.3)
have been used.

It is then easy to verify that

r∗′T :δRT ·(I+ gradu)J−1/3
u,R = J

−1/3
u,R (I+ gradu)·r∗′:δR

= J
−1/3
u,R RT ·(I + gradu)·r∗′:RT ·δR,

(4.48)

that

r∗′T :RT ·grad δuJ−1/3
u,R = J

−1/3
u,R R·r∗′T :grad δu

= J
−1/3
u,R r∗′·RT :(grad δu)T ,

(4.49)

and that, by virtue of equation (4.47),

r∗′T :RT ·(I+ gradu)δJ−1/3
u,R = − 1

3
J

−4/3
u,R r∗′T :RT ·(I+ gradu)δJu,R

= −1
3
J

−1/3
u,R [r∗′T :RT ·(I + gradu)]Û−1:[δRT ·(I+ gradu) +RT ·grad δu]

= −1
3
J

−1/3
u,R [r∗′T :RT ·(I + gradu)]RT ·(I + gradu)·Û−1:RT ·δR

− 1
3
J

−1/3
u,R [r∗′T :RT ·(I + gradu)]Û−1·RT :(grad δu)T . (4.50)

Similarly

p δf(Ju,R) = pf ′(Ju,R)δJu,R

= Ju,R pf
′(Ju,R)Û−1:[δRT ·(I+ gradu) +RT ·grad δu]

= Ju,R pf
′(Ju,R)RT ·(I + gradu)·Û−1:RT ·δR

+ Ju,R pf
′(Ju,R)Û−1·RT :(grad δu)T .

(4.51)
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In this way, all the terms in δR appearing in equation (4.45) are recovered from equa-
tions (4.48) and (4.50)–(4.51); the terms in δu are obtained if divergence theorem is ap-
plied, like it has been done in equation (3.10), to the relevant terms appearing in equa-
tions (4.49)–(4.51), once we remember that, according to the definition of grad, it results
grad δuT = (∇0δu).

When stationarity of functional G4, equation (4.43) is enforced, i.e. the condition δG4

is imposed for arbitrary and independent δu, δR, subject to constraint (3.7), δU′, δr∗′ and
δp we obtain the following ELE and NBC:

• in V0:

CLdis. :
∂W ∗

0 (U
′, J)

∂U′ = (r∗′)s (4.52)

CLdil. :
∂W ∗

0 (U
′, J)

∂J
= f ′(J) p (4.53)

CCdis. : RT ·(I + gradu)J−1/3
u,R = U′ (4.54)

CCdil. : Ju,R = J (4.55)
AMB : {RT ·(I+ gradu)· < r∗′Ju,R

− [
1
3
r∗′T :RT ·(I+ gradu)J−1/3

u,R

− pf ′(Ju,R)Ju,R]Û−1 >}a = 0 (4.56)

LMB : ∇∇∇∇∇∇∇∇∇∇∇∇∇∇0·{< J
−1/3
u,R r∗′ − [

1
3
r∗′T :RT ·(I+ gradu)J−1/3

u,R

− pf ′(Ju,R)Ju,R]Û−1 > ·RT }+ ρ0b = 0 (4.57)

• in Sσ0 :

TBC : N· < J
−1/3
u,R r∗′ − [

1
3
r∗′T :RT ·(I + gradu)J−1/3

u,R

− pf ′(Ju,R)Ju,R]Û−1 > ·RT = t (4.58)

• in Su0 :

DBC : u = u (4.59)

TCC : N· < J
−1/3
u,R r∗′ − [

1
3
r∗′T :RT ·(I+ gradu)J−1/3

u,R

− pf ′(Ju,R)Ju,R]Û−1 > ·RT = t. (4.60)

It should be remarked that the use of the kinematic split, equation (4.7) produces two
different sets of constitutive law and compatibility condition equations, one depending on
the distortional portion of deformation, equations (4.52) and (4.54), the other depending
on the dilatational strain only, equations (4.53) and (4.55), respectively.

The constitutive law is written in a form analogous to equations (4.221) and (4.222), the
latter with the substitution of f ′(J) p in place of p.

With reference to equation (4.55) the equality Ju,R = J follows immediately from the
condition f(Ju,R) = f(J) because of the assumed hypotheses on f .

In order to realize that equations (4.56), (4.57), (4.58) and (4.60) are indeed, as stated,
respectively the AMB, LMB, TBC and TCC, it is useful to remind that the compatibility
conditions, together with the kinematic split definition, equation (4.7) ensures that

RT ·(I+ gradu) = [RT ·(I+ gradu)]s = Û = U,
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and that, consequently

J
−1/3
u,R r∗′−[

1
3
r∗′T :RT ·(I+ gradu)J−1/3

u,R − pf ′(Ju,R)Ju,R]Û−1

= J−1/3r∗′ − [
1
3
r∗′T :UJ−1/3 − pf ′(J)J ]U−1 (4.61)

and this expression looks similar, with the substitution of pf ′(J) in place of p, to equa-
tion (4.51), which actually defines r∗ as a function of r∗′ and p; in equation (4.61) we can
indeed replace r∗′T :U with r∗′:U, since U is symmetric, and therefore properties (2.78)
apply.

Hence the terms within angle brackets in equation (4.57) turn out to be the Biot-Lur’e
stress tensor and we can recognize immediately the same structure as equation (2.65) which
is the linear momentum balance condition written in terms of r∗.

Finally, when LMB is fulfilled, it is easy to see that AMB, equation (4.56), might be
reduced, as expected, to a form analogous to equation (2.68).

4.2.24.2.2 A Four-field variational principleA Four-field variational principle

A four field mixed variational principle can be achieved from the previous six-field one
through the following contact transformation (see Atluri and Reissner, 1989, Murakawa,
1978 and Murakawa and Atluri, 1979):

−W ∗
c [(r

∗′)s, p ] =W ∗
0 (U

′, J)−U′:(r∗′)s − pf(J). (4.62)

When equation (4.62) is substituted into the espression (4.43) ofG4, the following functional,
defined for any C0 continuous u, orthogonal R, unsymmetric r∗′ and real-valued p is
obtained:

G5(u,R, r∗′, p) =
∫
V0

{−W ∗
c [(r

∗′)s, p ] + f(Ju,R) p+ r∗′T :[RT ·(I + gradu)J−1/3
u,R ]

− ρ0b·u}dV −
∫
Sσ0

t·u dA−
∫
Su0

t·(u − u)dA, (4.63)

where the same short-hand notation (4.44) has been adopted. Functional G5 is the coun-
terpart, in the framework of incompressible or nearly incompressible hyperelastic materials
undergoing finite deformation, of the three-field functional G3, equation (3.52); again the
variational principle deduced from it relies on a priori fulfillment of the constitutive law for
both the distortional and dilatational part of strain:

U′ =
∂W ∗

c [(r∗′)s, p ]
∂(r∗′)s

, f(J) =
∂W ∗

c [(r∗′)s, p ]
∂p

, (4.64)

which should be considered the inverse relations of equations (4.221)–(4.222).
The first variation of G5 gives:

δG5(δu, δR, δr∗′, δp) =

∫
V0

{
[
−∂W

∗
c [(r

∗′)s, p ]
∂(r∗′)s

+ ÛJ−1/3
u,R

]
:δr∗′ +

[
−∂W

∗
c [(r

∗′)s, p ]
∂p

+ f(Ju,R)
]
δp

+RT ·(I+ gradu)· < r∗′Ju,R − [
1
3
r∗′T :RT ·(I + gradu)J−1/3

u,R
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− pf ′(Ju,R)Ju,R]Û−1 > :RT ·δR
− {∇∇∇∇∇∇∇∇∇∇∇∇∇∇0·{< J

−1/3
u,R r∗′ − [

1
3
r∗′T :RT ·(I + gradu)J−1/3

u,R

− pf ′(Ju,R)Ju,R]Û−1 > ·RT }+ ρ0b}·δu}dV
−

∫
Sσ0

{t−N· < J
−1/3
u,R r∗′ − [

1
3
r∗′T :RT ·(I + gradu)J−1/3

u,R

− pf ′(Ju,R)Ju,R]Û−1 > ·RT }·δu dA −
∫
Su0

δt·(u − u)dA

−
∫
Su0

{t−N· < J
−1/3
u,R r∗′ − [

1
3
r∗′T :RT ·(I + gradu)J−1/3

u,R

− pf ′(Ju,R)Ju,R]Û−1 > ·RT }·δu dA, (4.65)

where notation (4.46) and equations (4.47)–(4.51) have been used.
Stationarity of G5 enforced through the condition δG5 = 0 for arbitrary and independent

δu, δR, δr∗′, δp, subjected only to constraint (3.7) produces the ELE and NBC associated to
the variational principle; it is easy to see that the same AMB, LMB and NBC equations as
equations (4.56)–(4.60) are given by the terms depending on δu and δR in equation (4.65);
CL is a priori complied with, as already remarked, and the following CC can be recovered
from the terms depending on δr∗′, δp:

CCdis. :
∂W ∗

c [(r
∗′)s, p ]

∂(r∗′)s
= Û (4.66)

CCdil. :
∂W ∗

c [(r∗′)s, p ]
∂p

= f(Ju,R). (4.67)

The presented variational principles based on functionals G4 and G5 hold, as already stated,
for compressible as well as incompressible materials; perfect incompressibility might be
recovered in the limit case, when in equation (4.43) this requirement is embedded in W ∗

0 :

∂W ∗
0 (U′, J)
∂J

= ∞ (4.68)

where ∂W ∗
0 /∂J in equation (4.68) is just the bulk modulus, or, similarly, when in equa-

tion (4.63) the following constraint on W ∗
c :

∂W ∗
c [(r∗′)s, p ]
∂p

= 0 (4.69)

is satisfied; the left-hand side of equation (4.69) is nothing but the bulk compliance.
Other reductions of the six-field variational principles based on functional G4 are possible

(see Seki, 1994); however, when dealing with incompressibility, it is not convenient to
eliminate both the hydrostatic pressure and the deviatoric stress to arrive at a purely
kinematic principle. The regularization of the functional in (4.63), in order to eliminate
the undetermined coefficients in r∗′ alone at the element level, follows the same arguments
as in eq.(3.53). For a detailed discussion of this regularization of G5 in eq.(4.63), see Seki
and Atluri (1994).
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5. CONSISTENT LINEARIZATION AROUND THE CURRENT STATE

In order to develop computational methods to solve nonlinear problems based on incre-
mental/iterative techniques, it is often convenient to linearize in a consistent fashion the
variational principles in their rate form. The advantage of working with incrementally for-
mulated variational principles is the ability to deal with nonlinear constitutive laws which,
as in the case of plasticity or visco-elasticity, allow only for an incremental description.

5.1 Lagrangean Descriptions

So far we have considered, in a three-dimensional Euclidean space E , a body B undergoing
finite deformations and we have focused our attention on two configurations only, namely
an undeformed (or initial) one, D, and a deformed (or final) one, D′: area and volume
elements, densities, forces, displacements, stress and strain measures have been referred to
such configurations.

We should remark that a configuration, from the mathematical point of view can be
identified with the region of E (i.e. a set of spatial points) instantaneously occupied by the
body; we have therefore that at the beginning of the deformation process the body occupies
a region D ⊂ E while, at the end of the deformation process it occupies another region,
D′ ⊂ E (for a deeper insight on the description of deformation see, for instance, Truesdell
and Noll, 1965 or Malvern, 1969).

Now we are concerned with describing a deformation process in a more detailed way,
as a multi-stage process, going on through subsequent intermediate configurations, whose
evolution can be described by means of a Newtonian time-like parameter t: let D0 be a
configuration chosen as a reference one (possibly, but not necessarily, the initial one), i.e.
the region of E occupied by the body at time t = t0 and let D1, . . . ,DI , . . . ,DJ , . . . ,DN ,DN+1

be a sequence of configurations corresponding to values of the time parameter equal to
t1, . . . , tI , . . . , tJ , . . . , tN , tN+1 respectively.

We face the problem of defining some tensorial, vectorial or scalar quantities, which
are, eventually, functions of the material point X (as, for instance, A(X), AA(X) and
A(X) respectively), in the DJ configuration, but referring them to the metric of another
configuration, say DI , by denoting such quantities as A(X)JI , AA(X)JI , A(X)JI .

From the theoretical point of view several incremental descriptions can be devised: among
the forms most widely used in solid mechanics are the Total Lagrangean (TL) and the
Updated Lagrangean (UL) approach: with the former, all quantities are referred to the
metric of the reference configuration, D0 (e.g.: AJ

0 (X), AAJ
0 (X), AJ

0 (X), etc.), whilst the
latter makes use of the metric defined in the current incremental configuration, say DI , so
that the relevant quantities are AI+1

I (X), AAI+1
I (X), AI+1

I (X), and so on.
From the computational point of view, the TL approach does not require any configura-

tion update as the incremental process goes on, but leads to more cumbersome expressions;
the UL approach requires a configuration update after each computational step, but gives
much simpler expressions and is often preferred in nonlinear problems, particularly when
material nonlinearities have to be accounted for.

5.2 Lagrangean Rates

Given a tensor A(X) (and similarly a vector AA(X) or a scalar A(X)) that is a function of
the material (or, as it is also called, Lagrangean) point X, we will denote its UL rate and
its TL rate respectively by:

Ȧ(X) (UL),
�
A (X) (TL);

and similarly for vectors and scalars.
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These rates are defined as:

ULrate : Ȧ(X) = lim
∆t→0

AN+1
N (X)−AN

N (X)
∆t

(5.1)

TLrate :
�
A (X) = lim

∆t→0

AN+1
0 (X)−AN

0 (X)
∆t

(5.2)

where ∆t = tN+1−tN , i.e. the difference of time parameters between the two configurations;
as ∆t → 0 we have that DN+1 becomes closer and closer to DN ; expressions similar to
equations (5.1)– (5.2) hold for vector and scalar quantities.

Both rates have the meaning of an intrinsic or material time derivative; as a consequence
in the DN+1 configuration, when it is close enough to the DN configuration, tensor A can
be approximated, if only first order terms in ∆t are retained, as:

ULrate : AN+1
N (X) = AN

N (X) + Ȧ(X)∆t (5.3)

TLrate : AN+1
0 (X) = AN

0 (X) +
�
A (X)∆t. (5.4)

Equations (5.3)–(5.4) might also be considered a series expansion of tensor A as a function
of ∆t in the neighbourhood of AN

N (X) or AN
0 (X) respectively, truncated after the linear

terms; for ∆t small enough, they constitute a consistent linearization of A; of course such
procedures apply to vectors and scalars, as well.

5.3 The Updated Lagrangean Approach

In the sequel only the UL formulation will be used and, consequently, the corresponding
equations for TL approach will not be given; they can be found, however, in the papers by
Atluri (1979, 1980).

5.3.15.3.1 Consistent linearization of kinematicsConsistent linearization of kinematics

In the framework of updated Lagrangean approach, it is easy to see that in the current
configuration DN no deformation exists when we use the metric of the current configuration
itself , namely:

FN
N (X) = I, (5.5)

UN
N (X) = I, (5.6)

RN
N (X) = I, (5.7)

uN
N (X) = 0, (5.8)

JN
N ≡ det(FN

N(X)) = det(I) = 1, (5.9)

where equations (5.6) and (5.7) are a consequence of the polar decomposition, described by
equation (2.28).

We now introduce the UL rates of F, U, R, u and J , by taking into account the results
expressed in equations (5.5)– (5.9); for sake of conciseness, the explicit dependence on the
material point X will be dropped in the sequel. It results, by making use of equation (5.1):

L ≡ Ḟ = lim
∆t→0

FN+1
N − I
∆t

(5.10)

D ≡ U̇ = lim
∆t→0

UN+1
N − I
∆t

(5.11)
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W ≡ Ṙ = lim
∆t→0

RN+1
N − I
∆t

(5.12)

v ≡ u̇ = lim
∆t→0

uN+1
N − 0
∆t

(5.13)

J̇ = lim
∆t→0

det(FN+1
N )− 1
∆t

(5.14)

where L is known as the (spatial) velocity gradient tensor, D is the strain rate (or rate-of-
deformation , or stretching) tensor, W is the spin (or vorticity) tensor, and v is the velocity
vector.

Equations (5.10)–(5.13) allow us to consistently linearize the relevant quantities around
the current state, DN ; for ∆t small enough we can indeed disregard all terms depending on
higher powers of ∆t, and maintain just the linear one, in order to write:

FN+1
N = I + L∆t (5.15)

UN+1
N = I +D∆t (5.16)

RN+1
N = I +W∆t (5.17)

uN+1
N = v∆t (5.18)

det(FN+1
N ) = 1 + J̇∆t. (5.19)

By making use of the following property, which binds the determinant of a tensor to some
invariant expressions — obtained by means of the trace operator — of the tensor itself and
of its powers (see Ogden, 1984 p. 25):

det(A) =
1
6
{[tr (A)]3 − 3tr (A)tr (A2) + 2tr (A3)}, (5.20)

and taking into account that

(I+ L∆t)2 = (I + L∆t)·(I+ L∆t) = I+ 2L∆t+ L·L(∆t)2 (5.21)

and

(I + L∆t)3 =(I+ L∆t)·(I+ L∆t)·(I + L∆t)

= I+ 3L∆t+ 3L·L(∆t)2 + L·L·L(∆t)3, (5.22)

because of the property (2.5) of the unit tensor I, and remembering, moreover, that the
trace is a linear operator, i.e.:

tr (I + L∆t) = tr (I) + tr (L)∆t = 3 + tr (L)∆t, (5.23)

and in a three-dimensional space tr (I) = 3, we can obtain, from equation (5.15) by means
of equations (5.20)–(5.23) and some straightforward algebra, the following expression for
det (FN+1

N ):

det (FN+1
N ) =det (I+ L∆t)

=1 + tr (L)∆t+ {[tr (L)]2 − tr (L2)} (∆t)
2

2!

+ {[tr (L)]3 + 2tr (L3)− 3tr (L)tr (L2)} (∆t)
3

3!
,

(5.24)
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which can be consistently linearized , by retaining only terms up to the first power of ∆t,
and gives:

det (FN+1
N ) = 1 + tr (L)∆t. (5.25)

Equation (5.25) can be compared with equation (5.19), bearing as a result that

J̇ = tr (L) = L:I, (5.26)

showing that the UL rate of J has a simple relation with an invariant function of the velocity
gradient tensor, L.

Other useful relations can be derived by making use of the linearized forms (5.16)
and (5.17): from the former we simply deduce that as UN+1

N must be symmetric, it follows
then that

D = (D)s; (D)a = 0 (5.27)

i.e. that the strain rate tensor is symmetric; from the latter, instead, if we make use of the
orthogonality condition (2.31), we have:

I = RN+1
N ·(RN+1

N )T

= (I+ W∆t)·(I +W∆t)T

= I+ (W +WT )∆t+W·WT (∆t)2
(5.28)

and if we consistently linearize by retaining only first order terms in ∆t, it results:

W +WT = 0, (5.29)

which means that

W = (W)a; (W)s = 0 (5.30)

or that the spin tensor is skew-symmetric.
Again, we can write the polar decomposition, as in equation (2.28), for configuration

DN+1 referred to the metric of DN :

FN+1
N = RN+1

N ·UN+1
N , (5.31)

and then, by substituting the linearized forms (5.15)–(5.17), we obtain:

I + L∆t = (I +W∆t)·(I+ D∆t)

= I + (D + W)∆t+W·D(∆t)2.
(5.32)

A consistent linearization of equation (5.32), by disregarding terms in ∆t higher than linear
leads to this expression:

L = D +W, (5.33)

which can be interpreted as an additive decomposition of the velocity gradient tensor, to
be thought as the counterpart, in incremental form, of the polar decomposition (2.28).
Moreover, since D is symmetric and W skew-symmetric, we have:

(L)s = D; (L)a = W (5.34)
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showing that the strain rate and the spin tensors are, respectively, the symmetric and
skew-symmetric portion of the velocity gradient tensor; therefore when we are working with
incremental deformation measures, the decomposition, which is polar, i.e. multiplicative
in its finite form, becomes an additive one, exactly like in the case of infinitesimal strain
theory.

5.3.25.3.2 Consistent linearization of stress measuresConsistent linearization of stress measures

The UL rates of the stress measures introduced in Section 2.2, namely the first Piola-
Kirchhoff stress tensor, t and the Biot-Lur’e stress tensor, r∗ are, according to equation (5.1):

ṫ = lim
∆t→0

tN+1
N − tN

N

∆t
(5.35)

and

ṙ∗ = lim
∆t→0

r∗N+1
N − r∗N

N

∆t
(5.36)

respectively; equations (5.35)–(5.36) will be now given a more useful form.
If we first take into consideration the stress tensor t and, according to equation (2.36),

we refer it to the current configuration (DN ) by expressing the result in terms of the metric
of the same configuration, we must have, by taking account of equations (5.5) and (5.9):

tN
N = JN

N [(FN
N)−1]·ττττττττττττττN

N = ττττττττττττττN , (5.37)

where ττττττττττττττN ≡ ττττττττττττττN
N is the Cauchy (or true) stress tensor in the DN configuration.

Similarly for r∗ we have, by virtue of equations (5.5), (5.7) and (5.9), when equa-
tion (2.401) is written in the current configuration (DN ) with reference to the metric of
DN :

r∗N
N = JN

N [(FN
N)−1]·ττττττττττττττN

N ·RN
N = ττττττττττττττN . (5.38)

Equations (5.37) and (5.38), when substituted back into the expressions (5.35) and (5.36) of
the UL rates, lead to the following consistent linearization for t and r∗, whe∆t is suitably
small:

tN+1
N = ττττττττττττττN + ṫ∆t, (5.39)

and

r∗N+1
N = ττττττττττττττN + ṙ∗∆t. (5.40)

It should be remarked that in both cases (5.37) and (5.38) the stress tensor coincides in the
current configuration, when this is referred to its own metric, with the true stress tensor;
this is a general feature of the UL approach: any stress measure, indeed, when referred to
the metric of the current configuration, fades in the Cauchy stress.

5.4 Field Equations in the UL Incremental Form

Having at hand the linearized equations of stress and strain measures, field equations can
be easily formulated in the framework of an UL approach: following the same order as in
Section 2.3, equilibrium, compatibility and constitutive equations will now be presented.
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5.4.15.4.1 Equilibrium equationsEquilibrium equations

According to equation (2.49) the LMB condition in the DN configuration may be written,
in terms of the Cauchy stress tensor as:

∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·ττττττττττττττN+ ρN bN = 0 (5.41)

where, of course, ∇∇∇∇∇∇∇∇∇∇∇∇∇∇N is the gradient operator defined in the metric of the current configura-
tion, DN , characterized by general curvilinear coordinates ηm

N
and corresponding contravari-

ant base vectors gm
N
:

∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ≡ gm
N

∂

∂ηm
N

(no sum on N ), (5.42)

ρN is the density, and bN ≡ bN
N the body forces (namely applied body forces and inertia

forces) per unit mass , both assigned in the current configuration, DN .
On the other hand, if we assume DN to be our reference configuration, then the LMB in

terms of t in the DN+1 configuration becomes, by virtue of equation (2.59):

∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·tN+1
N + ρN bN+1

N = 0. (5.43)

But the linearized expression (5.39) of tN+1
N can be substituted inside equation (5.43);

moreover if we consistently linearize also the load term, assuming that

bN+1
N = bN + ḃ∆t, (5.44)

where ḃ is the UL rate of b, we obtain this equivalent form for equation (5.43):

∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·(ττττττττττττττN + ṫ∆t) + ρN(bN + ḃ∆t) = 0. (5.45)

By exploiting equation (5.41) we finally get that the incremental LMB in the UL form is
simply, for the first Piola-Kirchhoff stress tensor:

∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·ṫ+ ρN ḃ = 0 (LMB). (5.46)

In a similar way, for the Biot-Lur’e stress tensor we have that equations (5.43) and (5.45)
are respectively substituted, once equations (2.65), (5.17), (5.38) and (5.40) are accounted
for, by

∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·[r∗N+1
N ·(RN+1

N )T ] + ρN bN+1
N = 0, (5.47)

and

∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·[(ττττττττττττττN+ ṙ∗∆t)·(I +W∆t)T ] + ρN (bN + ḃ∆t)

=∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·[ττττττττττττττN+ (ṙ∗ + ττττττττττττττN ·WT )∆t+ ṙ∗·WT (∆t)2]

+ ρN (bN + ḃ∆t) = 0.

(5.48)

Finally, after linearizing equation (5.48) such that terms in ∆t of higher order are dis-
regarded, and taking into account equation (5.41) and the skew-symmetry of W (i.e.
WT = −W), we arrive at the incremental LMB in the UL form for the Biot-Lur’e stress
tensor:

∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·(ṙ∗ − ττττττττττττττN ·W) + ρN ḃ = 0 (LMB). (5.49)
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The incremental form of the AMB in term of t can be obtained by writing equa-
tion (2.64) for configurations DN and DN+1: from the former we obtain, by virtue of
equations (5.5)and (5.37):

(FN
N ·tN

N)a = (ττττττττττττττN )a = 0, (5.50)

while from the latter, once equations (5.15) and (5.39) have been taken into account:

(FN+1
N ·tN+1

N )a = [(I+ L∆t)·(ττττττττττττττN+ ṫ∆t)]a
= [ττττττττττττττN+ (ṫ+ L·ττττττττττττττN )∆t+ L·ṫ(∆t)2]a = 0

(5.51)

which, once linearized, gives:

[ττττττττττττττN+ (ṫ+ L·ττττττττττττττN )∆t ]a = 0. (5.52)

Therefore, when both equations (5.50) and (5.52) are considered, we obtain:

(ṫ+ L·ττττττττττττττN )a = 0 (AMB). (5.53)

The counterparts of equations (5.50)–(5.51) in terms of r∗ are, by making use of equa-
tions (2.68), (5.6), (5.16), (5.38) and (5.40):

(UN
N ·r∗N

N )a = (ττττττττττττττN )a = 0 (5.54)

and
(UN+1

N ·r∗N+1
N )a = [(I +D∆t)·(ττττττττττττττN+ ṙ∗∆t)]a

= [ττττττττττττττN+ (ṙ∗ + D·ττττττττττττττN)∆t +D·ṙ∗(∆t)2]a = 0.
(5.55)

Then the linearized form of equation (5.55) is considered:

[ττττττττττττττN+ (ṙ∗+D·ττττττττττττττN )∆t ]a = 0 (5.56)

and equation (5.54) is accounted for, so that the incremental form of AMB in terms of r∗
turns out to be:

(ṙ∗+D·ττττττττττττττN)a = 0 (AMB), (5.57)

which can also be rewritten in terms of L and W, by means of equation (5.33),producing:

(ṙ∗+ L·ττττττττττττττN− W·ττττττττττττττN)a = 0 (5.58)

5.4.25.4.2 Compatibility conditionCompatibility condition

The incremental form of the compatibility condition (2.74) is easily obtained by writing it
for configurations DN and DN+1 referring all quantities to the metric of DN ; from the former
we obtain, by virtue of equations (5.5)–(5.8):

FN
N = RN

N ·UN
N = I = (I+ gradN uN

N ) = I, (5.59)

since, as in equation (2.72):

gradN uN
N ≡ (∇∇∇∇∇∇∇∇∇∇∇∇∇∇NuN

N )T , (5.60)

and the result turns out to be 0, the null tensor, because uN
N = 0 everyvhere.
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Similarly we have, when equations (5.15)–(5.18) and (5.32) are considered:

I+ L∆t = I+ (D +W)∆t+ W·D(∆t)2

= (I+ gradNv∆t),
(5.61)

and once linearization of equation (5.611) is carried out and equation (5.60) is subtracted
from it, the following incremental form of the CC is obtained:

D + W = gradNv, (5.62)

which is precisely the incremental counterpart of equation (2.74) in the UL framework;
in addition, since D is symmetric and W skew-symmetric, it follows that equation (5.62)
represents an additive decomposition of gradN v, analogous to the decomposition of the
displacement gradient holding in infinitesimal strain theory.

Equation (5.62) can also be given this alternate form:

L = gradNv (5.63)

which justifies the name of velocity gradient given to tensor L.
Equations (5.62)–(5.63) may be used to obtain alternate expressions for the LMB and

AMB equations considered in section 5.4.1.

5.4.35.4.3 Constitutive lawConstitutive law

The rate constitutive law must be properly posed using objective stress and strain rates in
order to produce physically consistent results (see Atluri, 1984b, Rubinstein and Atluri, 1983
and Reed and Atluri, 1983); one method to achieve this goal is to derive the constitutive
relations through the objective corotational (or Jaumann) stress rates and D, the strain
rate (or stretching) tensor.

The corotational rate is defined by the following operator:

˙(·)∗ ≡ ˙(·)−W·(·)N + (·)N ·W, (5.64)

where ˙(·) denotes an UL rate, W is the spin tensor and (·)N the expression of the relevant
quantity in the current configuration, DN .

Let us introduce the so called Kirchhoff stress tensor, σσσσσσσσσσσσσσ, defined as

σσσσσσσσσσσσσσ ≡ Jττττττττττττττ (5.65)

where, of course, J is the determinant of the deformation gradient, and ττττττττττττττ the Cauchy stress
tensor; it is useful to emphasize that the Kirchoff stress tensor is the conjugate stress measure
of the strain rate D (when the stress-working rate, or increase of internal energy is expressed
in terms of the reference configuration, in the present case DN ), as easily seen by comparing
equations (2.85) and (5.65).

We now consider, as an objective stress rate — and an UL stress rate is not an objective
one — the corotational rate of this Kirchhoff stress tensor, which after some straightforward
simplification reads:

σ̇σσσσσσσσσσσσσ∗ = τ̇τττττττττττττ + J̇ττττττττττττττN − W·ττττττττττττττN + ττττττττττττττN ·W, (5.66)

since by virtue of equation (5.9) and (5.65) we have, in the DN configuration:

σ̇σσσσσσσσσσσσσ = (J̇ττττττττττττττ) = JN
N τ̇τττττττττττττ + J̇ττττττττττττττN = τ̇τττττττττττττ + J̇ττττττττττττττN , (5.67)
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where τ̇τττττττττττττ is the UL rate (therefore, not an objective one) of the Cauchy stress:

τ̇τττττττττττττ = lim
∆t→0

ττττττττττττττN+1 − ττττττττττττττN

∆t
, (5.68)

and ττττττττττττττN+1 ≡ ττττττττττττττN+1
N+1 is the Cauchy stress in the DN+1 configuration: the Cauchy stress, being

the true stress, is always referred to the current configuration (i.e. both indeces have to be
equal).

It turns out (see Atluri, 1980) that σ̇σσσσσσσσσσσσσ∗ and D do form a suitable pair of stress and strain
measure to define an incremental constitutive relation that is both objective and consistent
so that the current stress-strain relation can depend on the deformation based on the metric
of the reference configuration, DN .

It has been indeed noted by Hill (1967) that a rate potential V̇ exists, in terms of the
rate-of deformation tensor D such that

∂V̇ (D)
∂D

= σ̇σσσσσσσσσσσσσ∗, (5.69)

and such a potential is not restricted to elastic materials only; Hill itself developed, on the
basis of equation (5.69), a classical elasto-plasticity theory: the relevant details can be seen
in Atluri (1979, 1980).

We can now express the UL rates of t and r∗ as functions of the UL rate of the Cauchy
stress and of the objective corotational rate defined in equation (5.66): indeed if we evaluate
these rates at the DN configuration, we find, by making use of equations (2.36) and (2.401)
the following consistently linearized expressions:

ṫ = lim
∆t→0

JN+1
N (FN+1

N )−1·ττττττττττττττN+1 − JN
N (FN

N)−1·ττττττττττττττN

∆t
, (5.70)

which yields

ṫ = J̇ [(FN
N)−1]·ττττττττττττττN − JN

N [(FN
N)−1]2·L·ττττττττττττττN + JN

N [(FN
N)−1]·τ̇τττττττττττττ

= J̇ττττττττττττττN− L·ττττττττττττττN + τ̇τττττττττττττ (5.71)
and

ṙ∗ = lim
∆t→0

JN+1
N (FN+1

N )−1·ττττττττττττττN+1·RN+1
N − JN

N (FN
N)−1·ττττττττττττττN ·RN

N

∆t
, (5.72)

which becomes

ṙ∗ = J̇ [(FN
N)−1]·ττττττττττττττN ·RN

N − JN
N [(FN

N)−1]2·L·ττττττττττττττN ·RN
N

+ JN
N [(FN

N )−1]·τ̇τττττττττττττ ·RN
N + JN

N [(FN
N )−1]·ττττττττττττττN ·W

= J̇ττττττττττττττN− L·ττττττττττττττN + τ̇τττττττττττττ + ττττττττττττττN ·W; (5.73)

after equations (5.5)–(5.7), (5.9)–(5.12), (5.14)–(5.17) and (5.19) have been accounted for.
If the Cauchy stress rate, equation (5.68) is expressed by means of equation (5.66) as a

function of the corotational rate (5.66), and equation (5.33) is used from equations (5.71)–
(5.73), we finally obtain:
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ṫ = (τ̇τττττττττττττ + J̇ττττττττττττττN − W·ττττττττττττττN + ττττττττττττττN ·W)−D·ττττττττττττττN − ττττττττττττττN ·W
= σ̇σσσσσσσσσσσσσ∗− D·ττττττττττττττN− ττττττττττττττN ·W (5.74)

and

ṙ∗ = (τ̇τττττττττττττ + J̇ττττττττττττττN − W·ττττττττττττττN + ττττττττττττττN ·W)− D·ττττττττττττττN

= σ̇σσσσσσσσσσσσσ∗− D·ττττττττττττττN
(5.75)

respectively.
Likewise, since t = s · FT (where s is the second Piola-Kirchhoff stress tensor),

ṫ = ṡ+ ττττττττττττττN · LT (5.76)

and hence,

ṡ = ṫ− ττττττττττττττN ·LT = σ̇σσσσσσσσσσσσσ∗− D·ττττττττττττττN − ττττττττττττττN ·D (5.77)

There exists, therefore, a scalar potential Ẇ ∗ for ṡ such that

Ẇ ∗ = V̇ (D)− ττττττττττττττN :(D ·D);
∂Ẇ ∗

∂D
= ṡ (5.78)

An important consequence of equations (5.74) and (5.75) is that the following relation
between the UL rates of t and r∗ is established:

ṙ∗ = ṫ+ ττττττττττττττN ·W. (5.79)

Equation (5.79), which we might otherwise derive by consistently linearizing equa-
tion (2.402), is the incremental form of equation (2.402) itself; as a constant feature of
linearized equations, it has an additive structure.

If we consider that σ̇σσσσσσσσσσσσσ∗ = (σ̇σσσσσσσσσσσσσ∗)s, i.e. that the corotational rate of the Kirchhoff stress tensor
is symmetric, as it can be easily checked by making use of equations (5.66) and (5.29), then
it is straightforward to derive from equation (5.75) the expression of the UL rate of the
symmetrized Biot-Lur’e stress:

ṙ ≡ (ṙ∗)s = σ̇σσσσσσσσσσσσσ∗− (D·ττττττττττττττN)s

= σ̇σσσσσσσσσσσσσ∗− 1
2
(D·ττττττττττττττN+ ττττττττττττττN ·D).

(5.80)

Equation (5.80) represents the UL rate of the so called Jaumann stress, not to be confused
with the Jaumann (i.e. corotational) rate, that has been defined in equation (5.64).

Now, if a rate potential V̇ exists in terms of D, such as equation (5.69) is fulfilled, then
it is easy to show (see Atluri 1979, 1980) that other rate potentials exist.

In particular we might define a rate potential, U̇ (in terms of L = gradNv), such that:

ṫ =
∂U̇(L)
∂LT

≡ ∂U̇(gradNv)
∂(gradNv)T

, (5.81)

and one, Q̇ (in terms of D), such that:

ṙ ≡ (ṙ∗)s =
∂Q̇(D)
∂D

. (5.82)
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These rate potentials are linked to V̇ by the following relations:

U̇ = V̇ (D)− ττττττττττττττN :(D·D) +
1
2
ττττττττττττττN :(LT ·L)

= V̇ (D)− ττττττττττττττN :(D·D) +
1
2
ττττττττττττττN :[(gradNv)T ·gradNv],

(5.83)

and
Q̇ = V̇ (D)− 1

2
ττττττττττττττN :(D·D) (5.84)

as it may be quickly verified; moreover, by making use of equation (5.33) and (5.80), we
find that equation (5.831) may be rewritten as:

U̇ = V̇ (D)− ττττττττττττττN :(D·D) +
1
2
ττττττττττττττN :[(D +WT )·(D +W)]

= Q̇(D) +
1
2
ττττττττττττττN :(WT·W) + ττττττττττττττN :(WT·D),

= Ẇ ∗(D) +
1
2
ττττττττττττττN :(LT·L)

(5.85)

where it has been taken into account that ττττττττττττττN is symmetric by virtue of equation (5.50).
If D and L are assumed to be functions of v, then one may write:

L = (gradNv); D = L + LT ; (5.86)

Then
U̇ = Ẇ ∗(L + LT ) +

1
2
ττττττττττττττN :(LT·L) (5.87)

Then, if U̇ is defined as a function of L in the fashion as indicated in eq.(5.87), the ṫ derivable
from such a potential U̇ becomes:

ṫ =
∂U̇(L)
∂LT

= ṡ + ττττττττττττττN · LT (5.88)

Thus, it is important to note that if the potential for ṫ is correctly defined in terms of L
as in eq.(5.88), the ṫ derivable from such a potential, U̇ , inherently satisfies the angular
momentum balance condition, i.e.:

(ṫ − ττττττττττττττN · LT ) = symmetric (5.89)

since ṡ is inherently symmetric.

6. VARIATIONAL PRINCIPLES IN INCREMENTAL FORM

Having introduced in section 5 the rate form of the field equations, we now establish some
variational principles which are the incremental counterparts of those presented in section
3: therefore adoption of unsymmetric stress rate measures and of the spin tensor will be
the common features of the development.

It is useful to emphasize that, by being able to formulate incremental variational prin-
ciples, we will be able to deal with mechanical nonlinearities of an almost general type,
provided only that the relevant constitutive equations be written under the form of a rate
potential.
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6.1 Variational Principles Written in Terms of ṫ

With a treatment parallel to that adopted in section 3.1, rate principles expressed in terms
of the first Piola-Kirchhoff stress tensor will constitute our starting point.

6.1.16.1.1 A Four-field principleA Four-field principle

In the framework of an UL formulation, a four field variational principle, valid for all general
materials (i.e. in the range of elasticity, elasto-plasticity, etc.), involving v, W, D, ṫ all as
independent variables may be stated, as first pointed out by Atluri (1979, 1980), through
the stationarity condition of this functional:

H1(v,W,D, ṫ) =
∫
V

N

{Q̇(D) +
1
2
ττττττττττττττN :(WT ·W) + ττττττττττττττN:(WT ·D)

+ ṫT :[(gradNv)−W −D]− ρN ḃ·v}dV
−

∫
Sσ

N

ṫ·v dA−
∫
Su

N

n·ṫ·(v − v) dA

(6.1)

where ṫ, v are prescribed traction and displacement increments, VN is the volume of the
body in the DN configuration, assumed to be the reference configuration, and Sσ

N
, Su

N
are,

respectively, the portions of its surface, SN (with outward unit normal n), where traction
and displacement increments are prescribed.

The requirements to be satisfied by the field variables are only these: v must be C0

continuous, W skew-symmetric, D symmetric and ṫ unsymmetric.
The functional in equation (6.1) is just the UL counterpart of the four-field functional

F1, equation (3.1), and can be deduced from that through a consistent linearization : the
procedure, though straightforward in its principles, as shown in section 5, is rather lengthy,
and details will be omitted here.

The first variation of H1 is simply:

δH1(δv, δW, δD, δṫ) =
∫
V

N

{[ ∂Q̇
∂D

− (ṫ+ ττττττττττττττN·W)s]:δD + δṫT:[(gradNv)−W −D]

+ [ṫ+D·ττττττττττττττN+ W·ττττττττττττττN ]:δW − (∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·ṫ+ ρN ḃ)·δv}dV
−

∫
Sσ

N

(ṫ− n·ṫ)·δv dA−
∫
SuN

n·δṫ·(v − v) dA, (6.2)

where by making use of the trace properties (2.79), (2.82), (2.83) and of equations (5.27),
(5.30), (5.50) it can be shown that:

ττττττττττττττN :WT·δD = ττττττττττττττN:δD·W = −ττττττττττττττN:δD·WT = −ττττττττττττττN·W:δD, (6.3)
ṫT:δD = (ṫ)s:δD; (6.4)

and that

ττττττττττττττN:δWT ·D = ττττττττττττττN·D:δWT = D·ττττττττττττττN:δW (6.5)

1
2
(ττττττττττττττN:δWT·W + ττττττττττττττN:WT·δW) =

1
2
(ττττττττττττττN·WT:δWT + W·ττττττττττττττN:δW)

= W·ττττττττττττττN:δW
(6.6)
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−ṫT:δW = ṫT:δWT = ṫ:δW. (6.7)

The portion depending on δṫ in equation (6.2) can be immediately obtained from equa-
tion (6.1), as well as the terms depending on δD and δW of equation (6.2) can be easily
derived by means of equations (6.3)–(6.7). The last term in the volume integral of equa-
tion (6.2), depending on δv, is seen to come out by applying the divergence theorem as
follows: ∫

V
N

ṫT:(gradNδv)dV =
∫
V

N

ṫ:(∇∇∇∇∇∇∇∇∇∇∇∇∇∇Nδv)dV

=
∫
SσN

∪SuN

n·ṫ·δv dA−
∫
VN

(∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·ṫ)·δv dV ,
(6.8)

where the same notation as in equation (5.60) has been adopted.
The stationarity of H1 obtained through the enforcement of the condition δH1 = 0 for

arbitrary and independent values of δv, δW, δD and δṫ, subject solely to the constraints
that since D and W are respectively symmetric and skew-symmetric, according to equa-
tions (5.27) and (5.30), also their variation must satisfy a symmetry condition, namely

(δD)a = 0, (δW)s = 0 (6.9)

leads to the following ELE and NBC expressed in incremental form:

• in V
N
:

CL :
∂Q̇

∂D
= (ṫ+ ττττττττττττττN·W)s (6.10)

CC : gradNv = D +W (6.11)
AMB : (ṫ+D·ττττττττττττττN+ W·ττττττττττττττN )a = 0 (6.12)

LMB : ∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·ṫ + ρN ḃ = 0 (6.13)

• in Sσ
N
:

TBC : n·ṫ = ṫ (6.14)

• in Su
N
:

DBC : v = v. (6.15)

It is easy to see, by substituting in it equations (5.79) and (5.80), that equation (6.10) is
indeed a constitutive relation, written in incremental form; the compatibility condition (6.11)
is exactly equation (5.62), and similarly we have that the LMB (6.13) coincides with
equation (5.46); the AMB condition (6.12) can be reduced to the form of equation (5.53) if
decomposition (5.33) is used. The NBC, equations (6.14)–(6.15) are clearly the incremental
counterpart of equations (3.16)–(3.17).

It has been shown thus that the stationarity of functional H1, equation (6.1) yields, as its
ELE and NBC, the same field equations, presented in section 5, written in the incremental
form corresponding to the UL approach.
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6.1.26.1.2 A purely kinematic principleA purely kinematic principle

In order to devise a purely kinematic principle, D might be eliminated from H1, equa-
tion (6.1) by choosing it to satisfy a priori the following condition:

D = [(gradNv)−W] = (gradNv)s. (6.16)

When equation (6.16) is substituted back into equation (6.1), it gives:

H2(v,W, ṫ) =
∫
V

N

{Q̇[(gradNv)s] +
1
2
ττττττττττττττN:(WT·W)

+ ττττττττττττττN:[WT ·(gradNv)s] + ṫT:[(gradNv)a −W]

− ρN ḃ·v}dV −
∫
Sσ

N

ṫ·v dA−
∫
Su

N

n·ṫ·(v − v) dA,

(6.17)

where, of course,

(gradNv)a = (gradNv)− (gradNv)s (6.18)

is the skew-symmetric part of the velocity gradient.
The variational principle based on H2 holds for all C0 continuous v, skew-symmetric

W, and unsymmetric ṫ. The first variation of H2 is easily evaluated, when equations (6.16)
and (6.18) are taken into account, and reads:

δH2(δv, δW, δṫ) =
∫
V

N

{[ ∂Q̇

∂(gradNv)s
− (ṫ+ ττττττττττττττN·W)s]:(gradNδv)s + δṫT:[(gradNv)a −W]

+ [ ṫ + (gradNv)s·ττττττττττττττN+W·ττττττττττττττN ]:δW − (∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·ṫ+ ρN ḃ)·δv}dV
−

∫
Sσ

N

(ṫ− n·ṫ)·δv dA−
∫
Su

N

n·δṫ·(v − v) dA. (6.19)

The ELE and NBC recovered from H2, once the stationarity is enforced through the
condition δH2 = 0 for arbitrary and independent δv, δW (subject to condition (6.92)), δṫ
and symmetric (gradNδv)s , are:

• in V
N
:

CL :
∂Q̇

∂(gradNv)s
= (ṫ+ ττττττττττττττN ·W)s (6.20)

CC : (gradNv)a = W (6.21)
AMB : [ṫ+ (gradNv)s·ττττττττττττττN+ W·ττττττττττττττN ]a = 0 (6.22)

LMB : ∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·ṫ+ ρN ḃ = 0 (6.23)

• in Sσ
N
:

TBC : n·ṫ = ṫ (6.24)

• in Su
N
:

DBC : v = v. (6.25)
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These are completely equivalent to equations (6.10)–(6.15), if equation (6.16), which is a
priori fulfilled, is combined with equation (6.21) in order to get the compatibility condition
in the same form as equation (5.62); in its present form equation (6.21) is still a CC, though
involving only the skew-symmetric part of the velocity gradient.

If the compatibility condition, viz., [gradNv = W + D], is assumed to be satisfied a
priori, and the velocity boundary conditions are assumed to have been met a priori, a
purely kinematic principle in terms of v alone may be derived from (6.1) such that:

H∗
2 (v) =

∫
V

N

{Ẇ ∗
(L+ LT ) +

1
2
ττττττττττττττN :(LT ·L)− ρN ḃ·v}dV −

∫
SσN

ṫ·v dA (6.26)

where

L ≡ (gradNv). (6.27)

That both the LMB and AMB as well as TBC follow from δH∗
2 (v) = 0 is clear from the

observation:
∂Ẇ ∗

∂LT
= ṡ + ττττττττττττττN ·LT , (6.28)

and the discussion following equation (5.88). If one were to introduce W as an independent
variable, one may define an augmented functional,

H∗∗
2 (v,W) =

∫
V

N

{Ẇ ∗
[(gradNv)s] +

1
2
ττττττττττττττN:[(gradNv)T·(gradNv)]

+
1
2
γ[(gradNv)a −W]2 − ρN ḃ·v}dV

−
∫
Sσ

N

ṫ·v dA (6.29)

where γ is a Lagrange multiplier, and, as usual:

[(gradNv)a −W]2 = [(gradNv)a − W]:[(gradNv)a − W].

Clearly, the first variation of H∗∗
2 can be written as:

δH∗∗
2 (δv, δW) =

∫
V

N

{[ṡ + ττττττττττττττN ·(gradNv)T ]:(gradNδv)

+ γ[(gradNv)a − W]:[(gradNδv)a − δW]

− ρN ḃ·δv}dV −
∫
Sσ

N

ṫ·δv dA. (6.30)

Thus, the LMB, AMB, TBC, and the CC between the two independent fields, v and W,
viz., (gradNv)a ≡ W, follow from the vanishing of δH∗∗

2 in equation (6.30).
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6.1.36.1.3 A three-field principleA three-field principle

A variational principle involving only v, W and ṫ might be established starting from
functional H1, equation (6.1), if use is made of the following contact transformation:

Q̇(D) + ττττττττττττττN :(WT ·D)− (ṫ)s:D = −Q̇c[(ṫ + ττττττττττττττN·W)s] (6.31)

where Q̇c is a complementary rate potential; this is equivalent to assuming that the CL is
fulfilled a priori , since

∂Q̇c

∂(ṫ + ττττττττττττττN ·W)s
= D. (6.32)

When equation (6.31) is back-substituted into (6.1), the following three-field functional,
which holds for all C0 continuous v, skew-symmetric W and unsymmetric ṫ, is obtained:

H3(v,W, ṫ) =
∫
V

N

{−Q̇c[(ṫ+ ττττττττττττττN ·W)s] +
1
2
ττττττττττττττN :(WT ·W)

+ ṫT :[(gradNv)− W]− ρN ḃ·v}dV
−

∫
Sσ

N

ṫ·v dA−
∫
Su

N

n·ṫ·(v − v) dA, (6.33)

which is the incremental counterpart, in UL form, of functional (3.38); however, while that
holds only for hyperelastic materials, this one can be used for all general materials (namely
for the cases of elasticity, elasto-plasticity, etc.), provided only that a complementary rate
potential might be supplied.

The first variation of H3 is

δH3(δv, δW, δṫ) =
∫
V

N

{< [− ∂Q̇c

∂(ṫ+ ττττττττττττττN·W)s
]s − W + (gradNv) > :δṫT

+ < [
∂Q̇c

∂(ṫ+ ττττττττττττττN·W)s
]s·ττττττττττττττN +W·ττττττττττττττN + ṫ > :δW

− (∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·ṫ+ ρN ḃ)·δv}dV
−

∫
Sσ

N

(ṫ− n·ṫ)·δv dA−
∫
Su

N

n·δṫ·(v − v) dA, (6.34)

where equations (6.6)–(6.8) have been substituted in, and, by virtue of trace proper-
ties (2.78)–(2.79) and (2.82)–(2.83), the following result has been used:

− ∂Q̇c

∂(ṫ+ ττττττττττττττN ·W)s
:(δṫ + ττττττττττττττN ·δW)s

= [− ∂Q̇c

∂(ṫ+ ττττττττττττττN ·W)s
]s:(δṫ+ ττττττττττττττN ·δW)

= [− ∂Q̇c

∂(ṫ+ ττττττττττττττN ·W)s
]s:δṫT − ττττττττττττττN ·[ ∂Q̇c

∂(ṫ+ ττττττττττττττN ·W)s
]s:δW, (6.35)

and subsequently, account taken of equation (6.92), the last term in the r.h.s. of equa-
tion (6.35) has been transformed as:
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−ττττττττττττττN ·[ ∂Q̇c

∂(ṫ+ ττττττττττττττN ·W)s
]s:δW = −[

∂Q̇c

∂(ṫ+ ττττττττττττττN ·W)s
]s·ττττττττττττττN :δWT

= +[
∂Q̇c

∂(ṫ+ ττττττττττττττN ·W)s
]s·ττττττττττττττN :δW. (6.36)

The ELE and NBC corresponding to the stationarity condition of H3 for arbitrary and
independent δv, skew-symmetric δW and δṫ are:

• in V
N
:

CC : gradNv = [
∂Q̇c

∂(ṫ+ ττττττττττττττN ·W)s
]s + W (6.37)

AMB : {ṫ+ [
∂Q̇c

∂(ṫ+ ττττττττττττττN ·W)s
]s·ττττττττττττττN +W·ττττττττττττττN}a = 0 (6.38)

LMB : ∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·ṫ+ ρN ḃ = 0 (6.39)

• in Sσ
N
:

TBC : n·ṫ = ṫ (6.40)

• in Su
N
:

DBC : v = v, (6.41)

i.e. the field equations written in incremental form.
It turns out, however, that for a given ττττττττττττττN , the complementary rate potential Q̇c[(ṫ +

ττττττττττττττN·W)s] may be not positive definite for all ṫ: in such a case only the symmetric part of ṫ,
(ṫ)s would enter the variational principle.

This hindrance can be circumvented if a regularization term is added to functional H3,
equation (6.33), in order to independently enforce a static condition, the AMB in particular,
that can take control over (ṫ)a, the skew-symmetric part of ṫ, and add to the functional a
term in (ṫ)a that makes Q̇c positive definite for all ṫ. Therefore if a Lagrange multiplier γ
is used to enforce the AMB, written as:

[ṫ + (gradNv)·ττττττττττττττN ]a = 0, (6.42)

the following functional is obtained:

H∗
3 (v,W, ṫ) =

∫
V

N

{−Q̇c[(ṫ+ ττττττττττττττN·W)s] +
1
2
ττττττττττττττN :(WT·W)

+ ṫT :[(gradNv)−W] +
1
2
γ[ṫ+ (gradNv)·ττττττττττττττN ]2a

− ρN ḃ·v}dV −
∫
SσN

ṫ·v dA−
∫
SuN

n·ṫ·(v − v) dA, (6.43)

where, obviously,

[ṫ+ (gradNv)·ττττττττττττττN ]2a = [ṫ + (gradNv)·ττττττττττττττN ]a:[ṫ+ (gradNv)·ττττττττττττττN ]a. (6.44)
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The first variation of H∗
3 can be written as:

δH∗
3 (δv, δW, δṫ) =δH3(δv, δW, δṫ) +

∫
V

N

{δ[ṫ + (gradNv)·ττττττττττττττN ]a:

γ[ṫ + (gradNv)·ττττττττττττττN ]a}dV (6.45)

with δH3(δv, δW, δṫ) defined by equation (6.34).
Enforcing stationarity ofH3 through the condition δH∗

3 = 0 for arbitrary and independent
δv, skew-symmetric δW, δṫ leads to the same ELE and NBC already obtained from
functional H3, equations (6.37)–(6.41).

6.2 Variational Principles written in terms of ṙ∗

The rate principles presented in Section 6.1 may be reformulated in terms of the Biot-Lur’e
stress tensor: indeed the inverse relation of equation (5.79) is simply [see Atluri (1979, 1980a
and 1980b)]:

ṫ = ṙ∗ − ττττττττττττττN ·W. (6.46)

Thus terms containing ṫ can be transformed by means of equation (6.46); typically, we find:

ṫT :[(gradNv)−W −D] = (ṙ∗ − ττττττττττττττN ·W)T :[(gradNv)− W − D]

= ṙ∗ T :[(gradNv)− W −D]− WT ·ττττττττττττττN:[(gradNv)−W − D], (6.47)

and the part depending on WT in equation (6.47) can be transformed as follows, by making
use of trace properties (2.82)–(2.83) and of equations (5.27), (5.30) and (5.54):

− WT ·ττττττττττττττN:[(gradNv)−W − D] = W·ττττττττττττττN:[(gradNv)−W − D]
= ττττττττττττττN:WT·(gradNv)− ττττττττττττττN:WT·W − ττττττττττττττN:WT·D. (6.48)

6.2.16.2.1 A four-field principleA four-field principle

In the framework of an UL formulation, a four field variational principle, valid for all general
materials (i.e. in the range of elasticity, elasto-plasticity, etc.), involving v, W, D, ṙ∗ as
active variables can be derived from that based on H1, equation (6.1), by making use of
equations (6.46)–(6.48): the resulting functional may be rewritten as:

I1(v,W,D, ṙ∗) =
∫
V

N

{Q̇(D)− 1
2
ττττττττττττττN :(WT·W) + ττττττττττττττN:WT·(gradNv)

+ ṙ∗ T :[(gradNv)− W − D]− ρN ḃ·v}dV
−

∫
Sσ

N

ṫ·v dA−
∫
Su

N

n·(ṙ∗ T− ττττττττττττττN ·W)·(v − v) dA

(6.49)

where the same notation used in equation (6.1) has been adopted.
The requirements to be satisfied by the field variables are only these: v must be C0

continuous, W skew-symmetric, D symmetric and ṙ∗ unsymmetric.
The ELE and NBC corresponding to the stationarity of I1, enforced through the condition

δI1 = 0 for arbitrary and independent values of δv, δW, δD and δṙ∗, subject solely to the
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constraints (6.9), are the same as those given by G1, namely equations (6.10)–(6.15), though
expressed in terms of ṙ∗ instead of ṫ.

6.2.26.2.2 A purely kinematic principleA purely kinematic principle

A kinematic variational principle, involving only v and W can similarly devised, starting
from I1, equation (6.49), if D is eliminated through a priori fulfilment of condition (6.16):

D = [(gradNv)−W] = (gradNv)s.

The resulting functional, valid for all C0 continuous v, skew-symmetric W and unsymmetric
ṙ∗ is:

I2(v,W, ṙ∗) =
∫
V

N

{Q̇[(gradNv)s]− 1
2
ττττττττττττττN :(WT·W) + ττττττττττττττN:WT ·(gradNv)

+ ṙ∗ T :[(gradNv)a −W]− ρN ḃ·v}dV
−

∫
Sσ

N

ṫ·v dA−
∫
Su

N

n·(ṙ∗T − ττττττττττττττN ·W)·(v − v) dA, (6.50)

which is the incremental counterpart of functional G2, equation (3.49), holding for hypere-
lastic materials undergoing finite deformations.

As I2 is nothing but functional H2, equation (6.17), expressed in terms of the Biot-
Lur’e stress tensor, the ELE and NBC resulting from its stationarity condition are again
equations (6.20)–(6.25) with ṙ∗ substituted for ṫ.

6.2.36.2.3 A three-field principleA three-field principle

A variational principle involving only v, W and ṙ∗ might be established starting from
functional I1, equation (6.49), by eliminating D with the following contact transformation:

Q̇(D)− (ṙ∗)s:D = −Q̇c[(ṙ∗)s] (6.51)

where Q̇c is a complementary rate potential; this is equivalent to assume the CL a priori
fulfilled, since:

∂Q̇c

∂(ṙ∗)s
= D. (6.52)

When equation (6.51) is back-substituted into (6.49), the following three-field functional,
which holds for all C0 continuous v, skew-symmetric W and unsymmetric ṙ∗ is obtained:

I3(v,W, ṙ∗) =
∫
V

N

{−Q̇c[(ṙ∗)s]− 1
2
ττττττττττττττN :(WT ·W) + ττττττττττττττN :WT ·(gradNv)

+ ṙ∗T :[(gradNv)− W]− ρN ḃ·v}dV
−

∫
Sσ

N

ṫ·v dA−
∫
Su

N

n·(ṙ∗ − ττττττττττττττN ·W)·(v − v) dA, (6.53)

which is the incremental counterpart, in UL form, of functional (3.52); however, while that
holds only for hyperelastic materials, this one can be used for all general materials (namely
for the cases of elasticity, elasto-plasticity, etc.), provided only that a complementary rate
potential might be supplied.
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On the other hand, since the variational principle based on I3 is the counterpart of that
based on H3, equation (6.33), in terms of the Biot-Lur’e stress tensor, the ELE and NBC
originating from its stationarity condition, δI3 = 0, are the same, namely equations (6.37)–
(6.41), with ṙ∗ substituted for ṫ.

Again, Q̇c as a function of ṙ∗ may be not positive definite, and, therefore cannot be
inverted in terms of ṙ∗, but only as a function of (ṙ∗)s; to overcome this problem, a
regularization can be performed on I3 by adding a quadratic term, which independently
enforces, through a Lagrange multiplier, the AMB written in this form:

[(gradNv)·ττττττττττττττN + ṙ∗ − ττττττττττττττN·W]a = 0, (6.54)

in order to allow for an inversion of Q̇c in terms of ṙ∗.
In this way a variational principle, valid for all general materials and for all C0 continuous

v, skew-symmetric W and unsymmetric ṙ∗, can be established by making use of this
functional:

I∗3 (v,W, ṙ∗) =
∫
V

N

{−Q̇c[(ṙ∗)s]− 1
2
ττττττττττττττN :(WT·W) + ττττττττττττττN :WT ·(gradNv)

+ ṙ∗ T :[(gradNv)−W] +
1
2
γ[(gradNv)·ττττττττττττττN+ ṙ∗ − ττττττττττττττN ·W]2a

− ρN ḃ·v}dV −
∫
Sσ

N

ṫ·v dA

−
∫
Su

N

n·(ṙ∗ − ττττττττττττττN ·W)·(v − v) dA, (6.55)

which is the counterpart, in incremental form, of functional G∗
3, presented in equation (3.53).

In equation (6.55), the term [(gradNv)·ττττττττττττττN + ṙ∗ − ττττττττττττττN·W]2a is defined, analogously to
equation (6.44), as:

[(gradNv)·ττττττττττττττN+ ṙ∗ − ττττττττττττττN·W]2a =

[(gradNv)·ττττττττττττττN+ ṙ∗ − ττττττττττττττN ·W]a:[(gradNv)·ττττττττττττττN+ ṙ∗ − ττττττττττττττN ·W]a.
(6.56)

Again, the stationarity condition δI∗3 = 0 yields ELE and NBC analogous to those produced
by the variational principle based on H∗

3 , equation (6.43), but with ṫ replaced by ṙ∗.

6.3 UL Form of Basic Equations for Incompressible Materials

In order to formulate incremental variational principles capable to deal with incompressible
or nearly incompressible materials, the UL form of equations established in Section 4.1 will
be presented.

From the kinematical point of view, it is easy to verify, by using a consistent linearization
like those performed in Section 5, that the rate counterpart of equations (4.11) and (4.7)
are respectively:

L′ = L− 1
3
I tr (L), (6.57)

and

D′ = D − 1
3
I tr (D), (6.58)

where
L′ ≡ Ḟ′, D′ ≡ U̇′, (6.59)
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are the deviatoric parts of the velocity gradient and of the rate-of-deformation tensors, which
are the incremental counterparts of the deformation gradient and of the right stretch tensor
respectively, as shown in equations (5.10)–(5.11).

Equation (6.57) can be obtained in a straightforward way, by considering that:

˙F·IJ+1/3 = Ḟ·I(JN
N )+1/3 − 1

3
FN

N ·I(JN
N )−

4
3J̇ = L− 1

3
I(L:I) (6.60)

by virtue of equations (5.5), (5.9), (5.10) and (5.26). The overline in equation (6.60) is
just used to group terms together, making it easier to understand where the rate operator
acts upon. Equation (6.58) is derived in a similar way but exploiting the skew-symmetry of
the spin tensor; therefore, taking into account equations (5.26) and (5.33), along with the
circumstance that the trace operator is linear, as shown in equation (5.23), it results:

J̇ = L:I = (D +W):I = D:I = tr (D), (6.61)

since, by equation (2.811):

W:I = tr (W) = 0, (6.62)

as the unit tensor I is symmetric.
It must be remarked that, in the UL rate form, the kinematic split, represented by

equation (6.57) or (6.58) is again of an additive kind, exactly as in the case of the infinitesimal
deformation theory, equation (4.13). As a consequence, the distortional part of the strain
coincides with the deviator of the strain measure rate, and the dilatational portion with the
volumetric strain measure rate.

Moreover if we define the extraction of the deviator of a given tensor by means of an
operator, namely:

(·)′ ≡ (·)− 1
3
(·):I = (·)− 1

3
tr (·), (6.63)

then in the case of F (and of U) this operator and the derivative operator do commute, i.e.:

(Ḟ)′ = ˙(F′). (6.64)

This property, however, holds uniquely for strain measures, and is valid for UL rates only.
Turning now to stress measures, we are interested in deriving the rate counterpart of

equations (4.17)–(4.18), which define the decomposition of the first Piola-Kirchhoff and
of the Biot-Lur’e stress tensors in their deviatoric and hydrostatic portions; a consistent
linearization gives:

ṫ′′ = ṫ + pN (L − J̇I)− ṗI, (6.65)

for the UL rate of the first Piola-Kirchhoff stress tensor, and:

ṙ∗′′ = ṙ∗ + pN(D − J̇I)− ṗI, (6.66)

for the UL rate of the Biot-Lur’e stress tensor; equations (6.65) and (6.66) clearly show that
ṫ′′ and ṙ∗′′ are no more deviatoric as their finite counterparts.

The last addendum in the r.h.s. of expression (6.65) is easily derived as follows:

˙(−pJF−1) = −ṗJN
N (FN

N)−1 − pN J̇(FN
N)−1 + pNJN

N (FN
N)−1·(FN

N)−1·L
= −ṗI+ pN(L− J̇I), (6.67)
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where equations (5.5), (5.9), (5.10) and (5.14) have been exploited, and pN is defined as

pN ≡ 1
3
ττττττττττττττN :I =

1
3
tr (ττττττττττττττN ), (6.68)

while ṗ is the UL rate of the hydrostatic pressure. The derivation of equation (6.66) follows,
of course, an analogous path.

In terms of the rate potentials introduced in Section 5.4.3 it is possible to decouple the
dilatational and distortional portions of strain, as already done, when dealing with strain
energy densities in Section 4.1, equations (4.22) and (4.392,3): indeed if we consider that
instead of equations (5.81)–(5.82) we have the following:

ṫ′T =
∂U̇ ∗(L′, J̇)

∂L′ , ṗ =
∂U̇ ∗(L′, J̇)

∂J̇
, (6.69)

and

ṙ′ ≡ (ṙ∗′)s =
∂Q̇∗(D′, J̇)

∂D′ , ṗ =
∂Q̇∗(D′, J̇)

∂J̇
, (6.70)

where, as usual, the rate potentials have to satisfy the following relations:

U̇(L) = U̇ ∗(L′, J̇), Q̇(D) = Q̇∗(D′, J̇). (6.71)

Equations (6.69)–(6.711) allow us to write:

δU̇ (L) = ṫT :δL =
∂U̇(L)
∂L

:δL

=
∂U̇ ∗(L′, J̇)

∂L′ :δL′ +
∂U̇ ∗(L′, J̇)

∂J̇
δJ̇

= ṫ′T :δL′ + ṗδJ̇ = ṫ′T :(δL − 1
3
I δJ̇) + ṗδJ̇

= ṫ′T :δL − 1
3
(ṫ′:I)(I:δL) + ṗI:δL, (6.72)

since, by equation (6.57) it results:

δL′ = δL − 1
3
I tr (δL), (6.73)

and, by equation (5.26),

δJ̇ = tr (δL) = (δL:I). (6.74)

So, from equation (6.72) it easily follows that

ṫ = ṫ′ − 1
3
(ṫ′:I)I+ ṗI (6.75)

and similarly from equations (6.69) and (6.712) with an analogous procedure we arrive at:

(ṙ∗)s = (ṙ∗′)s − 1
3
[(ṙ∗′)s:I]I+ ṗI. (6.76)
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However, if equation (4.41) is consistently linearized, it follows that equation (6.76) holds
also for the skew-symmetric part of ṙ∗, namely:

ṙ∗ = ṙ∗′ − 1
3
(ṙ∗′:I)I+ ṗI. (6.77)

ṫ′ and ṙ∗′ are not deviatoric, in general; however since equations (6.75) and (6.77) are left
unchanged if we replace ṫ′ and ṙ∗′ with the following quantities:

ṫ′λ = ṫ′ + λI, ṙ∗′λ = ṙ∗′ + λI (6.78)

it is always possible, with a proper choice of the Lagrange multiplier λ, to transform them
in order to obtain the deviators of ṫ and ṙ∗ respectively.

6.4 Incremental Variational Principles for Incompressible Materials

When dealing with materials exhibiting an incompressible, or nearly incompressible, be-
haviour, an UL approach is often beneficial, as it easily allows to account for material non-
linearities; hence the utility to present here the incremental counterparts of the variational
principles established in Section 4.2 in the framework of finite elastic deformations.

6.4.16.4.1 A six-field variational principleA six-field variational principle

An extension of the four-field functional I1 with the addition of kinematic split is the
following six-field functional [see Seki and Atluri (1994)], which is the UL counterpart of
G4, equation (4.43):

I4(v,W,D′, J̇ , ṙ∗′, ṗ) =
∫
V

N

{Q̇∗(D′, J̇)− 1
2
ττττττττττττττN :(WT ·W) + ττττττττττττττN :WT ·(gradNv)

+ ṙ∗′T :[(gradNv)−W − D′ − 1
3
tr (gradNv) I]

+ [tr (gradNv)− J̇ ]f ′(1) ṗ− ρN ḃ·v}dV −
∫
Sσ

N

ṫ·v dA

−
∫
SuN

n·[ṙ∗′ − 1
3
tr (ṙ∗′) I+ f ′(1)ṗI− ττττττττττττττN ·W]·(v − v) dA.

(6.79)

This functional holds for all general materials, for all C0 continuous v, skew-symmetric
W, symmetric D′, positive J̇ , and unsymmetric ṙ∗′; f ′ is the first derivative of the smooth
and strictly monotone function f , introduced in functional G4, equation (4.43); indeed, a
consistent linearization performed on f = f(J) leads to:

ḟ(J) = f ′(JN
N )J̇ = f ′(1)J̇ (6.80)

by virtue of the chain rule and of equations (5.9) and (5.14); in particular, if f(J) = J − 1
we have that f ′(1) ≡ 1.

Moreover, it is easy to see that the UL rate of the term Ju,R, equation (4.44), when
equations (5.14) and (5.20)–(5.26), with proper adjustments, are accounted for, is:

J̇u,R = lim
∆t→0

{det[I + (gradNv −W)∆t− W·gradNv(∆t)2]s} − 1
∆t

= tr [(gradNv −W)s] = tr (gradNv), (6.81)
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as skew-symmetric tensors, like W and (gradNv)a are traceless, as clearly shown by equa-
tion (6.62).

The first variation of functional I4 is, by making use of equations analogous to (6.3)–(6.7),
and applying, as usual, the divergence theorem to the portions depending on gradNδv:

δI4(δv, δW, δD′ , δJ̇ , δṙ∗′, δṗ) =∫
V

N

{[∂Q̇
∗(D′, J̇)
∂D′ − (ṙ∗′)s]:δD′ + [

∂Q̇∗(D′, J̇)
∂J̇

− f ′(1)ṗ]δJ̇

+ [(gradNv)− W − D′ − 1
3
tr (gradNv)I]:δṙ∗′T

+ [tr (gradNv)− J̇ ]f ′(1) δṗ + [ṙ∗′ + (gradNv)−W)·ττττττττττττττN ]:δW

− < ∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·[ṙ∗′ − 1
3
tr (ṙ∗′) I+ f ′(1)ṗI− ττττττττττττττN·W] + ρN ḃ > ·δv}dV

−
∫
SσN

{ṫ− n·[ṙ∗′ − 1
3
tr (ṙ∗′) I + f ′(1)ṗI− ττττττττττττττN ·W]}·δv dA

−
∫
Su

N

n·δ[ṙ∗′ − 1
3
tr (ṙ∗′) I + f ′(1)ṗI − ττττττττττττττN ·W]·(v − v) dA (6.82)

when stationarity is enforced, i.e. δI4 = 0 is imposed, we recover as ELE and NBC all the
relevant field equations, namely:

• in V
N
:

CLdis. :
∂Q̇∗(D′, J̇)

∂D′ = (ṙ∗′)s (6.83)

CLdil. :
∂Q̇∗(D′, J̇)

∂J̇
= f ′(1)ṗ (6.84)

CCdis. : (gradNv)− 1
3
tr (gradNv)I −W = D′ (6.85)

CCdil. : tr (gradNv) = J̇ (6.86)
AMB : {ṙ∗′ + [(gradNv)−W]·ττττττττττττττN}a = 0 (6.87)

LMB : ∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·[ṙ∗′− 1
3
tr (ṙ∗′) I+ f ′(1)ṗI− ττττττττττττττN ·W] + ρN ḃ = 0 (6.88)

• in Sσ
N
:

TBC : n·[ṙ∗′ − 1
3
tr (ṙ∗′) I + f ′(1)ṗI − ττττττττττττττN ·W] = ṫ (6.89)

• in Su
N
: DBC : v = v. (6.90)

6.4.26.4.2 A four-field variational principleA four-field variational principle

From the previously stated variational principle based on functional I4 we can derive a
four-field one if the following contact tranformation:

−Q̇∗
c[(ṙ

∗′)s, ṗ] = Q̇∗(D′, J̇)− (ṙ∗′)s:D′ − J̇f ′(1)ṗ, (6.91)
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where Q̇∗
c[(ṙ∗′)s, ṗ] is the complementary rate potential, such that

∂Q̇∗
c[(ṙ

∗′)s, ṗ]
∂(ṙ∗′)s

= D′;
∂Q̇∗

c[(ṙ
∗′)s, ṗ]

∂ṗ
= f ′(1)J̇, (6.92)

is substituted in equation (6.79).
The resulting rate variational principle, which holds for any general material, for all C0

continuous v, skew-symmetric W, unsymmetric ṙ∗′ and real-valued ṗ, is just the counterpart
of the variational principle based on functional G5, equation (4.63), established in Section 4,
in the framework of incompressible hyperelastic materials undergoing finite deformations.
Its functional reads:

I5(v,W, ṙ∗′, ṗ) =∫
V

N

{−Q̇∗
c[(ṙ

∗′)s, ṗ]− 1
2
ττττττττττττττN :(WT ·W) + ττττττττττττττN :WT ·(gradNv)

+ ṙ∗′T :[(gradNv)−W − 1
3
tr (gradNv) I]

+ tr (gradNv)f ′(1)ṗ− ρN ḃ·v}dV −
∫
Sσ

N

ṫ·v dA

−
∫
Su

N

n·[ṙ∗′ − 1
3
tr (ṙ∗′) I + f ′(1)ṗI− ττττττττττττττN ·W]·(v − v) dA. (6.93)

A similar rate variational principle, but expressed in TL form, has been used by Murakawa
and Atluri (1978, 1979a).

The first variation of I5, when the customary divergence theorem and terms rearrange-
ment are carried out, as in the case of equation (6.82), is:

δI5(δv, δW, δṙ∗′, δṗ) =∫
V

N

{< −∂Q̇
∗
c[(ṙ

∗′)s, ṗ]
∂(ṙ∗′)s

+ (gradNv)−W − 1
3
tr (gradNv) I > :δṙ∗′T

− <
∂Q̇∗

c[(ṙ
∗′)s, ṗ]

∂ṗ
− tr (gradNv)f ′(1) > δṗ

+ < ṙ∗′ + [(gradNv)− W]·ττττττττττττττN > :δW

− <∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·[ṙ∗′ − 1
3
tr (ṙ∗′) I + f ′(1)ṗI − ττττττττττττττN ·W] + ρN ḃ > ·δv}dV

−
∫
Sσ

N

{ṫ− n·[ṙ∗′ − 1
3
tr (ṙ∗′) I + f ′(1)ṗI − ττττττττττττττN ·W]}·δv dA

−
∫
SuN

n·δ[ṙ∗′T − 1
3
tr (ṙ∗′) I + f ′(1)ṗI− ττττττττττττττN ·W]·(v − v) dA. (6.94)

The stationarity condition of I5, δI5 = 0, enforced for arbitrary and independent δv, skew-
symmetric δW, δṙ∗′, δṗ, leads to the following ELE and NBC:

• in V
N
:

CCdis. :
∂Q̇∗

c[(ṙ
∗′)s, ṗ]

∂(ṙ∗′)s
= (gradNv)− W − 1

3
tr (gradNv) I (6.95)
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CCdil. :
∂Q̇∗

c[(ṙ
∗′)s, ṗ]

∂ṗ
= f ′(1) tr (gradNv) (6.96)

AMB : {ṙ∗′ + [(gradNv)− W]·ττττττττττττττN}a = 0 (6.97)

LMB : ∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·[ṙ∗′− 1
3
tr (ṙ∗′)I+ f ′(1)ṗI− ττττττττττττττN·W] + ρN ḃ = 0 (6.98)

• on Sσ
N
:

TBC : n·[ṙ∗′ − 1
3
tr (ṙ∗′) + f ′(1)ṗI− ττττττττττττττN ·W] = ṫ (6.99)

• on Su
N
: DBC : v = v. (6.100)

These are equivalent to equations (6.85)–(6.90) once the inverse constitutive law, which is
a priori met by virtue of equations (6.91)–(6.92), is accounted for. A regularization of the
functional (6.95), in order to facilitate the elimination of the undetermined coefficients in ṙ∗′
alone at the element level, follows the same arguments as in equation (6.44). For a detailed
discussion of this regularization of equation (6.95) in the incompressible case, see Seki and
Atluri (1994).

7. REDUCTION TO LINEAR ELASTICITY

The variational principles, written in incremental form, which have been presented in section
6 can be easily specialized to the case of linear elasticity, in the framework of infinitesimal
strain theory.

Indeed, if the current configuration DN is regarded as the initial configuration of a
stress-free body, i.e. of a body with no initial stresses,

ττττττττττττττN = 0, (7.1)

then we have that the ELE and NBC produced by the stationarity condition of all those
principles are formally analogous, though expressed with rate variables, to the equations
governing a linear elastic problem.

7.1 Variational Principles for Linear Elasticity

Our aim is now to focus briefly on the reduction of regularized variational principles, as they
have proven to be effective in formulating new finite elements models with drilling degrees
of freedom, successfully tested in linear elasticity.

7.1.17.1.1 A purely kinematic principleA purely kinematic principle

It can be easily verified that the functional H∗∗
2 , equation (6.29), yields, when condition (7.1)

is accounted for, the following functional:

H∗∗
2� (v,W) = I∗2�(v,W) =

∫
V

N

{Ẇ ∗[(gradNv)s] +
1
2
γ[(gradNv)a −W]2

− ρN ḃ·v}dV −
∫
Sσ

N

ṫ·v dA
(7.2)

where:

[(gradNv)a −W]2 = [(gradNv)a − W]:[(gradNv)a − W]. (7.3)
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The variational principle based on H∗∗
2� = I∗2� (where subscript 6 denotes that the use is

limited to linear elasticity) holds for all C0 continuous v and skew-symmetric W; it has
been proposed and used by Iura and Atluri (1992) to develop robust finite elements with
drilling degrees of freedom.

Indeed, the basic idea of the regularization term depending on the Lagrange multiplier, γ,
which is used to enforce a kinematic compatibility condition, might be better appreciated in
the simpler framework of linear elasticity: the addition of a term, which, however, does not
affect the ELE and NBC produced by the stationarity condition, allows on the other hand,
to bring into play W and (gradNv)a, adding more flexibility to computational methods
based on the independent discretization of the field variables.

The ELE and NBC recovered when enforcing the stationarity condition of func-
tional (7.2), are:

• in VN :

CC : (gradNv)a = W (7.4)
AMB : ṡ = (ṡ)s (7.5)

LMB : ∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·ṡ + ρN ḃ = 0 (7.6)

• in Sσ
N
:

TBC : n·s = ṫ (7.7)

wherein:

ṡ ≡ ∂Ẇ ∗

∂(gradNv)s
(7.8)

7.1.27.1.2 A three-field principleA three-field principle

Again, reduction to linear elasticity of functionals H∗
3 , equation (6.43) and I∗3 , equa-

tion (6.55) leads to a unique functional, namely:

H∗
3�(v,W, ṫ) = I∗3�(v,W, ṙ∗) =

∫
V

N

{−Q̇c[(ṫ)s] + ṫT :[(gradNv)− W] +
1
2
γ[ṫ]2a

− ρN ḃ·v}dV −
∫
Sσ

N

ṫ·v dA−
∫
Su

N

n·ṫ·(v − v) dA, (7.9)

since in linear elasticity ṫ and ṙ∗ are indistinguishable; moreover rates could be replaced by
total quantities.

The variational principle based on the stationarity condition of functional H∗
3� = I∗3�,

equation (7.9), has been successfully formulated by Cazzani and Atluri (1993), and holds,
in the framework of linear elasticity (hence the subscript 6) for all C0 continuous v, skew-
symmetric W, and unsymmetric ṫ (or ṙ∗).

The function of the regularization term, γ[ṫ]2a is here to make positive definite for any
ṫ the complementary rate potential, Q̇c, which depends only on the symmetric part of
the stress tensor, (ṫ)s and, therefore, would not allow, in the context of a finite element
formulation, to eliminate at the element level every stress component.

Of course, this regularization term, which has been introduced on the basis of sound
physical reasons, does not contribute to the ELE and NBC of the variational principle, which
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are, therefore, still the same as those obtained disregarding the regularization, namely, as it
might be easily checked:

• in V
N
:

CC : gradNv = [
∂Q̇c

∂(ṫ)s
]s +W (7.10)

AMB : (ṫ)a = 0 (7.11)

LMB : ∇∇∇∇∇∇∇∇∇∇∇∇∇∇N ·ṫ+ ρN ḃ = 0 (7.12)

• in Sσ
N
:

TBC : n·ṫ = ṫ (7.13)

• in Su
N
:

DBC : v = v, (7.14)

and it is apparent, from equation (7.11) that the stress tensor becomes symmetric in the
solution, a feature that is common to all stress measures, in the framework of classical
(non-polar) infinitesimal strain theory.

A deeper insight on regularization of variational principles can be found in Seki and Atluri
(1994), where both linear and nonlinear problems for incompressible as well as compressible
materials are addressed.

8. MULTI-RIGID BODY DYNAMICS

So far the behaviour of a deforming body has been considered, and several variational
principles, all based on the explicit use of the finite rotation tensor R, or of its UL rate, the
spin tensor W have been presented.

Now we turn to the dynamics of a rigid body in order to formulate variational principles
capable of dealing with both unconstrained and constrained systems of rigid bodies linked
together. In this section the basic equations will be discussed: again explicit use of the
rotation tensor will be made, in order to characterize the rotational coordinates of the
body: this avoids introducing redundant degrees of freedom.

8.1 Kinematics of the Rigid Body

With reference to Figure 3, two orthogonal frames of reference, (O, ei) and (O′, e′
i) respec-

tively, will be adopted to specify the configuration of the rigid body B: one, defined by an
origin O of the coordinate system and by Cartesian orthogonal base vectors ei, is fixed and
therefore inertial ; the second one, defined by an origin O′ of the coordinate system and by
Cartesian orthogonal base vectors e′

i, is instead embedded in the body and spinning with it;
being corotational with the body it is therefore a non-inertial reference system. Of course
the advantage of using an embedded frame is that the inertial properties of the body, at
least for systems with no variation of mass, as those we are concerned with, remain constant,
and consequently it is sufficient to know the motion of the embedded frame to completely
characterize the motion of the body.

At any given time t the configuration of the embedded frame is completely identified by
the position vector

x(t) = O′ − O (8.1)
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Figure 3. Reference frames used for kinematics.

of the origin O′ of its coordinates, and by the rotation vector θθθθθθθθθθθθθθ(t), presented in equa-
tion (2.83), and such that, by virtue of equation (2.1) it maps the fixed basis into the
moving one, namely

e′
i = R(θθθθθθθθθθθθθθ)·ei. (8.2)

In equation (8.2), R is the finite rotation tensor corresponding, through equation (2.25)
or (2.26), to the finite rotation vector θθθθθθθθθθθθθθ; of course, as the latter changes with t, so also R is
a function of t, since

R(t) = exp [θθθθθθθθθθθθθθ(t)×I]. (8.3)

Similarly, the velocity of the embedded frame with reference to the inertial one is
identified by the linear velocity, v of the origin O′, and by its angular velocity, or spin ,
denoted by ωωωωωωωωωωωωωω.

The former is simply:

v =
d

dt
x ≡ ẋ, (8.4)

with x defined by equation (8.1); the superposed dot will be used, in the sequel, to denote
a time derivative of the relevant variable.

The angular velocity is instead, by definition, the time rate of change of the unit vectors
of the moving basis e′

i; so if we differentiate equation (8.2) with respect to (w.r.t.) time, we
obtain:

ė′
i = Ṙ·ei, (8.5)

since the base vectors of the fixed frame do not change with time; if we now make use of
the inverse relation of equation (8.2),

ei = RT ·e′
i (8.6)

we may express the rate of change of the base vectors of the embedded frame in terms of the
same base vectors, namely:

ė′
i = Ṙ·RT ·e′

i. (8.7)

But due to the orthogonality condition (2.31), we have, by differentiating it w.r.t. time, that

d

dt
(R·RT ) ≡ Ṙ·RT +R·ṘT = 0, (8.8)



112 S.N. Atluri & A. Cazzani

and this shows that Ṙ·RT is a skew-symmetric tensor, i.e. such that

(Ṙ·RT )s = 0, (8.9)

exactly as it happens when we have considered δR·RT , see equations (3.6) and (3.7).
By making use of the property that any skew-symmetric tensor can be expressed under

the form of a cross product involving its axial vector and the identity tensor, I (see Ogden,
1984, p. 29), we may then write

Ṙ·RT = ωωωωωωωωωωωωωω×I, (8.10)

and so, transform further equation (8.7), as it results, by substituting in it equation (8.10):

ė′
i = ωωωωωωωωωωωωωω×ei, (8.11)

which shows that the axial vector (which is unique) of tensor Ṙ·RT is indeed the angular
velocity. Equation (8.10) is often used to define the angular velocity, as done, for instance
by Borri, Mello and Atluri (1990a), while equations (8.11) are commonly known as Poisson’s
formulae.

Unfortunately the spin is not the time derivative of the finite rotation vector, denoted
by θ̇θθθθθθθθθθθθθ but depends (linearly) on it through a nonlinear function of θθθθθθθθθθθθθθ; it results, indeed, as
shown in Borri, Mello andAtluri (1990a) that:

ωωωωωωωωωωωωωω = ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ(θθθθθθθθθθθθθθ)·θ̇θθθθθθθθθθθθθ. (8.12)

Before proceeding to obtain the explicit expression of tensor ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ, appearing in equa-
tion (8.12), we should emphasize the fact that, because of the nonlinear relation between the
angular velocity and the time derivative of the finite rotation vector, the former is generally
an-holonomic, i.e. cannot be integrated in terms of θθθθθθθθθθθθθθ; hence the difficulties connected with
the closed form integration of the rigid body equations of motion in the most general case,
and the need to resort to approximated computational techniques.

In order to derive equation (8.12) we first note that, by making use of equation (2.16),
we have:

Ṙ =cos θ θ̇ + sin θ (ė×I) + sin θ θ̇e×(e×I)+
(1− cos θ) [ė×(e×I) + e×(ė×I)], (8.13)

where e is the unit vector of θθθθθθθθθθθθθθ, according to equation (2.83), and:

RT = I− sin θ (e×I) + (1− cos θ) e×(e×I), (8.14)

since
(e×I)T = (I×e) = −(e×I) (8.15)

and
[e×(e×I)]T = [(I×e)×e] = −e×(−e×I) = e×(e×I). (8.16)

If we now evaluate the left-hand side of equation (8.10) we get:

Ṙ·RT =cos θ θ̇(e×I) + sin θ (ė×I) + sin θ θ̇(1− cos θ)(e×(e×I))
+ (1− cos θ − sin2 θ)(ė×(e×I)) + (1− cos θ)(e×(ė×I))
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+ (1− cos θ)2[(ė×(e×(e×(e×I)))) + (e×(ė×(e×(e×I))))]

+ sin θ θ̇(1− cos θ)(e×(e×(e×(e×I))))
− sin θ(1− cos θ)(e×(ė×(e×I)))

− (1− cos θ)θ̇(e×(e×(e×I))). (8.17)

Equation (8.13) can be remarkably simplified as follows, if we take into account equa-
tions (2.18)–(2.20) and note that, as e is a unit vector, its magnitude is simply:

e·e = 1, (8.18)

and cannot change, so that:

d

dt
(e·e) = 2(ė·e) = 0, (8.19)

showing that ė is orthogonal to e. Hence, by applying repeatedly the fundamental vector
identity (2.11), we obtain the relations written below:

e×(ė×(e×I)) = e×[(ė·I)e − (ė·e)I] = e×e(ė·I) = 0, (8.20)

because of equation (2.19); moreover,

ė×(e×(e×(e×I))) = −ė×(e×I), (8.21)

because of property (2.18), and finally

e×(ė×(e×(e×I))) = e×(ė×[(e·I)e − (e·e)I])
= e×[ė×e(e·I)− ė×I]
= (e·e)(e·I)ė − (e·ė)(e·I)e− (e·I)ė + (e·ė)I
= (e·I)ė − (e·I)ė = 0, (8.22)

because of equations (2.19) and (8.18).
When equations (2.18), (2.20) and (8.20)–(8.22) are substituted back into equation (8.17)

we arrive at the following compact expression:

Ṙ·RT = θ̇(e×I) + sin θ (ė×I) + (1− cos θ)[(e×(ė×I))− (ė×(e×I))]. (8.23)

Now a further reduction is possible, by considering that

e×(ė×I)− ė×(e×I) = (e·I)ė − (e·ė)I − (ė·I)e+ (ė·e)I
= (e·I)ė − (ė·I)e = I×(ė×e)
= −(ė×e)×I = (e×ė)×I, (8.24)

when equations (2.11) and (8.19) are fully exploited; finally equation (8.23) might be
rewritten, account taken of equation (8.10), as:

ωωωωωωωωωωωωωω×I = [θ̇e + sin θė+ (1− cos θ)(e×ė)]×I, (8.25)

showing that the term within square brackets in the r.h.s. is precisely ωωωωωωωωωωωωωω.
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To explicitly express it in terms of θθθθθθθθθθθθθθ and θ̇θθθθθθθθθθθθθ, we can take advantage of the definition (2.83)
of the finite rotation vector to obtain:

θ̇θθθθθθθθθθθθθ = θ̇e + θė, (8.26)

so that we can write:

e =
1
θ
θθθθθθθθθθθθθθ; ė =

1
θ
θ̇θθθθθθθθθθθθθ − θ̇

θ2
θθθθθθθθθθθθθθ (8.27)

and, therefore, by virtue of equations (2.11) and (2.19)

e×ė =
1
θ
θθθθθθθθθθθθθθ×(

1
θ
θ̇θθθθθθθθθθθθθ − θ̇

θ2
θθθθθθθθθθθθθθ)

=
1
θ2

(θθθθθθθθθθθθθθ×θ̇θθθθθθθθθθθθθ)− θ̇

θ3
(θθθθθθθθθθθθθθ×θθθθθθθθθθθθθθ)

=
1
θ2

(θθθθθθθθθθθθθθ×θ̇θθθθθθθθθθθθθ). (8.28)

We can further note that, by virtue of equations (2.83) and (8.26)

θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×θ̇θθθθθθθθθθθθθ) = (θθθθθθθθθθθθθθ·θ̇θθθθθθθθθθθθθ)θθθθθθθθθθθθθθ − (θθθθθθθθθθθθθθ·θθθθθθθθθθθθθθ)θ̇θθθθθθθθθθθθθ = θθ̇θθθθθθθθθθθθθθ − θ2θ̇θθθθθθθθθθθθθ = −θ(θθ̇θθθθθθθθθθθθθ− θ̇θθθθθθθθθθθθθθ),

i.e.

(θθ̇θθθθθθθθθθθθθ − θ̇θθθθθθθθθθθθθθ) = −1
θ
θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×θ̇θθθθθθθθθθθθθ). (8.29)

If we now add and subtract θė to the term within square brackets in the r.h.s. of equa-
tion (8.25) and make use of equations (8.27)–(8.29) we finally obtain:

ωωωωωωωωωωωωωω = [θ̇θθθθθθθθθθθθθ +
1− cos θ

θ2
θθθθθθθθθθθθθθ×θ̇θθθθθθθθθθθθθ + 1

θ2
(1− sin θ

θ
)θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×θ̇θθθθθθθθθθθθθ)], (8.30)

and a comparison with equation (8.12) reveals the sought-after structure of tensor ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ:

ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ(θθθθθθθθθθθθθθ) = I+
1− cos θ

θ2
(θθθθθθθθθθθθθθ×I) +

1
θ2

(1− sin θ
θ

)θθθθθθθθθθθθθθ×(θθθθθθθθθθθθθθ×I). (8.31)

From equations (8.30)–(8.31) it is apparent that the angular velocity ωωωωωωωωωωωωωω is the derivative of
the finite rotation vector only when θθθθθθθθθθθθθθ and θ̇θθθθθθθθθθθθθ are parallel to each other: only in that particular
case the angular velocity is integrable as a function of θθθθθθθθθθθθθθ.

By making use of the same procedure considered in section 2.1, i.e. taking a series expan-
sion of cos θ and sin θ and exploiting relations analogous to (2.21)–(2.22), equation (8.31)
might be given this compact form (see Borri, Mello and Atluri, 1990a):

ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ(θθθθθθθθθθθθθθ) = I+
∞∑

k=1

(θθθθθθθθθθθθθθ×I)k

(k + 1)!
(8.32)

Consider a variation of the finite rotation vector, δθθθθθθθθθθθθθθ with reference to the fixed unit
vectors basis, ei; such a variation is often defined as a Lagrangean variation of rotation. A
different variation of rotation, θθθθθθθθθθθθθθδ, results, of course, if it is considered with reference to the
moving unit vector basis, e′

i: such a variation is known as an Eulerian variation of rotation.
By considering a variation of the orthogonality condition (3.5), expressed in terms of

the rotation tensor, it turns out (see Cardona and Geradin, 1988; Borri, Mello and Atluri,
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1990a) with a derivation perfectly analogous to the one involving the angular velocity, that
the Eulerian variation of rotation is the axial vector of the skew-symmetric tensor δR·RT ,
i.e.

δR·RT = θθθθθθθθθθθθθθδ×I (8.33)

and, moreover, that the Lagrangean and the Eulerian variation of rotation are related,
analogously to θ̇θθθθθθθθθθθθθ and ωωωωωωωωωωωωωω, through the following equation:

θθθθθθθθθθθθθθδ = ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ(θθθθθθθθθθθθθθ)·δθθθθθθθθθθθθθθ, (8.34)

where ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ is the same tensor defined by equation (8.32).
The existence of such a parallism between the Lagrangean variation of rotation δθθθθθθθθθθθθθθ and

the time rate of the finite rotation vector, θ̇θθθθθθθθθθθθθ, on one hand, and between the Eulerian variation
of rotation, θθθθθθθθθθθθθθδ, and the angular velocity ωωωωωωωωωωωωωω, on the other, allows us to recognize that the
relation between the two variations of rotation will not be, in general, expressible in a finite
form.

8.2 Coordinate Selection

Our description of the motion of a rigid body during a time interval t1 ≤ t ≤ t2 will take
advantage of assuming a reference solution , defined for any point in the time domain by a
position vector, x0(t), and a finite rotation tensor, R0(t). The actual solution will, in general,
follow another path, described by a position vector x(t), and a finite rotation tensor, R(t);
however, as the reference solution is prescribed and has the same initial condition as the
actual one, the true path may also be represented by the position vector x∗(t), and the
rotation tensor R∗(t), defined respectively as:

x∗(t) = x(t)− x0(t); R∗(t) = R(t)·RT
0 (t), (8.35)

as the law of composition of rotations is, of course:

R(t) = R∗(t)·R0(t). (8.36)

In this way (see Figure 4) the position vector x∗ and the finite rotation vector θθθθθθθθθθθθθθ∗ associated
to the rotation tensor R∗, i.e. such that, according to equation (2.26),

R∗ = R∗(θθθθθθθθθθθθθθ∗) = exp(θθθθθθθθθθθθθθ∗×I) (8.37)

may be assumed as incremental coordinates to describe the rigid body motion.

Figure 4. Referential description of rigid body motion.
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Similarly, if v = ẋ and ωωωωωωωωωωωωωω are respectively the linear and angular velocity of the actual
motion of the body; v0 = ẋ0 and ωωωωωωωωωωωωωω0 the linear and angular velocity of the reference solution,
expressed in both cases in terms of the fixed frame, we have that v∗ = ẋ∗ and ωωωωωωωωωωωωωω∗ are,
respectively, the linear and angular velocity of the body in its actual motion, but referred
to the reference one.

It is possible to see that these are the relations between the above mentioned velocities
(see Borri, Mello and Atluri, 1990a):

v = v0 + v∗; ωωωωωωωωωωωωωω = R∗·ωωωωωωωωωωωωωω0 + ωωωωωωωωωωωωωω∗. (8.38)

Equations (8.38) are the counterpart, in terms of linear and angular velocities, of equa-
tions (8.35) which define the linear and angular position. It should be emphasized that the
angular velocity ωωωωωωωωωωωωωω∗ is not the same as the relative velocity from the reference configuration,
ωωωωωωωωωωωωωω − ωωωωωωωωωωωωωω0, and is instead given, in analogy with equation (8.12) by:

ωωωωωωωωωωωωωω∗ = ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ(θθθθθθθθθθθθθθ∗)·θ̇θθθθθθθθθθθθθ. (8.39)

Similarly, if we consider variations of linear velocities we simply have:

δv = δv∗ (8.40)

since the reference solution is prescribed, and therefore δv0 = 0; the relation between
Eulerian and Lagrangean variation of rotations is instead:

θθθθθθθθθθθθθθδ = θθθθθθθθθθθθθθ∗ δ = ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ(θθθθθθθθθθθθθθ∗)·δθθθθθθθθθθθθθθ∗ (8.41)

To globally describe the motion of the body its linear and angular coordinates will be
collected into a generalized vector, to be intended in an algebraic sense, and denoted by q.

A possible choice of coordinates makes use of the so called generalized coordinates: these
are, by applying our referential description, outlined in equations (8.35) and (8.37)–(8.39),
the position vector x∗ and the finite rotation vector θθθθθθθθθθθθθθ∗; let therefore denote them concisely
by:

q = (x∗, θθθθθθθθθθθθθθ∗). (8.42)

From this equation we can easily define a generalized vector, whose components are the
linear velocity and the time derivative of the rotation vector (which has not an immediate
physical meaning), namely:

q̇ = (ẋ∗, θ̇θθθθθθθθθθθθθ∗) = (v∗, θ̇θθθθθθθθθθθθθ∗). (8.43)

Similarly, a variation of the coordinates might be represented by an analogous generalized
vector,

δq = (δx∗, δ θθθθθθθθθθθθθθ∗), (8.44)

where, of course, the Lagrangean variation of rotation appears.
Let now b and m be the external force and moment resultants, respectively, and l and

h the linear momentum and the angular momentum of the rigid body, evaluated w.r.t. the
origin O′ of the moving frame.
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If we choose q and q̇, given by equations (8.42)–(8.43), as our coordinates, it follows then
(see Borri, Mello and Atluri, 1990a) that the corresponding generalized vectors of momenta,
i.e. of dynamic quantities relevant to this description of the motion, are respectively:

f = (b, ΓΓΓΓΓΓΓΓΓΓΓΓΓΓT (θθθθθθθθθθθθθθ∗)·m), (8.45)
and

p = (l, ΓΓΓΓΓΓΓΓΓΓΓΓΓΓT (θθθθθθθθθθθθθθ∗)·h), (8.46)

showing that the external moment resultant, m, and the angular momentum, h, which are
intrinsically defined in the (Eulerian) moving frame, need to be transformed through tensor
ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ when generalized coordinates, expressed in a reference configuration, are adopted.

On the other hand, it would be possible to define the coordinates in the moving frame:
however, in such a case only Eulerian variations of coordinates are actually brought into
play: this means that the counterpart of equation (8.42) is

δ q̂ = (δx∗, θθθθθθθθθθθθθθ∗ δ), (8.47)

which should be better regarded as a counterpart of equation (8.44), since δx∗ and θθθθθθθθθθθθθθ∗ δ do
not correspond to the variation of any finite coordinate, i.e. q̂ is not integrable.

δq̂ in equation (8.47) are known as quasi-coordinates, and the corresponding momenta,
to be compared with equations (8.45)–(8.46) are simply:

f̂ = (b, m), (8.48)
and

p̂ = (l, h), (8.49)

which show that external moment resultant and angular momentum are expressed, with
this choice of coordinates, equation (8.47), in their natural basis (the moving frame).

8.3 The Equations of Motion

It is well known that in terms of the linear and angular velocity of point O′, v and ωωωωωωωωωωωωωω, the
linear and angular momentum of a rigid body can be written as (see Borri, Mello and Atluri,
1990a):

l = M·v + ST ·ωωωωωωωωωωωωωω, (8.50)
and

h = S·v + J·ωωωωωωωωωωωωωω (8.51)

respectively, where M, S and J are, in this order, the mass, the first moment of inertia and
the second moment of inertia tensors, whose expressions, if r′ denotes the position vector
referred to point O′ of a generic point P of the rigid body, ρ the mass density and v the
body volume are:

M =
∫

V

ρ I dV ; S =
∫

V

ρ (r′×I) dV ; J =
∫

V

ρ r′×(r′×I) dV. (8.52)

Moreover the kinetic energy T is simply:

T =
1
2
(l·v + h·ωωωωωωωωωωωωωω) (8.53)

where l and h are given by equations (8.50)–(8.51).
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Now, given the fact that the first and second moment of inertia tensors are constant in
the embedded frame, it is posible to express a variation of the kinetic energy, δ T , as done
by Borri, Mello and Atluri (1990a), under the following form:

δ T = l·(δv + v×θθθθθθθθθθθθθθδ) + h·(δ ωωωωωωωωωωωωωω + ωωωωωωωωωωωωωω×θθθθθθθθθθθθθθδ) = l·(δv + v×θθθθθθθθθθθθθθδ) + h·θ̇θθθθθθθθθθθθθδ. (8.54)

Let now recall the equations of motion for a rigid body, which are a LMB and an AMB,
namely:

l̇ = b (8.55)

ḣ + v×l = m, (8.56)

supplemented by the end conditions:

l(tk) = lb(tk); h(tk) = hb(tk), (k = 1, 2), (8.57)

where, for compactness’s sake, lb and hb are two functions defined only for t = t1 and t = t2,
in order to specify the time boundary condition necessary to specify the motion.

Equations (8.56)–(8.57) might be written in an equivalent weak form, by making use of
vector-valued test functions, say d1(t), d2(t) in the time domain, and c1(t), c2(t) in the time
boundary; it results, then:

∫ t2

t1

[d1(t)·(l̇ − b) + d2(t)·(ḣ + v×l− m)] dt

+[c1(t)·(l − lb) + c2(t)·(h − hb)]|t2t1 = 0
(8.58)

as it can be easily verified.
Now we can always choose test functions such that ci(tk) = di(tk) for i = 1, 2; k = 1, 2

(i.e. such that any boundary test function coincide with the correspondent domain test
function evaluated at the boundary) the terms containing derivatives w.r.t. t of l, h can be
integrated by parts, and this leads to:

∫ t2

t1

[l·(ḋ1 + v×d2) + h·ḋ2 + b·d1 +m·d2] dt = (lb·d1 + hb·d2)|t2t1 (8.59)

where the explicit dependence on time of the test functions has been dropped.
If we now assume that

d1 = δx; d2 = θθθθθθθθθθθθθθδ, (8.60)

so that

ḋ1 = δv; ḋ2 = θ̇θθθθθθθθθθθθθδ (8.61)

and we substitute equation (8.60)–(8.61) back in equation (8.59), i.e. we choose as test
functions the variation of the position and of the finite rotation vectors, we obtain, by
virtue of equation (8.54):

∫ t2

t1

(δ T + b·δx + m·θθθθθθθθθθθθθθδ) dt = (lb·δx + hb·θθθθθθθθθθθθθθδ)|t2t1 , (8.62)

so that the strong form of the equation of motions, equations (8.55)–(8.56) can be recovered
as a stationarity condition involving the kinetic energy and a scalar function of the external
loads.
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This variational form of the equation of motion can be written in terms of both quasi-
coordinates, equation (8.47), and generalized coordinates, equation (8.44); and will be
shortly presented by making use of a concise notation borrowed from matrix algebra: let
therefore a row vector be denoted by �· · ·�, a column vector by {· · ·} and a matrix by [· · ·].

Equation (8.62) will have, therefore, the following structure in quasi-coordinates:

∫ t2

t1

⌊
( ˙δq̂); (δq̂)

⌋ {
F (f̂ , p̂)

}
dt = (lb·δx + hb·θθθθθθθθθθθθθθδ)|t2t1, (8.63)

and this in generalized coordinates:

∫ t2

t1

⌊
( ˙δq); (δq)

⌋
{G(f ,p)} dt = (lb·δx + hb·ΓΓΓΓΓΓΓΓΓΓΓΓΓΓ·δ θθθθθθθθθθθθθθ)|t2t1 . (8.64)

In writing equations, F and G are generalized vector functions of their arguments, and the
usual row-by-column matrix product is understood in the adopted notation; moreover, we
have assumed

˙δq̂ ≡ d

dt
(δq̂); ˙δq ≡ d

dt
(δq). (8.65)

Equations (8.63)–(8.64) are non-linear algebraic equations; in order to solve them, an
incremental/iterative procedure, like the Newton-Raphson method, is usually employed:
the same equations are then linearized and written under the form of a tangent matrix and
a residual vector.

Following this approach, the resulting linearized expressions are respectively:

∫ t2

t1

⌊
( ˙δq̂); (δq̂)

⌋ [
∂F

∂ ˙̂q
;
∂F
∂q̂

] {
d ˙̂q; dq̂

}
dt =

= δq̂·p̂b|t2t1 −
∫ t2

t1

⌊
( ˙δq̂); (δq̂)

⌋{
Fr( f̂ , p̂)

}
dt, (8.66)

in quasi-coordinates, and,

∫ t2

t1

⌊
( ˙δq);(δq)

⌋ [
∂G
∂q̇

;
∂G
∂q

]
{dq̇; dq} dt =

δq·pb|t2t1 −
∫ t2

t1

⌊
( ˙δq);(δq)

⌋
{Gr(f ,p)} dt, (8.67)

in terms of generalized coordinates. In equations (8.66)–(8.67) Fr and Gr represent the
residuals, while the r.h.s. of equation (8.64) and (8.65) has been rewritten more concisely
as the first term in the r.h.s. of equations (8.66) and (8.67) respectively; the tangent matrix
appears in the left-hand side of both equations; however as pointed out by Borri, Mello and
Atluri (1990a), while in the former (i.e. when quasi-coordinates are adopted) the tangent
matrix is generally unsymmetric, in the latter (i.e. in the case of generalized coordinates) it
is symmetric, unless in the presence of non-conservative load, and even in this case, however,
the portion of the tangent matrix independent of external load is still symmetric.
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8.4 Mixed Methods in Constrained Multi-rigid Body Dynamics

So far we have been concerned with the dynamics of a free, i.e. unconstrained , rigid body,
and we have seen that its equation of motion can be written in a variational form; by making
use of generalized coordinates we may indeed rewrite equation (8.62) under the form:∫ t2

t1

[δ L(q, q̇, t) + δq·f ] dt = δq·pb|t2t1 , (8.68)

where equations (8.42)–(8.46) have been taken into account; L is the Lagrangean function,
difference between the kinetic and potential energy; since here vector f includes both
conservative and non-conservative external loads, L identifies with the kinetic energy, T .

Equation (8.68) is known as the Hamilton’s weak principle for unconstrained dynamics
(see Borri, Mello and Atluri, 1991).

Let us now consider a constrained rigid body; for sake of simplicity we will be concerned
with constraints which are functions of the generalized coordinates q and of time, t, but
which depend only linearly on q̇, i.e. on the generalized velocities:

ψψψψψψψψψψψψψψ(q̇,q, t) = A(q, t)·q̇ + a(q, t) = 0. (8.69)

Despite the restriction embedded in the linear dependence on q̇, constraints like that in
equation (8.69) (so called linear holonomic) do encompass a large number of practical
applications: indeed they can be either non-holonomic or the time derivatives of holonomic
ones.

In order to avoid computing the work done by the constraint forces, we can always assume
test functions (which in this case can be thought of as virtual displacements) such that:

A·δq = 0, (8.70)

or, equivalently, since the constraint Jacobian can be written as

∂ψψψψψψψψψψψψψψ

∂q̇
= A,

it follows:

∂ψψψψψψψψψψψψψψ

∂q̇
·δq = 0. (8.71)

The weak form of equation (8.69) may now be written by making use of some appropriate
test functions: if µµµµµµµµµµµµµµ are Lagrange multipliers, then, for a reason that will be obvious later,
we can weigh equation (8.69) with the variation δµµµµµµµµµµµµµµ, and enforce equation (8.71) with the
time derivative µ̇µµµµµµµµµµµµµ, resulting in: ∫ t2

t1

(δµµµµµµµµµµµµµµ·ψψψψψψψψψψψψψψ − µ̇µµµµµµµµµµµµµ·∂ψψψψψψψψψψψψψψ
∂q̇

·δq)dt = 0 (8.72)

The first term under the integral sign is recognized to be:

δµµµµµµµµµµµµµµ·ψψψψψψψψψψψψψψ = δ(µµµµµµµµµµµµµµ·ψψψψψψψψψψψψψψ)− µµµµµµµµµµµµµµ·δψψψψψψψψψψψψψψ (8.73)

and can be further transformed if we take a synchronous variation of ψψψψψψψψψψψψψψ, i.e. δψψψψψψψψψψψψψψ|t=const,
which means that δt = 0:
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δψψψψψψψψψψψψψψ =
∂ψψψψψψψψψψψψψψ

∂q̇
·δq̇ +

∂ψψψψψψψψψψψψψψ

∂q
·δq (8.74)

so that, after substituting equation (8.74) into (8.73) we obtain:

δµµµµµµµµµµµµµµ·ψψψψψψψψψψψψψψ = δ(µµµµµµµµµµµµµµ·ψψψψψψψψψψψψψψ)− µµµµµµµµµµµµµµ·(∂ψψψψψψψψψψψψψψ
∂q̇

·δq̇ +
∂ψψψψψψψψψψψψψψ

∂q
·δq). (8.75)

The second term under the integral sign in equation (8.72) can instead be transformed
through integration by parts:

−
∫ t2

t1

(µ̇µµµµµµµµµµµµµ·∂ψψψψψψψψψψψψψψ
∂q̇

·δq) dt = −(µµµµµµµµµµµµµµ·∂ψψψψψψψψψψψψψψ
∂q̇

·δq)|t2t1 +
∫ t2

t1

[µµµµµµµµµµµµµµ· d
dt
(
∂ψψψψψψψψψψψψψψ

∂q̇
)·δq] dt, (8.76)

and the term under integral sign on the r.h.s. of equation (8.76) may be expanded as:

µµµµµµµµµµµµµµ· d
dt
(
∂ψψψψψψψψψψψψψψ

∂q̇
)·δq = µµµµµµµµµµµµµµ· d

dt
(
∂ψψψψψψψψψψψψψψ

∂q̇
)·δq +

∂ψψψψψψψψψψψψψψ

∂q̇
·δq̇. (8.77)

We finally obtain, when equations (8.75)–(8.77) are back-substituted into equation (8.72):
∫ t2

t1

{δ(µµµµµµµµµµµµµµ·ψψψψψψψψψψψψψψ) + µµµµµµµµµµµµµµ·[ d
dt
(
∂ψψψψψψψψψψψψψψ

∂q̇
)·δq − ∂ψψψψψψψψψψψψψψ

∂q
·δq]}dt = (µµµµµµµµµµµµµµ·∂ψψψψψψψψψψψψψψ

∂q̇
·δq)|t2t1 , (8.78)

which is an alternate weak form of the constraint equation (8.69).
At this point we can insert the constraint equation in its weak form (8.78) in the

expression (8.68) of Hamilton’s weak principle for the free body, obtaining:

∫ t2

t1

{δ(L+ µµµµµµµµµµµµµµ·ψψψψψψψψψψψψψψ)+ < f + µµµµµµµµµµµµµµ·[ d
dt
(
∂ψψψψψψψψψψψψψψ

∂q̇
)− ∂ψψψψψψψψψψψψψψ

∂q
] > ·δq}dt = [(pb + µµµµµµµµµµµµµµ·∂ψψψψψψψψψψψψψψ

∂q̇
)·δq]|t2t1 , (8.79)

which is the form of Hamilton’s weak principle suitable for constrained systems, as proposed
by Borri, Mello and Atluri (1990b, 1991).

Equation (8.79) might be written in a more compact form if we define, respectively, an
augmented Lagrangean function, L, an augmented generalized momenta vector, p, and an
augmented generalized external forces vector, f as follows:

L = L+ µµµµµµµµµµµµµµ·ψψψψψψψψψψψψψψ, (8.80)

p = p + µµµµµµµµµµµµµµ·∂ψψψψψψψψψψψψψψ
∂q̇

, (8.81)

f = f + f c, (8.82)

where f c represents the constraint reaction force given by:

f c = µµµµµµµµµµµµµµ·[ d
dt
(
∂ψψψψψψψψψψψψψψ

∂q̇
)− ∂ψψψψψψψψψψψψψψ

∂q
], (8.83)

which is typical of non-holonomic constraints, since it vanishes in the holonomic case.
When equations (8.80)–(8.83) are back-substituted in equation (8.79) we finally obtain

this combined weak-form, corresponding to Hamilton’s weak principle for constrained sys-
tems in primal form:
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∫ t2

t1

{δL+ δq·f}dt = (δq·pb)|t2t1 . (8.84)

A mixed form can be derived from equation (8.79) through the following contact transfor-
mation:

L(q, q̇, t)− p·q̇ = −H(p,q, t), (8.85)

where H is the augmented Hamiltonian function, leading to the following canonical equa-
tions :

−∂H
∂q̇

=
∂L

∂q
;

∂H

∂p
= q̇. (8.86)

By means of equation (8.85) the primal form (8.84) is thus tranformed in the following
mixed form (see Borri, Mello and Atluri, 1991):

∫ t2

t1

{δq̇·p − δṗ·q − δH + δq·f}dt = (δq·pb − δp ·qb)|t2t1 . (8.87)

The weak forms (8.84) and (8.86) are suitable for a numerical implementation, using time
finite elements, i.e. finite elements in the time domain .

For example, since the independent fields p and q share the same continuity require-
ments, we may use the same discretization procedure for the trial functions (in this case,
the generalized variables p, q), and for the test functions (in this context δp, δq, which act
as generalized virtual momenta and dispacements), and we may write:

(p,q) =
n∑

k=1

[Sk]{uk}; (δp, δq) =
n∑

k=1

[Sk]{vk}, (8.88)

where n is the number of time nodes, [Sk] is a matrix of shape functions, and

{uk} = (pk,qk); {vk} = (δpk, δqk), (8.89)

represent nodal values.
If expressions (8.88)–(8.89) are back-substituted in functional (8.86), linearized algebraic

equations in terms of ∆uk can be recovered; 2-, 3-, and 4-noded time elements in the domain
t1 ≤ t ≤ t2 has been developed in this way.

9. CONCLUSIONS AND NUMERICAL EXAMPLES

A unified treatment of variational principles involving finite rotations, suitable for applica-
tions in both Continuum Mechanics and Multi-rigid Body Dynamics has been presented.
These variational principles have led to several successful developments that will be briefly
presented in this section. Details relevant to the practical implementation of these prin-
ciples in effective finite element codes cannot be presented here and will be omitted: the
interested reader, however, will be given the bibliographic references where such topics have
been addressed.

The first example presented here, see Figure 5, is taken fromMurakawa and Atluri (1978):
a non-linear elastic sheet, obeying a Blatz-Ko type constitutive equation, is analyzed by
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means of the TL form of variational principle F3, equation (3.38), up to an average stretch
of 100%. Due to symmetry, only one-fourth of the sheet has been considered, and plane
stress condition have been assumed.

A second example (Figure 6) of large deformation analysis comes from Iura and Atluri
(1988): the free flight of an elastic, highly flexible L− shaped beam is analyzed with a purely
kinematic variational principle equivalent to that based on functional G2, equation (3.49).
Equations of motion have been integrated by means of Newmark’s method, and three
different values of stiffness have been considered, which are shown to significantly modify
the dynamical response.

Un UL approach, making use of a modified form of the variational principle based on
functional H3, equation (6.33), has been adopted by Reed and Atluri(1984): the void growth
in a hypoelastic/viscoplastic medium, analyzed in plane strain conditions, has been studied,
up to a stretch ratio of 1.5; typical results are presented in Figure 7. This example shows
the ability of variational principles involving rotation fields to deal with inelastic, as well as
elastic, problems.

The uniaxial stretching of a block (see Figure 8) made of an incompressible neo-Hookean
material with a circular hole has been studied by Seki (1994), in plane strain conditions, as a
non-linear benchmark problem to assess the reliability of a finite element formulation making
use of the variational principle G5, equation (4.63). Diagrams are relevant to an amount of
stretch equal to 200%; Figure 8a shows the deformed mesh, Figure 8b the amount of shear
distribution, Figure 8c the rotation distribution, Figure 8d the distribution of hydrostatic
pressure, and Figure 8e the distribution of the normal stress along the vertical axis.

Seki and Atluri (1994), Figure 9, have further successfully exploited finite elements based
on the variational principle I5, equation (6.93) to study the problem of shear band formation
in a homogeneous, uniaxially compressed block. The material has been assumed to obey
a power-law constitutive equation, and shear band formation is triggered by a horizontal
constraint on the upper edge. Deformed mesh and shear strain distribution at different
stages of the load path, identified by letters A to D are shown.

Another problem of shear band formation has been analyzed by Seki (1994), where
the familiar phenomenon of the necking of a sample subjected to uniaxial stretch (see
Figure 10) has been studied assuming a hyperelastic constitutive law exhibiting strain
softening/hardening. Figure 10a shows the finite element mesh, Figure 10b is a sketch of
the deformed block; Figure 10c shows the deformed and undeformed configurations; again
deformed mesh and shear strain distribution are shown at the last stages, denoted by letters
C and D , of the load path.

Finite elements for linear problems with drilling degrees of freedom have been developed
by Iura and Atluri (1992) and by Cazzani and Atluri (1993): in the former case the purely
kinematic principle based on H∗∗

2� , equation (7.2) has been implemented in the formulation,
while in the latter the three-field principle based on functional H∗

3�, equation (7.9) has been
adopted. Figures 11 and 12, respectively, show performance comparisons for some well
established benchmark problems: it is apparent that these elements present, given the same
total number of degrees of freedom, superior performances.

A significant rigid body dynamic problem, the spinning top, has been analyzed by Borri,
Mello and Atluri (1991) with time finite elements based on the weak Hamiltonian principles
presented in section 8.4. Three different initial conditions have been considered, leading to
considerably different kind of mass center motions, as shown in Figure 13.

Finally a popular example of multi-rigid body dynamics problem, the falling fifteen-bar
linkage, studied by Borri, Mello and Atluri (1990b), Figure 14, is presented to show the
ability of time finite elements based on weak formulations to effectively deal with complex
systems.
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Figure 5. Finite strain deformation of a non-linear elastic sheet (from Murakawa and Atluri,
1978).
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Figure 6. Right angle beam in free flight for different stiffness (from Iura and Atluri, 1988).
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Figure 7. Finite plasticity analysis of a void-growth problem (from Reed and Atluri, 1984).
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Figure 8. Large deformation analysis (200% stretch) of a block with a hole made of an
incompressible neo-Hookean material (from Seki, 1994).
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Figure 9. Analysis of a block compression problem with shear band formation (from Seki
and Atluri, 1994).
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Figure 10. Analysis of a specimen necking problem (from Seki, 1994).
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Figure 11. Performance of 4-noded linear elastic elements based on functional H∗
2� (from

Iura and Atluri, 1992).
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Figure 12. Performance of 4-noded linear elastic elements based on functional H∗
3� (from

Cazzani and Atluri, 1993).
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Figure 13. Top spin analysis for three different initial conditions (from Borri, Mello and
Atluri, 1991).
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Figure 14. Fifteen bar linkage analysis (from Borri, Mello and Atluri, 1990b).
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APPENDIX

We would like to point out here a noteworthy analogy. Let us consider two different
sets of orthonormal vectors, as done in section 8.1; let {ei} be the fixed basis, and {e′

i} the
moving one, related to the former through the rotation tensor, a function of the material
coordinates ξk, by

e′
i = R·ei. (A1)

Consider a variation δe′
i, so that:

δe′
i = δR·ei, (A2)

since the ei are fixed; if we account for the inverse relation of equation (A1), it follows that:

δe′
i = δR·RT·e′

i, (A2)

where δR·RT is a skew-symmetric tensor, because of equation (3.5).
Consider now the spatial derivative of e′

i w.r.t. coordinates ξk; the counterpart of
equation (A2) is then:

∂e′
i

∂ξk
=
∂R
∂ξk

·ei, (A3)
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and therefore, analogously to equation (A3):

∂e′
i

∂ξk
=
∂R
∂ξk

·RT·e′
i, (A4)

where the curvature tensor

κκκκκκκκκκκκκκ =
∂R
∂ξk

·RT

is skew-symmetric. Equations (A5) are the Frenet-Serret’s formulae.
Finally, consider the time derivative of equation (A1): as already seen in equation (A2)

it yields:
ėi

′ = Ṙ·ei, (A5)

which, once the inverse relation of equation (A1) is back-substituted, gives:

ė′
i = Ṙ·RT ·e′

i. (A6)

The skew-symmetric tensor Ṙ·RT can be thought of as a general form of the spin tensor
W, introduced in section 5.2. Indeed, if we refer equation (A7) to the current configuration,
we obtain, by equation (5.7):

ė′
i = Ṙ·I·e′

i = W·e′
i, (A7)

according to definition (5.12). Equations (A7) are also known as Poisson’s formulae.
The formal analogy (now known as the Kirchhoff analogy, see Love, 1927) between

equations (A5) and (A7) allowed Kirchhoff to attack the elastica problem as if it were a
problem of gyroscopic motion.
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