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A time domain collocation method for the study of the motion of a two dimensional
aeroelastic airfoil with a cubic structural nonlinearity is presented. This method first
transforms the governing ordinary differential equations into a system of nonlinear
algebraic equations (NAEs), which are then solved by a Jacobian-inverse-free NAE solver.
Using the aeroelastic airfoil as a prototypical system, the time domain collocation method
is shown here to be mathematically equivalent to the well known high dimensional
harmonic balance method. Based on the fact that the high dimensional harmonic balance
method is essentially a collocation method in disguise, we clearly explain the aliasing
phenomenon of the high dimensional harmonic balance method. On the other hand, the
conventional harmonic balance method is also applied. Previous studies show that the
harmonic balance method does not produce aliasing in the framework of solving the
Duffing equation. However, we demonstrate that a mathematical type of aliasing occurs
in the harmonic balance method for the present self-excited nonlinear dynamical system.
Besides, a parameter marching procedure is used to sufficiently eliminate the effects of
aliasing pertaining to the time domain collocation method. Moreover, the accuracy of the
time domain collocation method is compared with the harmonic balance method.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

The seminal work for the linear formulation of a two degree-of-freedom (DOF) aeroelastic airfoil section is attributed
to Fung in the classical book [12] in the community of aeroelasticity. The first study to investigate the effects of a struc-
tural nonlinearity in aeroelasticity is credited to Woolston et al. [35], where the wing section model with three types of
nonlinearities in pitch was analyzed using an analog computer. A review paper for this problem was presented by Lee et
al. [18].

Exact analytical solutions are rarely available for nonlinear dynamical systems due to the existence of nonlinear terms,
which nullifies the additivity and homogeneity properties pertaining to linear systems. In the literature to date, there
are four numerical schemes developed for the two DOF wing section model. The finite difference method is the most
straightforward one, which can be directly applied to solve the original governing integro-differential equations modeling
the two DOF system [30,31]. The other three methods try to transform the system of two coupled integro-differential equa-
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tions into a system of pure ordinary differential equations (ODEs) via different techniques, and subsequently the resulting
ODEs can be readily solved through numerical integration. A set of four integral transformations was proposed by Lee et al.
[17] to deal with the integral terms in the original integro-differential system. In literature, most of the recent numerical in-
vestigations are based on this method [20,26,28,25]. Besides, Alighanbari and Price [2] dealt with the integral terms through
a twice differentiation technique. Both approaches of Lee and Alighanbari lead to a system of eight first order ODEs. Re-
cently, Abdelkefi et al. [1] transformed the integro-differential equations into pure differential equations based on the Sears
and Pade approximations. Consequently, a system of six ODEs was achieved. All the three indirect methods end up with a
system of nonlinear pure ODEs. Therefore, all existing methods suited for solving nonlinear ODEs can be utilized.

Although numerical methods are accurate and simple to use, they are not efficient for evaluating the effects of the
parametric variations of the dynamical system. Many efforts have been made towards the development of the approximate
analytical methods. The harmonic balance (HB) method, which is essentially the time-domain-Galerkin method, is a power-
ful tool to obtain the temporally periodic solutions of the strongly nonlinear dynamical systems, which was applied as early
as in Stoker [32] and Hayashi [14]. It presumes a Fourier expansion for the desired periodic solution and then obtains the
NAEs of the coefficient variables through balancing each harmonic. The HB method is probably the most popular method
in the community of nonlinear dynamics. Many investigators have contributed to the development of the HB method, or
have utilized it to solve nonlinear dynamical problems. Such examples include: the canonical Duffing oscillator by Urabe
[34], a beam under sinusoidal excitement by Tseng and Dugundji [33], a two DOF aeroelastic system by Liu and Dowell [26].
However, this method is practically confined to a low number of harmonics, due to the need for a large number of symbolic
operations to evaluate the nonlinear coefficients for higher harmonics. When only one harmonic is used, the HB method
(labeled by HB1) reduces to the equivalent linearization method or otherwise known as the describing function method.
Zhao and Yang [37] studied the airfoil section with cubic nonlinearity in pitch by RK4 and the equivalent linearization
method, wherein the quasi-static aerodynamics were used to account for the aerodynamic force. Lee, Liu and Chung [19]
used the HB1 and HB3 to attack the eight coupled ODEs and derived the explicit form of NAEs for the unknowns of Fourier
coefficients and the frequency. Through including many harmonics, Urabe [34] used the high order HB method to find a
higher fidelity approximation for the periodic solutions of the Duffing equation. Liu and Dowell [26] employed the high
order HB method to study the bifurcation and limit cycle oscillations of the two DOF airfoil. Nevertheless, large numbers of
symbolic derivations are inevitable. Besides, the HB method has been believed not to produce aliased solutions in solving
nonlinear problems, such as the Duffing oscillator [29,16]. However, we will show that a mathematical aliasing may happen
when using the HB method to solve self-excited systems, e.g. the present two DOF wing section model. The occurrence of
the mathematical aliasing will be demonstrated analytically as well as numerically in this study.

Hall et al. [13] developed a high dimensional harmonic balance (HDHB) method to avoid expensive symbolic calcula-
tions in the HB method. The HDHB method transforms the frequency domain variables of the HB method into time domain
variables via a discrete Fourier transformation. Consequently, the HDHB method does not need to process the tedious sym-
bolic operations associated with the nonlinear term. However the HDHB method may produce many additional physically
meaningless solutions [29,16]. This phenomenon is called a physical aliasing. Using the Duffing oscillator as a prototype,
Liu et al. [29] investigated the aliasing phenomenon of the HDHB method, and pointed out that the aliasing comes from
the nonlinear term. But the explicit aliasing rule has not been discovered until now. This is one of the objectives of the
present study. Labryer and Attar [16] analyzed the dealiasing techniques for the HDHB method. The HDHB method has been
employed to solve the two DOF airfoil [28], the helicopter rotors in forward-fight [11], the Van der Pol’ oscillator [27], the
multistage turbomachinery [10]. However, investigators have regarded the HDHB method as a variation of the conventional
harmonic balance method.

Recently, Dai, Schnoor and Atluri [7] proposed the time domain collocation (TDC) method to obtain the periodic solutions
of the Duffing equation, wherein the relationships of the TDC method, the conventional HB method and the HDHB method
were explicitly investigated. Using the Duffing oscillator as the prototypical system, they have demonstrated that the HDHB
method is mathematically simply equivalent to the TDC method. Presently, we will show the equivalence between the TDC
method and the HDHB method in the framework of the two DOF wing section model. Essentially, the HDHB method should
be treated as a collocation method in disguise, rather than a variant of the HB method. Base on this finding, the aliasing
phenomenon of the HDHB method can be clearly explained.

We utilize a simple parameter-marching procedure to supply appropriate initial guesses to eliminate the aliasing from
the TDC method. Shown in Fig. 1 is the diagram for the parameter-marching procedure. Suppose β and U are the parameters
of the cubic nonlinearity and the flow speed, respectively. The fundamental frequency ω versus U curve is desired for the
system with β = βc . We can march along U to plot this curve provided that a physical solution is obtained at the generating
point (U g , βc). Three things need to be noted in employing the marching procedure. First, for obtaining the generating point
(U g, βc), one can march the nonlinear parameter β from zero (linear system) to βc to supply an appropriate initial guess.
Second, the increment �U should be relatively small to ensure that the initial guess is within the radius of convergence
of the solution. Third, the marching procedure is valid until a bifurcation point of (Ubif , βc) is encountered. Note that the
linear system, i.e. β = 0, has no bifurcation.

In addition, the accuracy of the TDC method is compared with the HB method and the RK4. Liu et al. [29] examined
the accuracy of the HDHB method and the classical HB method and concluded that in order to achieve the same order
accuracy, almost twice the number of harmonics should be retained in the analysis in the HDHB method as compared to
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Fig. 1. Diagram of the parameter marching procedure.

Fig. 2. Schematic diagram for the two DOF wing section model.

those needed in the HB method. In contrast, present numerical experiments indicate that results calculated by the TDC
having only n + 4 harmonics are equal to or slightly better than those by the HBn, the HB method with n harmonics.

2. Equations of motion

Fig. 2 shows schematically the notations used in the analysis of a two DOF airfoil oscillating in pitch and in plunge.
The plunge deflection is denoted by h, positive in the downward direction, and α is the pitch angle about the elastic axis,
positive with nose up. The elastic axis is located at a distance ahb from the mid-chord, while the mass center is located at
a distance xαb from the elastic axis. Both distances are positive when measured towards the trailing edge of the airfoil.

The aeroelastic equations of motion for linear springs have been derived in the classical book of Fung [12] in Chapter 6,
wherein the aerodynamic force and the restoring force are both linear. Considering cubic structural nonlinearities in pitch
and plunge, Fung’ equations are modified into the following non-dimensional form [31]:

ξ̈ + xαα̈ + 2ζξ

ω̄

U∗ ξ̇ +
(

ω̄

U∗

)2

G(ξ) = − 1

πμ
CL(τ ), (1a)

xα

r2
α

ξ̈ + α̈ + 2ζα
1

U∗ α̇ +
(

1

U∗

)2

M(α) = 2

πμr2
α

CM(τ ), (1b)

where ξ = h/b is the non-dimensional displacement of the elastic axis and ( ˙ ) denotes derivative respect to the non-
dimensional time τ and τ = Ut/b. U∗ is a non-dimensional velocity defined as U∗ = U/(bωα), and ω̄ = ωξ/ωα , where ωξ

and ωα are actually the natural frequencies of the uncoupled plunge and pitch oscillations respectively. ζξ and ζα are the
damping ratios, and rα is the radius of gyration about the elastic axis. M(α) and G(ξ) are the nonlinear pitch and plunge
stiffness terms respectively. They are

M(α) = α + βα3, G(ξ) = ξ + γ ξ3,

where β and γ are parameters of the nonlinear terms. CL(τ ) and CM(τ ) accounting for linear aerodynamic force and
aerodynamic moment are [12]
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CL(τ ) = π(ξ̈ − ahα̈ + α̇) + 2π
{
α(0) + ξ̇ (0) + (1/2 − ah)α̇(0)

}
φ(τ )

+ 2π

τ∫
0

φ(τ − σ)
[
α̇(σ ) + ξ̈ (σ ) + (1/2 − ah)α̈(σ )

]
dσ (2a)

CM(τ ) = π(1/2 + ah)
{
α(0) + ξ̇ (0) + (1/2 − ah)α̇(0)

}
φ(τ ) + π

2
(ξ̈ − ahα̈) − π

16
α̈

− (1/2 − ah)
π

2
α̇ + π(1/2 + ah)

τ∫
0

φ(τ − σ)
[
α̇(σ ) + ξ̈ (σ ) + (1/2 − ah)α̈(σ )

]
dσ (2b)

where the Sears approximation to the Wagner function φ(τ ) is given by [4]

φ(τ ) = 1 − ψ1e−ε1τ − ψ2e−ε2τ , (3)

in which ψ1 = 0.165, ψ2 = 0.335, ε1 = 0.0455 and ε2 = 0.3. It should be emphasized that system (1) has the aerodynamic
force related terms CL and CM having integral terms in them. Hence, system (1) is essentially a system of two integro-
differential equations. Hence, it is difficult to solve the system directly due to the existence of the integral terms. Three
schemes can be used to transform the integro-differential equations to pure differential equations as mentioned earlier. In
the spirit of integral transformations [17], four auxiliary variables: w1 = ∫ τ

0 e−ε1(τ−σ)α(σ )dσ , w2 = ∫ τ
0 e−ε2(τ−σ)α(σ )dσ ,

w3 = ∫ τ
0 e−ε1(τ−σ)ξ(σ )dσ , w4 = ∫ τ

0 e−ε2(τ−σ)ξ(σ )dσ are herein applied to deal with the integral terms.
Using the above four integral transforms, Eqs. (1) can be simplified to a system of differential equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

c0ξ̈ + c1α̈ + c2ξ̇ + c3α̇ + c4ξ + c5α + c6 w1 + c7 w2 + c8 w3 + c9 w4 + c10G(ξ) = f (τ ),

d0ξ̈ + d1α̈ + d2ξ̇ + d3α̇ + d4ξ + d5α + d6 w1 + d7 w2 + d8 w3 + d9 w4 + d10M(α) = g(τ ),

ẇ1 = α − ε1 w1,

ẇ2 = α − ε2 w2,

ẇ3 = ξ − ε1 w3,

ẇ4 = ξ − ε2 w4.

(4)

The coefficients c0, c1, . . . , c10 and d0,d1, . . . ,d10, and coefficients in the below system (5) are provided in Appendices A
and B. Both f (τ ) and g(τ ) vanish when the system damps out the transient monitions. So far what we need to do is to
solve system (4). In fact, system (4) can be solved directly by many existing semi-analytical methods which can tackle the
ordinary differential equations.

If we introduce x = [x1, x2, . . . , x8]T , where x1 = α, x2 = α̇, x3 = ξ , x4 = ξ̇ and xi+4 = ωi , i = 1,2,3,4, then system (4)
can be written as a system of eight first order ODEs: ẋ = f (x), which is an autonomous system. For simplicity, we can write
the system as ẋ = Ax + N, where the first part and second part correspond to the linear and nonlinear terms respectively.
Explicit form is given as follows

ẋ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0 0 0
a21 − g21 a22 a23 + g23 a24 a25 a26 a27 a28

0 0 0 1 0 0 0 0
a41 + g41 a42 a43 − g43 a44 a45 a46 a47 a48

1 0 0 0 −ε1 0 0 0
1 0 0 0 0 −ε2 0 0
0 0 1 0 0 0 −ε1 0
0 0 1 0 0 0 0 −ε2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

x +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
γ g23x3

3 − βg21x3
1

0
βg41x3

1 − γ g43x3
3

0
0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (5)

Eq. (5) can be readily solved by numerical integration method, such as the fourth order Runge–Kutta method (RK4). The
numerical results via RK4 will be used as benchmark solutions for the semi-analytical methods.

3. Semi-analytical methods

Eq. (5) can be utilized to analyze coupled nonlinearities in both pitch and plunge by the numerical integration method.
Usually the structural nonlinearity in pitch DOF is stronger than that in plunge DOF, which is observed from wind tunnel
experiments. Therefore, this study is restricted to the case with single nonlinearity in the pitch, i.e. γ = 0, β �= 0.

Since we focus on the limit cycle oscillations (LCOs) or periodic oscillations of the airfoil under consideration, the HB
method can be applied to solve the present problem. Liu and Dowell [26] employed HB method with many harmonics to
get an accurate prediction of the secondary bifurcation of the airfoil. Further, Liu et al. [28] applied the HDHB method to
the two DOF airfoil problem, and the accuracy of the HDHB method was compared with that of the HB method.
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The TDC method has a close relationship with the HDHB method. The HDHB method, however, was previously treated
as a variation of the HB method. To better understand the TDC method, we formulate the HB method first and then turn to
the TDC method.

3.1. Harmonic balance method

3.1.1. HB algebraic system
In the HB method, the six variables in Eqs. (4) are assumed as Fourier expansions. In accordance with the work of [28],

the approximate solutions for the six variables are

α(τ ) = α0 +
N∑

n=1

[
α2n−1 cos (nωτ) + α2n sin (nωτ)

]
,

ξ(τ ) = ξ0 +
N∑

n=1

[
ξ2n−1 cos (nωτ) + ξ2n sin (nωτ)

]
,

wi(τ ) = wi
0 +

N∑
n=1

[
wi

2n−1 cos (nωτ) + wi
2n sin (nωτ)

]
, i = 1,2,3,4. (6)

Accordingly, the coefficient variables are

Qα =

⎛
⎜⎜⎜⎝

α0
α1
...

α2N

⎞
⎟⎟⎟⎠ , Qξ =

⎛
⎜⎜⎜⎝

ξ0
ξ1
...

ξ2N

⎞
⎟⎟⎟⎠ , Qwi =

⎛
⎜⎜⎜⎜⎝

wi
0

wi
1

...

wi
2N

⎞
⎟⎟⎟⎟⎠ , i = 1,2,3,4. (7)

Then, we substitute the trial solutions (6) into the governing Eqs. (4), and balance the Fourier coefficients of the first N
harmonics, obtaining:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
c0ω

2A2 + c2ωA + c4I + c10I
)
Qξ + (

c1ω
2A2 + c3ωA + c5I

)
Qα +

4∑
i=1

ci+5Qwi = 0,

(
d0ω

2A2 + d2ωA + d4I
)
Qξ + (

d1ω
2A2 + d3ωA + d5I

)
Qα +

4∑
i=1

di+5Qwi + d10Mα = 0,

(ωA + ε1I)Qω1 − Qα = 0,

(ωA + ε2I)Qω2 − Qα = 0,

(ωA + ε1I)Qω3 − Qξ = 0,

(ωA + ε2I)Qω4 − Qξ = 0,

(8)

where I is a (2N + 1) × (2N + 1) identity matrix; A and Mα are given by

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 · · · 0

0 J1 0 · · · 0

0 0 J2 · · · 0

...
...

...
. . .

...

0 0 0 · · · JN

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, Jn = n

(
0 1

−1 0

)
, Mα =

⎛
⎜⎜⎜⎝

m0
m1
...

m2N

⎞
⎟⎟⎟⎠ , (9)

where mi , i = 0,1, . . . ,2N are the complex Fourier coefficients for the cubic term α3. We observe from the last four equa-
tions in system (8) that the Qwi (i = 1,2,3,4) can be expressed by Qα and Qξ . Then, substituting the Qwi to the first two
equations in (8) to eliminate the Qwi yields{

A1Qα + B1Qξ = 0
A2Qα + B2Qξ + d10Mα = 0 (10)

where Ai and Bi (i = 1,2) are (2N + 1) × (2N + 1) matrices with entries being functions of the fundamental frequency ω,
and Ai , Bi are given in Appendix C. The above system can be simplified further more. Because the first equation of (10) is
linear, we can obtain
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Qξ = −B−1
1 A1Qα. (11)

Substituting Qξ into the second equation of (10), finally we obtain the HB algebraic system (or HB system)

(
A2 − B2B−1

1 A1
)
Qα + d10Mα = 0. (12)

The HB algebraic system consists of 2N + 1 coefficient variables plus an unknown frequency ω. Hence, there are 2N + 2
unknowns for the 2N + 1 algebraic equations. To deal with this under-determined system, we note that for a hardening
spring the static motion is always zero, i.e. α0 = 0. Imposing this condition, the number of unknowns becomes 2N + 1.
However, we revisit the system (12) and find that with the condition α0 = 0 the first equation of this system becomes an
identical equation. In order to obtain a well-determined system, we also assume α1 = 0 on the account of the fact that the
phase of the first harmonic in pitch can be fixed for LCOs. Then, the HB algebraic system can be solved by a NAE solver.

It should be noted that the HB method is accurate to solve the nonlinear dynamic problems [26,7,21] with just a few
harmonics. Unfortunately, obtaining the explicit Fourier coefficient vector Mα corresponding to the nonlinear term, i.e.
α3, needs intense algebraic operations. The more the harmonics are included in the approximate solutions, the heavier
the algebraic operations would be. Although algebraic computing softwares, such as Maple, Mathematica, can be used to
mitigate the workload, the time consumed for the symbolic operations increases dramatically with the increase of the
number of retained harmonics. So this is considered to be a major drawback of the HB method. Besides, the HB method
may be very difficult or impossible to solve systems with complex (not polynomial type) nonlinearities.

3.1.2. Mathematical aliasing of the HB method
The HB algebraic system (12) can be written in a general form as

F(x) = 0, (13)

where F ∈ R2N+1, x ∈ R2N+2, and x1 = ω, xi+2 = αi , i = 0,1, . . . ,2N . There are 2N + 1 equations while 2N + 2 unknowns in
the NAEs. Suppose (ω,α) is a solution satisfying Eq. (13), α1 and α2 associated with the first harmonic should be dominant,
and the harmonic amplitudes Ak should have a descending trend [29], where

A0 = α0, Ak =
√

α2
2k−1 + α2

2k, k = 1,2, . . . , N. (14)

We can write out an approximate solution of Eq. (13) in a vector form

x = (
ω α0 α1 α2 α3 α4 . . . α2N

)
. (15)

Recall that the assumed approximate solution has the following form

α(τ ) = α0 +
N∑

n=1

[
α2n−1 cos (nωτ) + α2n sin (nωτ)

]
. (16)

Then alternatively, this periodic response having fundamental frequency ω can be represented through another form having
frequency ωa , where ωa = 1

m ω (m = 2,3,4, . . .). For example, when m = 2, the solution x to the NAEs turns out to be

x =
(

1

2
ω α0 0 0 α1 α2 0 0 α3 α4 . . .

)
. (17)

When m = 3, the solution is

x =
(

1

3
ω α0 0 0 0 0 α1 α2 0 0 0 0 α3 α4 . . .

)
, (18)

and so on for other integer m.
Physically, the aliased solutions (m = 2,3, . . .) represent the same response as the solution (m = 1). Hence, they are

all physical solutions. The solution with m = 1 is referred to as the real solution, whose primary harmonic dominates the
response. The solution with ωa = 1

m ω is called a mathematically aliased solution. In numerical examples, we observe this
mathematical aliasing phenomenon in the HB method.

The reason for the mathematical aliasing of the HB method lies in the variable frequency ω. Because ω is an unknown
variable, the frequency and each harmonic amplitude can adjust their magnitudes in multiple ways to satisfy the governing
Eq. (13). Among the multiple ways, however, only one is the real solution, viz. m = 1. The rest are the mathematically aliased
solutions of the real one. In general, this kind of aliasing of the HB method can arise from solving the self-excited dynamical
systems whose frequency is treated as an unknown variable rather than a constant, e.g. the Van der Pol’s oscillator [27].
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3.2. Time domain collocation method

3.2.1. Formulation of the TDC method
Dai et al. [7] proposed a TDC method for the periodic solutions to the Duffing equation, where they investigated the

relationships among the HB method, the HDHB method and the TDC method. In the case of the Duffing oscillator, they
proved that the TDC method, whose number of collocation points is equal to the number of unknown coefficients, was
equivalent to the HDHB method. Later, Dai et al. [8] extended the TDC method through increasing the number of collocation
points to effectively reduce the effect of aliasing in the Duffing oscillator. Herein, we propose the TDC method for the typical
airfoil section problem.

In the TDC method, we first substitute the approximate solutions (6) into the governing equations (4). Since the solutions
are not the exact ones, there must be residual errors. After rearrangement, we have⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

R1 = c0ξ̈ + c1α̈ + c2ξ̇ + c3α̇ + (c4 + c10)ξ + c5α + c6 w1 + c7 w2 + c8 w3 + c9 w4 �= 0,

R2 = d0ξ̈ + d1α̈ + d2ξ̇ + d3α̇ + d4ξ + d5α + d6 w1 + d7 w2 + d8 w3 + d9 w4 + d10α
3 �= 0,

R3 = ẇ1 + ε1 w1 − α �= 0,

R4 = ẇ2 + ε2 w2 − α �= 0,

R5 = ẇ3 + ε1 w3 − ξ �= 0,

R6 = ẇ4 + ε2 w4 − ξ �= 0

(19)

where R j represent R j(α0, . . . ,α2N , ξ0, . . . , ξ2N , wi
0, . . . , wi

2N ,ω, τ ) (i = 1,2,3,4; j = 1, . . . ,6). Now, we enforce the resid-
ual functions R j to be zero at 2N + 1 equidistant time points τi over a period. Therefore, the TDC algebraic system (19) for
the two DOF airfoil are obtained, and there are 6 × (2N + 1) equations and 6 × (2N + 1) + 1 unknowns.

3.2.2. The compact TDC algebraic system
Nevertheless, system (19) of the TDC method is not what we desired. Because in this system there are 2N + 1 harmonics

which is the same as the HDHB and the HB method, however, the size of the system is six times larger. In this section, we
transform the original TDC system (19) to a mathematically equivalent compact TDC system.

We will process each collocation resulting term in the system (19). By collocating α(τ ) at 2N + 1 time points τi , we
have

α(τi) = α0 +
N∑

n=1

[
α2n−1 cos (nωτi) + α2n sin (nωτi)

]
. (20)

Let θi = ωτi , Eq. (20) can be rewritten in a matrix form⎛
⎜⎜⎜⎝

α(τ0)

α(τ1)
...

α(τ2N)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

1 cos θ0 sin θ0 . . . cos (Nθ0) sin (Nθ0)

1 cos θ1 sin θ1 . . . cos (Nθ1) sin (Nθ1)
...

...
...

. . .
...

...

1 cos θ2N sin θ2N . . . cos (Nθ2N) sin (Nθ2N)

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

α0
α1
...

α2N

⎞
⎟⎟⎟⎠ . (21)

Therefore

Q̃α ≡

⎛
⎜⎜⎜⎝

α(τ0)

α(τ1)
...

α(τ2N)

⎞
⎟⎟⎟⎠ = FQα, (22)

where F is in fact the discrete Fourier transform (DFT) matrix in Eq. (21). In the same manner, we have Q̃ξ = FQξ , Q̃wi =
FQwi (i = 1,2,3,4). Similarly, collocating α̇(τ ) at 2N + 1 equidistant time points τi yields

α̇(τi) =
N∑

n=1

[−nωα2n−1 sin (nωτi) + nωα2n cos (nωτi)
]
. (23)

The above equation can be written in a matrix form:⎛
⎜⎜⎜⎝

α̇(τ0)

α̇(τ1)
...

α̇(τ2N)

⎞
⎟⎟⎟⎠ = ω

⎛
⎜⎜⎜⎝

0 − sin θ0 cos θ0 . . . −N sin (Nθ0) N cos (Nθ0)

0 − sin θ1 cos θ1 . . . −N sin (Nθ1) N cos (Nθ1)
...

...
...

. . .
...

...

0 − sin θ2N cos θ2N . . . −N sin (Nθ2N) N cos (Nθ2N)

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

α0
α1
...

α2N

⎞
⎟⎟⎟⎠ . (24)

Interestingly, we find that the square matrix in the above equation is equal to FA. Thus, we have



H. Dai et al. / Journal of Computational Physics 270 (2014) 214–237 221
Q̃α̇ = ωFAQα, (25)

where

Q̃α̇ ≡

⎛
⎜⎜⎜⎝

α̇(τ0)

α̇(τ1)
...

α̇(τ2N)

⎞
⎟⎟⎟⎠ . (26)

In the same manner, Q̃ξ̇ = ωFAQξ , and Q̃ω̇ j = ωFAQω j ( j = 1,2,3,4), where Q̃ξ̇ and Q̃ω̇ j are defined similarly as Q̃α̇ in
Eq. (26).

Furthermore, collocating α̈(τ ) at 2N + 1 equidistant time points τi , we have

α̈(τi) =
N∑

n=1

[−n2ω2α2n−1 cos (nωτi) − n2ω2α2n sin (nωτi)
]
. (27)

Eq. (27) is written in a matrix form:⎛
⎜⎜⎜⎝

α̈(τ0)

α̈(τ1)
...

α̈(τ2N)

⎞
⎟⎟⎟⎠ = ω2

⎛
⎜⎜⎜⎝

0 − cos θ0 − sin θ0 . . . −N2 cos (Nθ0) −N2 sin (Nθ0)

0 − cos θ1 − sin θ1 . . . −N2 cos (Nθ1) −N2 sin (Nθ1)
...

...
...

. . .
...

...

0 − cos θ2N − sin θ2N . . . −N2 cos (Nθ2N) −N2 sin (Nθ2N)

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

α0
α1
...

α2N

⎞
⎟⎟⎟⎠ . (28)

Note that the square matrix in the above equation is equal to FA2. Therefore,

Q̃α̈ ≡

⎛
⎜⎜⎜⎝

α̈(τ0)

α̈(τ1)
...

α̈(τ2N)

⎞
⎟⎟⎟⎠ = ω2FA2Qα. (29)

Similarly, Q̃ξ̈ = ω2FA2Qξ , where Q̃ξ̈ is defined in the same way as Q̃α̈ .
Upon transforming the TDC algebraic system (19) into the corresponding matrix form, we obtain:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
c0ω

2D2 + c2ωD + c4I + c10I
)
Q̃ξ + (

c1ω
2D2 + c3ωD + c5I

)
Q̃α +

4∑
i=1

ci+5Q̃wi = 0,

(
d0ω

2D2 + d2ωD + d4I
)
Q̃ξ + (

d1ω
2D2 + d3ωD + d5I

)
Q̃α +

4∑
i=1

di+5Q̃wi + d10M̃α = 0,

(ωD + ε1I)Q̃ω1 − Q̃α = 0,

(ωD + ε2I)Q̃ω2 − Q̃α = 0,

(ωD + ε1I)Q̃ω3 − Q̃ξ = 0,

(ωD + ε2I)Q̃ω4 − Q̃ξ = 0,

(30)

where D = FAF−1 and

M̃α =

⎛
⎜⎜⎜⎝

α3(τ0)

α3(τ1)
...

α3(τ2N)

⎞
⎟⎟⎟⎠ (31)

Interestingly, we observe that system (30) is the same as the HDHB system by Liu et al. [28]. It should be emphasized
that no approximation is adopted during the entire derivation. Therefore, we have demonstrated the equivalence of the TDC
method and the HDHB method. Essentially, the HDHB method is a collocation method in disguise.

System (30) can be simplified to a compact form, because apart from the second equation, all other equations are linear.
Thus, we can express Q̃ξ and Q̃ωi by Q̃α first, and then substitute them into the nonlinear equation, obtaining(

A2α − B2ξ B−1
1ξ A1α

)
Q̃α + d10M̃α = 0, (32)

in which A1α, B1ξ , A2α and B2ξ are as follows
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A1α = c1ω
2D2 + c3ωD + c5I + c6(ωD + ε1I)−1 + c7(ωD + ε2I)−1

B1ξ = c0ω
2D2 + c2ωD + (c4 + c10)I + c8(ωD + ε1I)−1 + c9(ωD + ε2I)−1

A2α = d1ω
2D2 + d3ωD + d5I + d6(ωD + ε1I)−1 + d7(ωD + ε2I)−1

B2ξ = d0ω
2D2 + d2ωD + d4I + d8(ωD + ε1I)−1 + d9(ωD + ε2I)−1.

System (32) is the compact TDC algebraic system in terms of time domain variables and ω. Using Q̃α = FQα and M̃α =
(FQα)3,1 system (32) can be transformed to

(
A2 − B2B−1

1 A1
)
Qα + d10F−1(FQα)3 = 0, (33)

which is the compact TDC algebraic system with 2N + 2 unknowns in terms of Fourier coefficient variables and ω. In this
study, we use exclusively the compact TDC algebraic system (33) in the remainder of this paper. It should be noted that
the HB algebraic system (12) is distinct from the TDC algebraic system (33) by the last term, which is the source of the
nonphysical solutions arising from the TDC system.

3.2.3. An explicit derivation of the Jacobian matrix of the TDC system
In the course of solving a system of NAEs, the Jacobian matrix of the system is necessary. Normally, the numerical

approximation of the Jacobian matrix is calculated in each iteration step via numerical difference techniques. An explicit
form Jacobian matrix, if available, may significantly accelerate the computing rate of the algebraic solver. The effect of using
the explicitly derived Jacobian matrix rather than the numerically calculated one on the computational efficiency of the
HB method has been intensively analyzed in Dai et al. [9]. They found that using the explicit Jacobian matrix of the HB
algebraic system can be roughly two orders of magnitude faster. Although in the present study the computational efficiency
is not our primary concern, the explicit derivation of the Jacobian matrix of the TDC algebraic system will be carried out
for completeness.

Let the TDC algebraic system be denoted by g ∈ R2N+1 as

g(α,ω) = (
A2 − B2B−1

1 A1
)
Qα + d10E(FQα)3, (34)

where the vector α ∈ R2N+1, the scalar ω ∈ R , and E = F−1.
The supplemental equation corresponding to the imposed condition is denoted by gic . Consequently, the Jacobian matrix

of the TDC algebraic system is

B =
(

∂g
∂α

∂g
∂ω

∂ gic
∂α 0

)
. (35)

For the sake of brevity, let L = A2 − B2B−1
1 A1. Eq. (34) can then be written as

gi(α0,α1, . . . ,α2N ,ω) = Li j(ω)α j + d10 Eik(Fkjα j)
3. (36)

So,

∂ gi

∂αm
= Li jδ jm + d10 Eik × 3(Fkjα j)

2 × ∂(Fkjα j)

∂αm

= Lim + d10 Eik × 3(Fkjα j)
2 × Fkm (sum over j and k),

where δ jm is the Kronecker delta. Deriving the component ∂g/∂ω would involve a considerable algebra, and for the sake of
completeness, the derivation details are provided in Appendix C.

The imposed condition equation gic supplementing to the main algebraic equations is α1 = 0 in this problem. Thus,
the component ∂ gic/∂α in the Jacobian matrix can be immediately calculated. The imposed condition is applied for two
purposes: (i) making the original under-determined system (33) into a well-determined system; (ii) fixing the phase of the
response.

Having derived the explicit form Jacobian matrix, the TDC algebraic system can be readily solved by a NAE solver. With
the explicit expression of the Jacobian matrix, the computational cost will be significantly reduced due to the avoidance of
symbolic calculations required by the Jacobian matrix.

1 (X)3 represents a vector with each component of X being in cubic power.
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3.2.4. The extended time domain collocation method
In the TDC method, as the number N of the harmonics is small in the trial solution, it may not be sufficient to collocate

the residual error function, only at 2N + 1 points in a period. One may have to use M collocation points, M > 2N + 1, to
get a reasonable solution [3]. As M → ∞ one develops a method of least-squared error, wherein one seeks to minimize a
scalar function J (α,ω) = ∫ T

0 R2(τ )dτ with respect to the unknowns (α,ω).
Dai et al. [8] proposed an extended time domain collocation method to solve the Duffing equation. They found that

increasing the number of collocation points may suppress the aliasing phenomenon of the TDC method in solving the
Duffing equation. Unfortunately, numerical experiment in this study shows that increasing the number of collocation points
cannot remove the aliasing. The extended TDC method only slightly reduces the number of nonphysical solutions.

4. Interpretation of the physical aliasing of the TDC method

The HDHB method may produce nonphysical solutions in addition to the physical ones. Since the HDHB was interpreted
as a kind of time domain harmonic balance method, the aliasing phenomenon could not be explained then. In this section,
based on the mathematical equivalence between the HDHB method and the TDC method, we will explicitly explain how the
“aliasing” works in the TDC method (or equivalent HDHB method).

It is shown that the HB system (12) is distinct from the TDC system (33) by the last term. In general, the HB system does
not accommodate nonphysical solutions (mathematically aliased solutions are physically meaningful) while the TDC/HDHB
system does. Therefore, we ought to compare Mα in the HB system and E(FQα)3 of the TDC system carefully, since the
difference between the two terms is obviously the source of nonphysical solutions.

It is straightforward to compare the two terms for a case with very few harmonics. Let

E(FQα)3 = Pα =

⎛
⎜⎜⎜⎝

p0
p1
...

p2N

⎞
⎟⎟⎟⎠ . (37)

Mα is as a previously defined coefficient vector of α3. For N = 1, the Fourier components for the cubic term of the HB1
system, i.e. HB system with one harmonic included, are

M(1)
α =

⎛
⎜⎝

(A2
0 + 3

2 A2
1)α0

(3A2
0 + 3

4 A2
1)α1

(3A2
0 + 3

4 A2
1)α2

⎞
⎟⎠ . (38)

In the TDC1 system, i.e. TDC system with one harmonic included, the Fourier components for the cubic term are

P(1)
α =

⎛
⎜⎝

(A2
0 + 3

2 A2
1)α0 + 1

4α3
1 − 3

4α1α
2
2

(3A2
0 + 3

4 A2
1)α1 + 3

2 (α2
1 − α2

2)α0

(3A2
0 + 3

4 A2
1)α2 − 3α0α1α2

⎞
⎟⎠ . (39)

Comparison between (38) and (39) shows that TDC1 system contains all the terms appearing in the HB1 system plus some
additional terms.

Next, we examine HB2 and TDC2. The Fourier components of the HB2 system for the cubic term are

M(2)
α ≡

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

m(2)
0

m(2)
1

m(2)
2

m(2)
3

m(2)
4

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

A2
0α0 + 3

2 A2
1α0 + 3

2 A2
2α0 + 3

4 (α2
1 − α2

2)α3 + 3
2α1α2α4

3A2
0α1 + 3

4 A2
1α1 + 3

2 A2
2α1 + 3α0α1α3 + 3α0α2α4

3A2
0α2 + 3

4 A2
1α2 + 3

2 A2
2α2 + 3α0α1α4 − 3α0α2α3

3A2
0α3 + 3

2 A2
1α3 + 3

4 A2
2α3 + 3

2 (α2
1 − α2

2)α0

3A2
0α4 + 3

2 A2
1α4 + 3

4 A2
2α4 + 3α0α1α2

⎞
⎟⎟⎟⎟⎟⎟⎠

. (40)

In the TDC2 system, the Fourier components for the cubic term are

P(2)
α =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

m(2)
0 + 3

4 (α2
3 − α2

4)α1 − 3
2α2α3α4

m(2)
1 + 3

4 (α2
1 − α2

2)α3 + 3
2 (α2

3 − α2
4)α0 + 1

4α3
3 − 3

4α3α
2
4 − 3

2α1α2α4

m(2)
2 − 3

4 (α2
1 − α2

2)α4 − 1
4α3

4 + 3
4α2

3α4 − 3
2α1α2α3 − 3α0α3α4

m(2)
3 + 1

4α3
1 + 3

4 (α2
3 − α2

4)α1 − 3
4α1α

2
2 + 3

2α2α3α4 + 3α0α1α3 − 3α0α2α4

m(2) + 1α3 + 3 (α2 − α2)α − 3α2α − 3α α α − 3α α α − 3α α α

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (41)
4 4 2 4 3 4 2 4 1 2 2 1 3 4 0 2 3 0 1 4
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It reveals that the TDC2 system contains all terms in HB2 system, plus some additional terms. This conclusion has been
drawn in Liu et al. [27] in comparing the HDHB and the HB methods, wherein they also proved that the extra terms in
the HDHB system are in fact the higher order harmonic terms related to the nonlinear term in the HB system which are
discarded in the course of balancing each individual harmonic in the HB method.

So far, we are partially clear about the aliasing phenomenon of the TDC/HDHB method. One may have a question in
mind: are there some explicit aliasing rules to determine how the additional terms are plugged in? The exact deployment
rules of the additional terms and the mechanism of their occurrence are of fundamental interests, and yet remain to be
clarified. Next, we will explain the aliasing mechanism.

To illustrate, step back to the case with N = 1. The assumed solution is

α(τ ) = α0 + α1 cosωτ + α2 sinωτ . (42)

Hence, the cubic term is

α3(τ ) = (α0 + α1 cosωτ + α2 sinωτ)3

=
(

A2
0 + 3

4
A2

1

)
α0 +

(
3A2

0 + 3

4
A2

1

)
α1 cosωτ +

(
3A2

0 + 3

4
A2

1

)
α2 sinωτ

+ 3

2

(
α2

1 − α2
2

)
α0 cos 2ωτ + 3α0α1α2 sin 2ωτ + 1

4

(
α2

1 − 3α2
2

)
α1 cos 3ωτ

+ 1

4

(
3α2

1 − α2
2

)
α2 sin 3ωτ . (43)

In principle, the HB1 algebraic system retains the coefficients of the zeroth and the first harmonics during the harmonic
balance procedure, while higher harmonics are not taken into account, see formula (38). However, expression (39) of the
TDC1 system retains the coefficients of all harmonics in (43), but in a seemingly disordered way. In the present study, efforts
have been made towards the discovery of a clear relationship between the TDC system and the HB system.

Firstly, according to observation, we reveal the aliasing rules of the TDC1 system to HB1 system as follows:

• cos 2ωτ is aliased to “cosωτ ”
• sin 2ωτ is aliased to “− sinωτ ”
• cos 3ωτ is aliased to “1”
• sin 3ωτ is aliased to “0”.

The first rule means the coefficient of cos 2ωτ contributes to the coefficient of cosωτ , and so forth for the other three. For
example, (3A2

0 + 3
4 A2

1)α1 of cosωτ plus 3
2 (α2

1 − α2
2)α0 of cos 2ωτ of HB system compose the second component in (39) of

the TDC system. The aliasing rules can be interpreted by Fig. 3.
Similarly, when N = 2, the assumed solution is

α(τ ) = α0 + α1 cosωτ + α2 sinωτ + α3 cos 2ωτ + α4 sin 2ωτ, (44)

and the cubic term is

α3(τ ) = (α0 + α1 cosωτ + α2 sinωτ + α3 cos 2ωτ + α4 sin 2ωτ)3

= m(2)
0 + m(2)

1 cosωτ + m(2)
2 sinωτ + m(2)

3 cos 2ωτ + m(2)
4 sin 2ωτ

+
(

−3

4
α1α

2
2 + 1

4
α3

1 + 3

2
α2α3α4 − 3α0α2α4 + 3α0α1α2 + 3

4

(
α2

3 − α2
4

)
α1

)
cos 3ωτ

+
(

3

4
α2

1α2 − 1

4
α3

2 + 3

2
α1α3α4 + 3α0α1α4 + 3α0α2α3 − 3

4

(
α2

3 − α2
4

)
α2

)
sin 3ωτ

+
(

−3

2
α1α2α4 + 3

2

(
α2

3 − α2
4

)
α0 + 3

4

(
α2

1 − α2
2

)
α3

)
cos 4ωτ

+
(

3

2
α1α2α3 + 3α0α3α4 + 3

4

(
α2

1 − α2
2

)
α4

)
sin 4ωτ +

(
−3

2
α2α3α4 + 3

4

(
α2

3 − α2
4

)
α1

)
cos 5ωτ

+
(

3

2
α1α3α4 + 3

4

(
α2

3 − α2
4

)
α2

)
sin 5ωτ +

(
1

4
α3

3 − 3

4
α3α

2
4

)
cos 6ωτ

+
(

−1

4
α3

4 + 3

4
α2

3α4

)
sin 6ωτ . (45)

The aliasing rules for the TDC2 system to the HB2 system are found to be
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Fig. 3. Schematic diagram: aliasing for the case with N = 1.

Fig. 4. Illustration of aliasing.

• cos 3ωτ is aliased to “cos 2ωτ ”
• sin 3ωτ is aliased to “− sin 2ωτ ”
• cos 4ωτ is aliased to “cosωτ ”
• sin 4ωτ is aliased to “− sinωτ ”
• cos 5ωτ is aliased to “1”
• sin 5ωτ is aliased to “0”
• cos 6ωτ is aliased to “cosωτ ”
• sin 6ωτ is aliased to “sinωτ ”.

According to the aliasing rules, for example, the coefficient of sinωτ of the TDC2 system is comprised of three members
(see Fig. 4): the coefficient of sinωτ of the HB2 system, m(2)

2 , the negative coefficient of sin 4ωτ , and the coefficient of
sin 6ωτ . One can easily check the aliasing rules for the rest coefficients.
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Fig. 5. Three equally spaced collocation points in one period for N = 1.

Table 1
System parameters.

ω̄ xa β γ μ rα ah ζα ζξ

0.2 0.25 80 0 100 0.5 −0.5 0 0

In the above, we have revealed some aliasing rules by observation. Next, a generalized aliasing rule will be provided rig-
orously. Hence, the aliasing phenomenon arising out of the TDC method will be interpreted clearly. It is important to realize
that the TDC method is closely related to the pseudospectral method. As is known that the pseudospectral method would
give rise to the frequency aliasing problem in general. The aliasing of the pseudospectral method is mainly encountered
in the community of fluid mechanics [6,5,15]. Both the pseudospectral methods and the TDC/HDHB belong to the class of
point-collocation methods. Thus, researches on the aliasing behaviors of the pseudospectral methods can be borrowed to
illuminate the aliasing phenomenon of the TDC/HDHB. Herein based on the aliasing rules of the pseudospectral method, the
aliasing of the TDC/HDHB can be explained by the following remark:

Remark. If the interval α ∈ [0,2π ] is discretized with a uniform collocation spacing h, then the wavenumbers in the
trigonometric interpolant lie on the range n ∈ [−L, L] where L = π/h, and is the so-called “aliasing limit” wavenumber. The
Fourier functions are cos nx, sin nx with n an integer. Higher wavenumbers n such as |n| > L will appear as if they were the
wavenumbers

na = n ± 2mL (46)

where na ∈ [−L, L] and m is integer. The wavenumbers beyond the range [−L, L] are said to be aliased to wavenumbers
within this range and na is the alias of n. The higher wavenumbers (higher harmonics) arise from the nonlinear term.

Specifically in the present two DOF wing section model, there are three equally spaced collocation points in one period
for the case with N = 1, see Fig. 5. Therefore, the spacing h is 2π/3. So, the aliasing limit is L = 1.5. Due to the cubic
nonlinearity, terms with wavenumbers 2 and 3 would occur. According to the Remark, any wavenumber n beyond the
range [−1.5,1.5] is aliased to na = n ± 3m, such that na ∈ [−1.5,1.5]. Similar thing applies to the case with N = 2, where
na = n ± 5m ∈ [−2.5,2.5]. This exactly verifies the previously proposed aliasing rules according to observation. Essentially,
the aliasing arises from a misinterpretation of the high harmonic wave as its corresponding low harmonic wave due to the
discrete collocation points.

The present aliasing rules are crucial in describing the relationship between the HB system and the TDC/HDHB system.
For instance, if the explicit form of the HB system has been obtained, we can immediately write out its corresponding TDC
system according to the present aliasing rules. Also, since the aliasing rules are extracted from the analysis of the nonlinear
term, they are not confined to a specific model, and are applicable to other dynamical systems, such as the Duffing oscillator
and the Van der Pol oscillator having cubic nonlinearity. Aliasing rules for other kinds of polynomial-type nonlinearities can
be extracted in a similar way.

5. Results and discussions

5.1. Results of RK4

Numerical simulations of the airfoil oscillating in pitch and plunge have been carried out for a flow speed ranging from
U∗/U∗

L = 1 to 3. The system parameters are provided in Table 1.
Since the flow velocity analyzed is non-dimensional, we first detect the linear flutter speed U∗

L . The linear flutter speed is
the value beyond which the linear system would diverge to infinite amplitude. Therefore, by definition, U ∗

L can be obtained
by removing the nonlinear term and then increasing flow speed U ∗ until divergent oscillations of α and ξ are detected. For
the set of parameters in Table 1, U∗

L = 6.285.
Shown in Fig. 6 are the response curves of frequency versus flow speed using the velocity marching procedure. Both the

forward marching and backward marching schemes are applied to sweep out the response curves. The velocity marching
step is 0.01. Fig. 6 shows that there is a secondary bifurcation at U∗/U∗

L = 2.35 for the forward marching, and at U∗/U∗
L =

1.84 for the backward marching, which means a hysteresis region, [1.84,2.35], exists. There are two stable solutions for
a flow speed within the hysteresis region. Therefore, there exists the possibility of occurrence of the jump phenomenon,
under the stimulus of external disturbances.
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Fig. 6. Fundamental frequency versus flow speed by forward and backward velocity marching procedures using numerical integration.

Fig. 7. Typical residual versus iteration curves.

5.2. Selection of NAE solver

The semi-analytical methods, such as the HB and the TDC, transform the governing ODEs to a system of NAEs first. Then
the NAEs are solved by a NAE solver. Mathematically, there are three ways for an initial guess to go. First, as desired, the
initial guess gradually approaches a solution of the system. The residual error of the system of NAEs decreases and will
satisfy a strict criterion (left part of Fig. 7). Second, the initial guess goes to infinity rapidly. Third, the initial guess falls
to a stagnant point, and the residual error keeps constant at a certain level (right part of Fig. 7). Physically, the results
corresponding to the divergent case and the stagnant case are meaningless for a dynamical system.

In this study, the optimal iterative algorithm (OIA) [24,23,22] is applied rather than the Newton–Raphson method (NR).
The NR is very sensitive to the initial guess, while the OIA is robust. In computations, the NR may frequently diverge,
while the OIA always converges to a solution or stagnates at a stagnant point regardless of what initial guess is provided.
Nevertheless, the convergence rate of OIA is slower than the NR. It seems that the OIA trades off some convergence speed
for stability.

5.3. Aliasing analysis of the HB and TDC methods

Liu et al. [29] demonstrated that the HDHB method may cause nonphysical solutions. The fact that the TDC method is
equivalent to the HDHB method indicates that the TDC method may also produce nonphysical solutions. Previous studies
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Fig. 8. Monte Carlo simulation for HB3: probabilities for each possibility.

Fig. 9. (a) Time histories and (b) phase portraits for the pitch motion of the two DOF airfoil at U∗/U∗
L = 2 for POSS1 and POSS2 in HB3.

hold the opinion that the HB method does not produce aliased solutions in addition to the real solution as in Section 3.1.2.
In this section, we will verify that a kind of mathematical aliasing may come about in the HB method.

The RK4 is used to solve the case at U∗/U∗
L = 2. The initial conditions are chosen by letting α(0) be a specified value, and

the rest conditions are zero. We carried out 1000 computations starting with 1000 randomly generated α(0) ∈ [−20◦,20◦].
The limit value 20◦ is imposed to ensure the aerodynamics given by Fung [12] to be valid. Monte Carlo simulation verified
that there are two solutions for the present case. Similarly, we apply the HB and the TDC methods with many random initial
guesses to check if they will produce nonphysical solutions.

5.3.1. Aliasing of the HB method
The Monte Carlo simulation is applied to two cases for the aliasing analysis of the HB method: (i) the HB3 with fully

random initial conditions, (ii) the HB9 with partially random initial conditions, wherein “fully random” means that all
unknown variables are randomly generated, while “partially random” means only α1 and α2 are randomly generated with
the rest being 0.1.

Case (i), one thousand computations are carried out and the random initial conditions are generated from within
[−0.5,0.5]. Fig. 8 shows that there are four possibilities, viz. “stagnant”, ω1 = 0.02538, ω2 = 0.03806 and ω3 = 0.06708, for
a given initial guess. Specifically, the probabilities for the occurrences of “stagnant”, ω1, ω2 and ω3 are 25%, 5%, 42% and
28%, respectively. For the sake of simplicity, ω1, ω2 are denoted by “POSS1”, “POSS2”, and so on.

As stated earlier not all the HB solutions are guaranteed to be real solutions, so a further investigation is required to
check on the motion of each solution. Fig. 9 shows the time histories and phase portraits for POSS1 and POSS2, which
indicates that the two motions are identical. The two motions having different frequencies turn out to be the same motion,
which validates the statement in Section 3.1.2 that a mathematical aliasing phenomenon occurs in the HB method.
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Table 2
Harmonic amplitudes for POSS1–POSS3 via HB3.

POSS1 POSS2 POSS3

1 0.00000000 0.00000000 0.00000000
A1 0.00000000 0.00009948 0.17648060
A2 0.00000017 0.20732346 0.00019259
A3 0.20733870 0.00013174 0.04097729
ω 0.02525635 0.03788352 0.06701697

Fig. 10. Monte Carlo simulation for HB9: probabilities for each possibility.

Fig. 11. Phase portraits for the pitch motion of the two DOF airfoil at U∗/U∗
L = 2 for the three possibilities in Fig. 10.

For further analysis, we calculate the harmonic amplitudes for the possibilities in Table 2. It is shown that for neither
POSS1 nor POSS2 the first harmonic is dominant, which suggests that the two possibilities are mathematically aliased
solutions. For POSS1, the third harmonic dominates the motion, while the second harmonic dominates the motion in POSS2.
According to Section 3.1.2, the mathematical aliasing takes place in such a way:

cos 3ωPOSS2 = cos 2ωPOSS3 = cosω, sin 3ωPOSS2 = sin 2ωPOSS3 = sinω. (47)

Therefore, we predict that the corresponding real solution should be at ω = 3ωPOSS2 ≈ 0.0757, whose first harmonic domi-
nates the motion (A1 ≈ 0.2073). POSS3 has a dominant first harmonic, implying a real solution, which can be either stable
or unstable. In contrast, numerical integration methods only produce stable solutions.

Case (ii), shown in Fig. 10 is the Monte Carlo simulation result for the HB9 with partially random initial conditions. One
thousand computations are carried out with α1 and α2 generated randomly from within [−0.5,0.5]. Four possibilities are
detected for this case. In particular, the probabilities for the occurrences of “stagnant”, POSS1, POSS2 and POSS3 are 45%,
21%, 7% and 27% respectively.

The corresponding phase portraits for POSS1–POSS3 are shown in Fig. 11. We see that the three motions are different so
they are not mutually aliased, because the real solution and its aliased solutions are physically the same motion. We need
to check the harmonic amplitudes provided in Table 3 to determine whether a solution is real or mathematically aliased.
POSS1 has a dominant second harmonic and a significant sixth harmonic, which suggests that POSS1 is a mathematically
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Table 3
Harmonic amplitudes for POSS1–POSS3 via HB9 with partially random initials.

POSS1 POSS2 POSS3

1 0.00000000 0.00000000 0.00000000
A1 0.00000364 0.13234863 0.15821813
A2 0.17648212 0.00001101 0.00000588
A3 0.00000623 0.08793958 0.09536424
A4 0.00000000 0.00000921 0.00000327
A5 0.00000612 0.03606737 0.03406593
A6 0.04097708 0.00000606 0.00000266
A7 0.00000318 0.01655326 0.01608910
A8 0.00000000 0.00000352 0.00000134
A9 0.00000217 0.00704681 0.00616772
ω 0.03350758 0.03924212 0.04264996

Fig. 12. Monte Carlo histograms for the frequencies calculated by the TDC method at U∗/U∗
L = 2. (a) Results for TDC3. (b) Results for TDC9.

aliased solution to a real solution whose frequency is approximately 2ωPOSS1 ≈ 0.067, and whose first and third harmonic
amplitudes should be approximately (A2)POSS1 and (A6)POSS1 respectively. As stated above, the frequency and coefficient
variables can adjust their magnitudes in several ways so as to satisfy the governing equations. Among them, only one is the
real solution.

Table 3 shows that both POSS2 and POSS3 have a decaying trend for higher harmonics with their first harmonic being the
dominant one, which implies that they are real solutions. Specifically, POSS3 corresponds to a stable solution corresponding
to the lower branch of Fig. 6, while POSS2 corresponds to an unstable solution. Alternatively, the stability of the two
solutions can be determined directly via a perturbation technique [28]. POSS1–POSS3 in Table 3 have a decaying trend for
the higher order harmonic amplitudes, which is consistent with the statement that the HB method only yields physical
solutions.

In the framework of solving the Duffing equation, the HB method only produces real solutions as demonstrated in [29,
16]. However, it has been shown that a kind of mathematical aliasing of HB method arises in the present self-excited system.
Therefore, we conclude that the HB method is aliasing-free when the system under consideration has a constant external
frequency, and the HB method may produce mathematically aliased solutions if the frequency is variable.

5.3.2. Aliasing of the TDC method
We now move our attention to the TDC method. The TDC3 and TDC9 are taken as examples. Monte Carlo simulation

with one thousand randomly generated initial guesses are applied. The initial guesses for the TDC3 are fully randomly
generated for all eight variables from within [−0.5,0.5]. Partially random initial guesses for the TDC9 are generated from
within [−0.5,0.5]. Monte Carlo histograms are plotted for the frequencies by both the TDC3 and TDC9 in Fig. 12.

In using the TDC3, we have detected 17 different solutions. However, upon checking the harmonic amplitudes of each
individual solution, it turns out that none of them is physically meaningful (there is not a decaying trend for higher har-
monics).

For the TDC9 case, up to 21 nonphysical solutions have been obtained. We did not get a physical solution by means of
the Monte Carlo simulation, which indicates that using random initial guesses does not work for the TDC method to obtain
a physical solution.
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Fig. 13. Fundamental frequency versus flow speed by the TDC9 and TDC11 using velocity marching procedure. RK4 results are benchmarks for comparison.

Fig. 14. Fundamental frequency versus flow speed by the TDC15 and TDC21 using velocity marching procedure. RK4 results are benchmarks for comparison.

It is reasonable to conclude that the TDC method may produce many more solutions than the HB method, since the TDC
method might possess two aliasing mechanisms: (i) the physical aliasing arising from the absorbed higher order harmonics,
and (ii) (perhaps) the mathematical aliasing that may occur in the HB method due to a variable frequency.

5.4. Dealiasing via a marching procedure

As shown in the previous section, the TDC method is very sensitive to the initial guess. One has a very slim probability
to obtain a physical solution if starting from a random initial guess. To remedy this drawback, a marching procedure is
introduced and used to supply an appropriate initial guess. In the analysis of dynamical systems, the amplitude versus
velocity (or frequency) curve is always desired [36,7]. It can be obtained by incrementally increasing or decreasing the
velocity. At each step, the previous solution is employed as the initial condition for the next step. This procedure is named
the velocity marching procedure.

Three things need to be noted in using the marching procedure. First, for the starting point (or generating point [7]), its
initial guess should be chosen carefully. If the nonlinearity is weak, the solution of the linear system can be used as the
initial guess at this point. If strong, one can perform a marching procedure along the parameter of the nonlinear term, i.e. β

in this case, to attain an appropriate initial guess provided that no bifurcation of β is encountered. Second, the marching step
should be small enough to ensure the supplied initial guess is within the radius of convergence of the solution. Third, the
marching procedure is valid until a subcritical bifurcation point is encountered. Thus, using forward marching and backward
marching can sweep out the upper and lower branches, once two generating points belonging to the two branches are
found.
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Table 4
Fundamental frequencies by various methods.

Method ω at 2up ω at 2low ω at 4

RK4 0.06188501 0.04347322 0.04211250
HB9 +0.00001952 −0.00082327 −0.00054935
TDC7 +0.00203074 −0.00236004 −0.00380110
TDC9 +0.00009252 −0.00318465 −0.00162312
TDC11 −0.00000210 −0.00183187 −0.00050195
TDC13 −0.00000255 −0.00021216 −0.00007966
TDC15 −0.00000248 −0.00002004 −0.00000769

Figs. 13 and 14 show the fundamental frequency versus flow speed curves by the TDC methods and the RK4 using the
velocity marching procedure. For the forward marching case, the initial guess to the starting point is given by the solution
of the corresponding linear system. Fig. 13(a) shows that for the forward marching the TDC9 agrees well with the RK4 until
about U∗/U∗

L = 2.2, beyond which the TDC9 starts to differ from the RK4. The TDC9 results vary smoothly until the end.
Hence, the TDC9 cannot predict the secondary bifurcation point for the forward marching.

For the backward marching, the initial guess at the starting point U ∗/U∗
L = 3 is given through marching β . It is shown

that the TDC9 agrees with the RK4 on the entire lower branch. The bifurcation point predicted via RK4 is 1.84, beyond
which the RK4 result jumps up to the upper branch. Prior to the bifurcation point, the TDC9 marches along the physical
solution curve continuously. Beyond the bifurcation, the TDC9 zigzags along a nearby path instead of jumping to the upper
branch. Because once a bifurcation point is reached, the motions before and after the bifurcation change dramatically. Thus,
the initial guess supplied by marching procedure may be beyond the convergence radius of the solution, and does not work
any more.

In general, an initial guess has three destinations: (i) converging to a mathematically meaningful solution, (ii) stagnating
at a stagnant point, (iii) diverging to infinity. Because the TDC system produces nonphysical solutions, mathematically there
are many solutions for the initial guess to approach. Normally, an initial guess is prone to a nearby destination rather
than a distant one. And, mathematically a physical solution has no priority over a nonphysical solutions or a stagnant
point. In computations, the stopping criterion for the NAE solver is ε = 10−6 or iteration = 20 000 whichever is satisfied
first. The TDC9 sweeps out a nearby curve beyond the bifurcation point. It is shown that from 1.84 to 1.68, the response
curve is discontinuous, which implies stagnant points rather than solutions are found. This portion of curve is physically
meaningless. From 1.68 to 1.28, a smooth curve is swept out, which means mathematical solutions are obtained. Deceasing
the flow speed below 1.28, a jump-up takes place. It is believed that when the nonlinearity is weak, the TDC system may
accommodate few nonphysical solutions. The jump-up occurs because there are scarcely any nearby attractors (solutions
and stagnant points) for the initial guess to approach.

Shown in Fig. 13(b) are the frequency versus flow speed curves by TDC11. For the forward marching, the response curve
agrees well with the benchmark until 2.27, better than 1.8 by TDC9. Increasing the flow speed further, three segments are
marched out which might correspond to mathematical solutions. The TDC11 cannot predict the forward marching bifurca-
tion point as the TDC9. On the other hand, the backward marching curve via TDC11 sweeps out the entire lower branch
curve, and the bifurcation point is predicted which is smaller than the benchmark 1.84. Beyond the bifurcation point, the
TDC11 sweeps out a smooth curve which should be a mathematically meaningful solution. At U ∗/U∗

L = 1.38, a jump-up
occurs from the lower mathematically meaningful curve to the physically meaningful curve.

Fig. 14(a) shows that the TDC15 can predict the entire lower branch by the backward marching procedure accurately.
Nevertheless, it cannot predict an accurate bifurcation value for the upper branch by the forward marching procedure. The
results by the TDC21 are shown in Fig. 14(b). The forward marching marches out the entire upper branch. The bifurcation
point of the forward marching is predicted to be 2.38, which is close to the benchmark 2.34. Beyond the critical point,
a mathematical solution curve is marched out until the end. The backward marching curve is in excellent agreement with
the benchmark. The entire lower branch curve has been detected precisely. The backward marching bifurcation point is
accurately predicted by TDC21. Beyond the bifurcation point, a mathematical solution curve is marched out until U ∗/U∗

L =
1.42. Then a jump-up from the mathematical solution curve to the upper physical solution curve takes place, and the
follow-up portion agrees well with the benchmark.

In sum, it is concluded that the TDC method in conjunction with the marching procedure can be used to accurately solve
the nonlinear dynamical problem. In general, the more harmonics are included, the more accurate the solution would be.
In the present case, the TDC method with 21 harmonics can accurately march out the upper and lower physical solutions
curves, as well as predict the two bifurcation points.

5.5. Accuracy analysis of the TDC method

In this section, we compare the accuracy of the TDC method and the HB method. The RK4 results are used as our
benchmark.
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Table 5
Primary harmonic amplitudes by various methods.

Method A1 at 2up A1 at 2low A1 at 4

TDC40 0.16495497 0.16221429 0.38329786
HB9 +0.00004253 −0.00399616 −0.00524928
TDC7 +0.00206464 −0.01864501 −0.01196197
TDC9 +0.00008756 −0.01562915 −0.00454795
TDC11 −0.00000135 −0.00923101 +0.00066197
TDC13 −0.00000020 −0.00092621 +0.00070845
TDC15 −0.00000002 −0.00007655 +0.00020214

Table 4 lists the fundamental frequencies calculated by different approaches. For the RK4, a long time, 2000s, is run
to damp out the transient motion, and a small integration time step �τ = 0.01 is used for high accuracy. For HB9 and
TDC7–TDC15, the stopping criterion is ε = 10−10 or iteration = 20 000, whichever is satisfied first.

In Table 4, the results are provided as the differences against the benchmark values of RK4, where “+” and “−” represent
larger and smaller than the benchmark, respectively. It can be seen that the TDC method with more harmonics can generate
more accurate solutions in general. Comparing the TDC with the HB, we see that the HB9 is more accurate than the TDC9
while less accurate than the TDC11 for the first case. The accuracy of the HB9 is better than the TDC11, yet worse than the
TDC13 for the second case. For the third case, the HB9 is comparable with the TDC11.

In sum, numerical results verify that the HB9 is superior to the TDC9 in accuracy. Previous study [29] showed that the
HBn was comparable with the HDHB2n, i.e. TDC2n, in the framework of solving the Duffing equation. In the present model,
however, the HBn is not as accurate as TDC2n. It is shown that the HB method can be matched up by the TDC method with
just a few more additional harmonics. Essentially, the accuracy difference between the TDC and the HB is the difference
between the point-collocation method and the Galerkin method.

Furthermore, the primary harmonic amplitudes of the pitch motion are compared in Table 5. The TDC40 is employed as
the benchmark solution based on the assumption that TDC40 is much more accurate than other methods. It is shown that
the TDC method can provide better solutions if more harmonics are included. For the two cases at U ∗/U∗

L = 2, the HBn
is superior to the TDCn. For the third case, however, the TDC9 is comparable with the HB9. Overall, numerical experience
indicates that the TDC with n + 4 harmonics can be equal to or slightly better than the HBn.

6. Conclusions

Using the two DOF airfoil model as a prototypical system, the HDHB method, being treated previously as a time domain
harmonic balance method, was strictly demonstrated to be the presently proposed TDC method in disguise. Explicit aliasing
rules were exposed based on the finding that the HDHB method is essentially the TDC method. In this study, a parameter
marching procedure was proposed to completely remove the nonphysical solutions of the TDC method, which was valid
until a bifurcation of the marched parameter was reached. Also, the explicit form Jacobian matrix for the TDC algebraic
system was derived to significantly reduce the computational cost.

The HB method was revealed to produce mathematically aliased solutions. The occurrence of the mathematical aliasing of
the HB method is because the system frequency is variable, so that the frequency and other coefficient variables can adjust
themselves in multiple ways to satisfy the governing equations. Among them, only one corresponds to the real solution
while the remaining are the mathematically aliased solutions.

The accuracy of the TDC method was compared with the HB method. The present experience indicates that the results
calculated by the TDC having n+4 harmonics are equal to or slightly better than the HBn. Essentially, the accuracy difference
between the two methods is the difference between the collocation and the Galerkin method. However, the extended TDC
method, which has more collocation points than unknowns, can suppress the aliasing in the Duffing equation, while it does
not work in the present wing section model.

To summarize, the TDC method in conjunction with a marching procedure promises to be a powerful tool for obtaining
periodic solutions of a strongly nonlinear dynamical system. Highly accurate results can be obtained by the TDC method
with a moderately large number of harmonics.
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Appendix A. Coefficients for system (4)
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Appendix B. Coefficients for system (5)

c = 1

(c0d1 − c1d0)
a21 = c(−d5c0 + c5d0) a22 = c(−d3c0 + c3d0)

a23 = c(−d4c0 + c4d0) a24 = c(−d2c0 + c2d0) a25 = c(−d6c0 + c6d0)

a26 = c(−d7c0 + c7d0) a27 = c(−d8c0 + c8d0) a28 = c(−d9c0 + c9d0)

a41 = c(d5c1 − c5d1) a42 = c(d3c1 − c3d1) a43 = c(d4c1 − c4d1)

a44 = c(d2c1 − c2d1) a45 = c(d6c1 − c6d1) a46 = c(d7c1 − c7d1)

a47 = c(d8c1 − c8d1) a48 = c(d9c1 − c9d1) g21 = cc0d10

g23 = cd0c10 g41 = cc1d10 g43 = cd1c10

Appendix C. Derivation of the component ∂g/∂ω in the Jacobian matrix

In the Jacobian matrix, we need to derive ∂g/∂ω. According to Eq. (36) we have

∂ gi

∂ω
= ∂Li j(ω)

∂ω
α j,

where

L = A2 − B2B−1
1 A1. (48)

Explicit expressions of A1, B1, A2 and B2 are as follows

A1 = c1ω
2A2 + c3ωA + c5I + c6(ωA + ε1I)−1 + c7(ωA + ε2I)−1

B1 = c0ω
2A2 + c2ωA + (c4 + c10)I + c8(ωA + ε1I)−1 + c9(ωA + ε2I)−1

A2 = d1ω
2A2 + d3ωA + d5I + d6(ωA + ε1I)−1 + d7(ωA + ε2I)−1
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B2 = d0ω
2A2 + d2ωA + d4I + d8(ωA + ε1I)−1 + d9(ωA + ε2I)−1.

For the first term in Eq. (48)

∂A2

∂ω
= 2ωd1A2 + d3A + ∂

∂ω

[
d6(ωA + ε1I)−1 + d7(ωA + ε2I)−1].

In the above equation, we need to derive the differentiation of (ωA + εiI)−1, i = 1,2 with respect to ω. Let Cεi be
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Then, we can calculate the derivative of Vεi with respect to ω

Wεi = ∂Vεi
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Therefore, the derivative of the first part of L with respect to ω is finally obtained as

∂A2

∂ω
= 2d1ωA2 + d3A + d6Wε1 + d7Wε2 . (50)

Now, we derive the derivative of the second part of L with respect to ω:

∂

∂ω

(
B2B−1

1 A1
) = B′

2B−1
1 A1 + B2

(
B−1

1

)′
A1 + B2B−1

1 A1
′, (51)

where ( )′ is defined as d()/dω. Since we have derived A′
2, hence A′

1 and B′
2 can be immediately derived as follows

A′
1 = 2c1ωA2 + c3A + c6Wε1 + c7Wε2 ,

B′
2 = 2d0ωA2 + d2A + d8Wε1 + d9Wε2 .

In expression (51), B−1
1 and (B−1

1 )′ are also involved, which need a considerable algebra. Firstly, we write out the explicit
expression for B1,
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B1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c4 + c10 + c8
ε1

+ c9
ε2

R1
R2

. . .

Rn

. . .

RN

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(52)

where

Rn = c0ω
2J2

n + c2ωJn + (c4 + c10)I2 + c8vε1
n + c9vε2

n

=
(

r1 r2
−r2 r1

)
,

in which

r1 = −c0ω
2n2 + c4 + c10 + c8ε1

ε2
1 + (nω)2

+ c9ε2

ε2
2 + (nω)2

,

r2 = c2ωn − c8nω

ε2
1 + (nω)2

− c9nω

ε2
2 + (nω)2

.

According to the property of the block diagonal matrix, B−1
1 can be derived immediately as

B−1
1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
c4+c10+ c8

ε1
+ c9

ε2
S1

S2
. . .

Sn

. . .

SN

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (53)

where,

Sn = R−1
n = 1

r2
1 + r2

2

(
r1 −r2
r2 r1

)
.

Further on, (B−1
1 )′ can be derived as

� = (
B−1

1

)′ =

⎛
⎜⎜⎜⎜⎜⎜⎝

0
. . .

δn

. . .

δN

⎞
⎟⎟⎟⎟⎟⎟⎠

(54)

where

δn = −2r1r′
1 + 2r2r′

2

(r2
1 + r2

2)2

(
r1 −r2
r2 r1

)
+ 1

r2
1 + r2

2

(
r′

1 −r′
2

r′
2 r′

1

)
,

in which

r′
1 = −2c0n2ω − 2c8ε1n2ω

(ε2
1 + n2ω2)2

− 2c9ε2n2ω

(ε2
2 + n2ω2)2

,

r′
2 = c2n − c8n(ε2

1 − n2ω2)

(ε2
1 + n2ω2)2

− c9n(ε2
2 − n2ω2)

(ε2
2 + n2ω2)2

.

So far, we have derived (B−1)′ . Substituting A1
′, B′ and (B−1)′ into Eq. (51) we obtain
1 2 1



H. Dai et al. / Journal of Computational Physics 270 (2014) 214–237 237
∂

∂ω

(
B2B−1

1 A1
) = (

2d0ωA2 + d2A + d8Wε1 + d9Wε2

)
B−1

1 A1 + B2�A1 + B2B−1
1

(
2c1ωA2 + c3A + c6Wε1 + c7Wε2

)
.

Then, we obtain

∂g

∂ω
= [

2d1ωA2 + d3A + d6Wε1 + d7Wε2 − (
2d0ωA2 + d2A + d8Wε1 + d9Wε2

)
B−1

1 A1

− B2�A1 − B2B−1
1

(
2c1ωA2 + c3A + c6Wε1 + c7Wε2

)]
Qα,

where Wεi (i = 1,2), B1, B−1
1 and � are given in Eqs. (49), (52), (53) and (54) respectively. B2 is similar to B1.
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