
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=unhb20

Numerical Heat Transfer, Part B: Fundamentals
An International Journal of Computation and Methodology

ISSN: 1040-7790 (Print) 1521-0626 (Online) Journal homepage: https://www.tandfonline.com/loi/unhb20

A new meshless “fragile points method” and a
local variational iteration method for general
transient heat conduction in anisotropic
nonhomogeneous media. Part II: Validation and
discussion

Yue Guan, Rade Grujicic, Xuechuan Wang, Leiting Dong & Satya N. Atluri

To cite this article: Yue Guan, Rade Grujicic, Xuechuan Wang, Leiting Dong & Satya N. Atluri
(2020): A new meshless “fragile points method” and a local variational iteration method for general
transient heat conduction in anisotropic nonhomogeneous media. Part II: Validation and discussion,
Numerical Heat Transfer, Part B: Fundamentals, DOI: 10.1080/10407790.2020.1747283

To link to this article:  https://doi.org/10.1080/10407790.2020.1747283

Published online: 10 Apr 2020.

Submit your article to this journal 

View related articles 

View Crossmark data



A new meshless “fragile points method” and a local variational
iteration method for general transient heat conduction in
anisotropic nonhomogeneous media. Part II: Validation
and discussion

Yue Guana, Rade Grujicicb, Xuechuan Wangc, Leiting Dongd , and Satya N. Atluria

aDepartment of Mechanical Engineering, Texas Tech University, Lubbock, USA; bFaculty of Mechanical
Engineering, University of Montenegro, Podgorica, Montenegro; cSchool of Astronautics, Northwestern
Polytchnical University, Xi’an, P.R. China; dSchool of Aeronautic Science and Engineering, Beihang University,
Beijing, P.R. China

ABSTRACT
In the first part of this two-paper series, a new computational approach is
presented for analyzing transient heat conduction problems in anisotropic
nonhomogeneous media. The approach consists of a truly meshless Fragile
Points Method (FPM) being utilized for spatial discretization, and a Local
Variational Iteration (LVI) scheme for time discretization. In the present art-
icle, extensive numerical results are provided as validations, followed by
a discussion on the recommended computational parameters. The
FPMþ LVIM approach shows its capability in solving 2D and 3D transient
heat transfer problems in complex geometries with mixed boundary condi-
tions, including preexisting cracks. Both functionally graded materials and
composite materials are considered. It is shown that, with appropriate
computational parameters, the FPMþ LVIM approach is not only accurate,
but also efficient, and has reliable stability under relatively large
time intervals.
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1. Introduction

There has been an increasing demand for a reliable, accurate and efficient numerical approach
for transient heat conduction problems in anisotropic nonhomogeneous materials [1–3]. Part I of
this study presents the theoretical foundation and implementation of a new computational
approach: a simple meshless Fragile Points Method (FPM) based on a Galerkin weak-form and a
Local Variational Iteration (LVI) time integration scheme. The FPM [4] is extended to heat con-
duction problems for the first time in this study. It uses local, polynomial, point-based (as
opposed to element-based in the FEM) discontinues trial and test functions. Numerical Flux
Corrections are used to ensure the consistency and stability. The FPM leads to sparse and sym-
metric metrices and has a great potential in analyzing systems with fragmentation, e.g., crack
development in thermally shocked brittle materials. The LVIM [5] in the time domain is a com-
bination of the Variational Iteration Method (VIM) [6] and a collocation method in each time
interval, and is highly efficient in solving nonlinear differential equations. In general, the
FPMþ LVIM is a superior meshless method as compared to those in earlier literatures.
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The present article gives extensive numerical results of the FPMþ LVIM approach, as well as
a discussion on the computational parameters. In Sections 2 and 3, a number of 2D and 3D
numerical examples are carried out respectively to illustrate the implementation and effectiveness
of our approach. Both steady-state and transient heat conduction problems are presented. The
FPM is employed for spatial discretization in all the examples with either uniform or random
points. The LVIM is applied in transient examples and the results are compared with explicit and
implicit Euler schemes. Anisotropic nonhomogeneous materials are considered. Some complex
and practical examples are presented at last. A discussion on the penalty parameters in the FPM
and the number of collocation nodes in LVIM is given in Section 4, followed by a brief conclud-
ing section.

The relative errors r0 and r1 used in the following sections are defined as:

r0 ¼ kuh � ukL2
kukL2

, r1 ¼ kruh �rukL2
krukL2

(1)

where

kukL2 ¼
ð
X
u2dX

� �1=2

, krukL2 ¼
ð
X
ruj j2dX

� �1=2

:

2. 2D Examples

2.1. Isotropic homogeneous benchmark examples

The first example (Ex. (1.1)) is a benchmark 2D isotropic homogenous problem in a circular
domain. The governing equation and definition of the corresponding variables and parameters
can be found in Part I of this series. Without loss of generality, here we assume the material
density q¼ 1, specific heat capacity c¼ 1, thermal conductivity tensor components k11 ¼ k22 ¼
1, k12 ¼ k21 ¼ 0: The body source density Q is absent. The simplified governing equation can be
written as:

_uðx, y, tÞ ¼ ruðx, y, tÞ: (2)

where u is the temperature field. We consider a postulated analytical solution the same as which
is used in [7, 8]:

uðx, y, tÞ ¼ exþy cos ðxþ yþ 4tÞ, ðx, yÞ 2 ðx, yÞjx2 þ y2 � 1
� �

: (3)

Dirichlet boundary conditions are prescribed on the circumference, corresponding to the
given postulated solution. A total of 601 points are distributed regularly or randomly in the
domain, 30 of which are on the boundary (x2 þ y2 ¼ 1). The Dirichlet boundary condition is
applied directly. Hence the penalty parameter g2 in the FPM is not used (See Part I for
details). The solutions based on the FPMþ LVIM/Backward Euler scheme and their relative
errors at t¼ 0.8 are presented in Figure 1 and Table 1, in which g1 donates the first penalty
parameter in the FPM, M is the number of collocation points in each time interval, and tol is
the error tolerance in stopping criteria of the LVIM. The definitions of these parameters are
given in Part I. As can be seen, the FPM can be incorporated with different ODE solvers and
achieve highly accurate solutions. And the LVIM in the time domain reduces the computa-
tional cost significantly. The transient solutions are consistent with numerical results shown in
[7, 8].

The second numerical example (Ex. (1.2)) is in a square domain. The material properties are
the same as Ex. (1.1). The following postulated analytical solution is considered [7]:
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uðx, y, tÞ ¼ ffiffiffi
2

p
e�p2t=4 cos

px
2
� p

4

� �
þ cos

py
2
� p

4

� �� �
,

ðx, yÞ 2 ðx, yÞjx 2 0, 1½ �, y 2 0, 1½ �� �
:

(4)

Neumann boundary condition consistent with the postulated solution is applied on x¼ 1,
while the other sides are under Dirichlet boundary conditions. 144 uniform or random points are
utilized, of which 44 points are on the boundaries. The computed solutions are shown in Table 2
and Figure 2. Our current FPMþ LVIM approach presents significantly high accuracy for the
mixed boundary value problem. The computational speed is ten times higher than the forward
and backward Euler schemes. While the forward Euler scheme may become unstable and result
in divergent results with a large time step, the LVIM shows its reliability under relatively large
time intervals.

2.2. Anisotropic nonhomogeneous examples in a square domain

In the following four examples, a benchmark mixed boundary value problem in anisotropic non-
homogeneous materials is considered. The tested domain is a L� L square with Dirichlet bound-
ary conditions on y¼ 0 and y¼ L. Symmetric boundary conditions are applied on the lateral
sides. For isotropic problems, symmetry is equivalent to Neumann boundary condition with
~qN ¼ 0: Whereas for anisotropic problems, an additional boundary thermal conductivity matrix
has to be employed:

Table 1. Relative errors and computational time of FPMþ LVIM/backward Euler approach in solving Ex. (1.1).

Method
Computational
parameters Time step Relative errors

Computational
time (s)

FPMþ LVIM (601 uniform points) g1 ¼ 2, M¼ 5,
tol ¼ 10�8

Dt ¼ 0:4 r0 ¼ 6:9� 10�3

r1 ¼ 1:7� 10�1
2.5

FPMþ LVIM (601 random points) g1 ¼ 2, M¼ 5,
tol ¼ 10�8

Dt ¼ 0:4 r0 ¼ 5:9� 10�3

r1 ¼ 1:5� 10�1
1.4

FPMþ backward Euler
(601 uniform points)

g1 ¼ 2 Dt ¼ 0:0016 r0 ¼ 7:1� 10�3

r1 ¼ 1:7� 10�1
11

FPMþ backward Euler
(601 random points)

g1 ¼ 2 Dt ¼ 0:0016 r0 ¼ 5:4� 10�3

r1 ¼ 1:5� 10�1
6.2

Figure 1. Ex. (1.1) – The computed solution when t¼ 0.8. (a) 601 uniform points. (b) 601 random points.

NUMERICAL HEAT TRANSFER, PART B: FUNDAMENTALS 3



KS ¼ �
ð
e
NTnT k � k11Ið ÞB
	 


dC, e 2 CS, (5)

where k11 is the first diagonal element of the thermal conductivity tensor k. CS stands for the
symmetric boundaries. Clearly, the matrix vanishes in an isotropic domain. The initial, boundary
conditions and material properties are given as:

uðx, 0, tÞ ¼ u0, uðx, L, tÞ ¼ uL, uðx, y, 0Þ ¼ u0,

qðx, yÞ ¼ 1, cðx, yÞ ¼ f ðyÞ, kðx, yÞ ¼ f ðyÞ k̂11 k̂12
k̂21 k̂22

" #
, (6)

where u0, uL, k̂ijði, j ¼ 1, 2Þ are constants. In isotropic case, k̂ij ¼ dij: Whereas in anisotropic case,
k̂11 ¼ k̂22 ¼ 2, k̂12 ¼ k̂21 ¼ 1: The body source density Q ¼ const ¼ 0: It turns out that the result-
ing temperature distribution is not dependent on x, i.e., the example is equivalent to a 1D heat
conduction problem.

In Ex. (1.3), u0 ¼ 1, uL ¼ 20, the gradation function f ðyÞ ¼ exp ðdy=LÞ: Similar numerical
examples are also considered in [9] using Local Boundary Integral Equation (LBIE) Method and
[10–12] using Meshless Local Petrov-Galerkin (MLPG) Method. The exact solution is obtained
and given in [13] following the procedure of the variable transformation [14, 15]. When d¼ 0,
the material is homogenous. The computed solution for isotropic homogenous, isotropic nonho-
mogeneous, and anisotropic nonhomogeneous materials are presented and compared with exact
solutions in Figure 3. With only 121 (11� 11) uniform points in the domain, the result shows

Table 2. Relative errors and computational time of FPMþ LVIM/forward Euler/backward Euler approach in solving Ex. (1.2).

Method
Computational
parameters Time step Relative errors

Computational
time (s)

FPMþ LVIM (144 uniform
points)

g1 ¼ 2, M¼ 5,
tol ¼ 10�8

Dt ¼ 0:5 r0 ¼ 5:8� 10�3

r1 ¼ 1:5� 10�1
0.09

FPMþ LVIM (144 random
points)

g1 ¼ 2, M¼ 5,
tol ¼ 10�8

Dt ¼ 0:5 r0 ¼ 1:1� 10�2

r1 ¼ 2:5� 10�1
0.1

FPMþ backward Euler (144
uniform points)

g1 ¼ 2 Dt ¼ 1� 10�3 r0 ¼ 6:1� 10�3

r1 ¼ 1:6� 10�1
1.9

FPMþ backward Euler (144
random points)

g1 ¼ 2 Dt ¼ 1� 10�3 r0 ¼ 1:1� 10�2

r1 ¼ 2:5� 10�1
2.3

FPMþ forward Euler (144
uniform points)

g1 ¼ 2 Dt ¼ 5� 10�4 r0 ¼ 6:0� 10�3

r1 ¼ 1:5� 10�1
3.3

FPMþ forward Euler (144
random points)

g1 ¼ 2 Dt ¼ 1� 10�4 r0 ¼ 1:1� 10�2

r1 ¼ 2:5� 10�1
19

Figure 2. Ex. (1.2) – The computed solution when t¼ 1. (a) 144 uniform points. (b) 144 random points.
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great agreement with the exact solution. It is also consistent with the results shown in [13] based
on meshless point interpolation method (PIM) and Laplace-transform (LT) approach. The time
cost and average errors of the present FPMþ LVIM approach is listed in Table 3, as well as the
backward Euler scheme. The average error �r0 is defined as the average value of r0 in time interval
½0, 0:8�: It should be pointed out that in order to get a continuous solution in the entire domain,
the FPM with random points usually requires a larger penalty parameter g1. Unfortunately, the
accuracy drops down as g1 increases.

As can be seen from Figure 3 and Table 3, while the nonhomogeneity and anisotropy of the
material have a significant influence on the temperature distribution, they do not give rise to any
difficulties in the present computing method. As the solution achieves steady state before t¼ 0.8,
the advantage of LVIM approach in computational time is not distinct, especially when

Figure 3. Ex. (1.3) – The computed solution with different material properties. (a) Transient temperature solution at the mid-
point of the domain in time scope ½0, 0:8�: (b) Vertical temperature distribution when t¼ 0.1.

Table 3. Relative errors and computational time of FPMþ LVIM/backward Euler approach in solving Ex. (1.3).

Method
Computational
parameters Time step

Average
errors

Computational
time (s)

Homogenous isotropic (d¼ 0; k̂11 ¼ k̂22 ¼ 1, k̂12 ¼ k̂21 ¼ 0)

FPMþ LVIM (144 uniform points) g1 ¼ 10, M¼ 5,
tol ¼ 10�8

Dt ¼ 0:1 �r0 ¼ 5:2� 10�3 0.6

FPMþ LVIM (144 random points) g1 ¼ 20, M¼ 5,
tol ¼ 10�8

Dt ¼ 0:5 �r0 ¼ 4:8� 10�2 0.6

FPMþ backward Euler (144 uniform points) g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 2:7� 10�3 1.4
FPMþ backward Euler (144 random points) g1 ¼ 20 Dt ¼ 0:005 �r0 ¼ 2:8� 10�2 1.2

Nonhomogenous isotropic (d¼ 3; k̂11 ¼ k̂22 ¼ 1, k̂12 ¼ k̂21 ¼ 0)

FPMþ LVIM (144 uniform points) g1 ¼ 10, M¼ 5,
tol ¼ 10�8

Dt ¼ 0:1 �r0 ¼ 7:7� 10�3 0.6

FPMþ LVIM (144 random points) g1 ¼ 20, M¼ 5,
tol ¼ 10�8

Dt ¼ 0:5 �r0 ¼ 4:2� 10�2 0.7

FPMþ backward Euler (144 uniform points) g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 7:1� 10�3 1.2
FPMþ backward Euler (144 random points) g1 ¼ 20 Dt ¼ 0:005 �r0 ¼ 2:8� 10�2 1.3

Nonhomogenous anisotropic (d¼ 3; k̂11 ¼ k̂22 ¼ 2, k̂12 ¼ k̂21 ¼ 1)

FPMþ LVIM (144 uniform points) g1 ¼ 10, M¼ 5,
tol ¼ 10�8

Dt ¼ 0:1 �r0 ¼ 7:3� 10�3 0.6

FPMþ LVIM (144 random points) g1 ¼ 20, M¼ 5,
tol ¼ 10�8

Dt ¼ 0:5 �r0 ¼ 4:9� 10�2 0.7

FPMþ backward Euler (144 uniform points) g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 7:8� 10�3 1.2
FPMþ backward Euler (144 random points) g1 ¼ 20 Dt ¼ 0:005 �r0 ¼ 4:2� 10�2 1.5
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comparing with Ex. (1.1) and (1.2) in which the temperature solution varies violently. Yet the
LVIM approach still saves approximately one half of the computing time.

In Ex. (1.4) – (1.6), we consider the same initial boundary value problem as shown in Ex.
(1.3). The material gradation function f(y) and boundary values are given as:

Ex: ð1:4Þ : exponential : f ðyÞ ¼ exp ðdy=LÞ þ exp ð�dy=LÞ	 
2
, d ¼ 2, u0 ¼ 1, uL ¼ 20;

Ex: ð1:5Þ : trigonometric : f ðyÞ ¼ cos ðdy=LÞ þ 5 sin ðdy=LÞ	 
2
, d ¼ 2, u0 ¼ 0, uL ¼ 100;

Ex: ð1:6Þ : power� law : f ðyÞ ¼ 1þ dy=L
� �2

, d ¼ 3, u0 ¼ 1, uL ¼ 20;

The computed solutions of these three examples are shown in Figure 4, 5 and 6, respectively.
121 uniform points are utilized. The results achieve great agreement with the analytical solutions,
confirming that the nonhomogeneity and anisotropy do not cause any difficulties in the
FPMþ LVIM approach. The corresponding relative errors and computational times are shown in
Tables 4–6. The LVIM approach cuts the computing time approximately by a half and does not
cause any stability problems. All these results are consistent with the analytical and numerical sol-
utions given in [13]. The transient solution of Ex. (1.6) (Figure 6a) also agrees well with the
numerical results obtained in [16] with the Green Element Method (a variant of the clas-
sic BEM).

Figure 4. Ex. (1.4) – The computed solution with different material properties. (a) Transient temperature solution in time scope
½0, 0:8�: (b) Vertical temperature distribution when t¼ 0.1.

Figure 5. Ex. (1.5) – The computed solution with different material properties. (a) Transient temperature solution in time scope
½0, 0:8�: (b) Vertical temperature distribution when t¼ 0.2.
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In Ex. (1.6), we can also replace the symmetric boundary conditions by Neumann boundary
conditions with heat flux vanishing on the sides. In the anisotropic case, as a result, the tempera-
ture variation in x - direction is no longer constant. The computed 2D temperature distribution
based on 144 random points is shown in Figure 7. In Figure 7a, 44 of the points are distributed
on the boundaries, hence the Dirichlet boundary condition is imposed directly. Whereas in
Figure 7b, no points are on the boundary. A weak-form method involving boundary integral
terms is employed to enforce the essential boundary conditions [17]. That is, in the formulation
of the FPM in Part I, the penalty parameter g2 is utilized. The result presents a good consistency
between different domain partitions, as well as the direct and weak-form methods in imposing
the essential boundary conditions.

2.3. Some practical examples

Ex. (1.7) is still in a square domain. However, the material property is no longer continuous. As
shown in Figure 8a, in the top half of the domain (y > 50 m), the medium is isotropic and has a
thermal conductivity k1 ¼ 2W=ðm�CÞ, while in the bottom half (y < 50 m), the isotropic thermal
conductivity is k2 ¼ 1W=ðm�CÞ: An adiabatic crack emanates on the midline of the domain
(25 m < x < 75 m, y ¼ 50 m). Problems with the same geometry are also considered in [18–20].
Dirichlet boundary condition is applied on all the external boundaries. On the bottom and lateral

Table 4. Relative errors and computational time of FPMþ LVIM/backward Euler approach (121 uniform points) in solving
Ex. (1.4).

Method Computational parameters Time step Average errors
Computational

time (s)

Homogenous isotropic (d¼ 0; k̂11 ¼ k̂22 ¼ 1, k̂12 ¼ k̂21 ¼ 0)

FPMþ LVIM g1 ¼ 10, M¼ 5, tol ¼ 10�8 Dt ¼ 0:1 �r0 ¼ 6:8� 10�3 0.5
FPMþ backward Euler g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 5:8� 10�3 1.1

Nonhomogenous isotropic (d¼ 2; k̂11 ¼ k̂22 ¼ 1, k̂12 ¼ k̂21 ¼ 0)

FPMþ LVIM g1 ¼ 10, M¼ 5, tol ¼ 10�8 Dt ¼ 0:1 �r0 ¼ 7:1� 10�3 0.5
FPMþ backward Euler g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 5:7� 10�3 1.2

Nonhomogenous anisotropic (d¼ 2; k̂11 ¼ k̂22 ¼ 2, k̂12 ¼ k̂21 ¼ 1)

FPMþ LVIM g1 ¼ 10, M¼ 5, tol ¼ 10�8 Dt ¼ 0:1 �r0 ¼ 8:2� 10�3 0.5
FPMþ backward Euler g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 8:1� 10�3 1.3

Figure 6. Ex. (1.6) – The computed solution with different material properties. (a) transient temperature solution in time scope
½0, 0:8�: (b) vertical temperature distribution when t¼ 0.2.
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sides, ~uD ¼ 0�C, while on the top side, ~uD ¼ 100�C: For simplicity, only the steady-state solution
is considered in this example.

In FPM, the subdomain boundaries shared by two points on different sides of the crack are
regarded as crack surfaces. In this example, Neumann (adiabatic) boundary condition is applied
to crack surfaces. The computed steady-state temperature distribution is presented in Figure 8.
The result based on 100 uniform points (Figure 8b) shows a very good accuracy and is consistent
with the numerical result given in [20], since the crack conincides with some subdomain

Table 5. Relative errors and computational time of FPMþ LVIM/backward Euler approach (121 uniform points) in solving
Ex. (1.5).

Method Computational parameters Time step Average errors
Computational

time (s)

Homogenous isotropic (d¼ 0; k̂11 ¼ k̂22 ¼ 1, k̂12 ¼ k̂21 ¼ 0)

FPMþ LVIM g1 ¼ 10, M¼ 5, tol ¼ 10�8 Dt ¼ 0:1 �r0 ¼ 6:9� 10�3 0.4
FPMþ backward Euler g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 6:1� 10�3 1.0

Nonhomogenous isotropic (d¼ 2; k̂11 ¼ k̂22 ¼ 1, k̂12 ¼ k̂21 ¼ 0)

FPMþ LVIM g1 ¼ 10, M¼ 5, tol ¼ 10�8 Dt ¼ 0:1 �r0 ¼ 2:0� 10�2 0.4
FPMþ backward Euler g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 2:1� 10�2 1.0

Nonhomogenous anisotropic (d¼ 2; k̂11 ¼ k̂22 ¼ 2, k̂12 ¼ k̂21 ¼ 1)

FPMþ LVIM g1 ¼ 10, M¼ 5, tol ¼ 10�8 Dt ¼ 0:1 �r0 ¼ 9:3� 10�3 0.4
FPMþ backward Euler g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 1:0� 10�2 1.0

Table 6. Relative errors and computational time of FPMþ LVIM/backward Euler approach (121 uniform points) in solving
Ex. (1.6).

Method Computational parameters Time step Average errors
Computational

time (s)

Homogenous isotropic (d¼ 0; k̂11 ¼ k̂22 ¼ 1, k̂12 ¼ k̂21 ¼ 0)

FPMþ LVIM g1 ¼ 10, M¼ 5, tol ¼ 10�8 Dt ¼ 0:1 �r0 ¼ 6:4� 10�3 0.4
FPMþ backward Euler g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 5:6� 10�3 1.0

Nonhomogenous isotropic (d¼ 2; k̂11 ¼ k̂22 ¼ 1, k̂12 ¼ k̂21 ¼ 0)

FPMþ LVIM g1 ¼ 10, M¼ 5, tol ¼ 10�8 Dt ¼ 0:1 �r0 ¼ 1:1� 10�2 0.4
FPMþ backward Euler g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 1:1� 10�2 0.9

Nonhomogenous anisotropic (d¼ 2; k̂11 ¼ k̂22 ¼ 2, k̂12 ¼ k̂21 ¼ 1)

FPMþ LVIM g1 ¼ 10, M¼ 5, tol ¼ 10�8 Dt ¼ 0:1 �r0 ¼ 7:9� 10�3 0.4
FPMþ backward Euler g1 ¼ 10 Dt ¼ 0:005 �r0 ¼ 7:8� 10�3 0.9

Figure 7. Ex. (1.6) - The computed solution with vanishing heat fluxes on the lateral sides. (a) 44 points on the boundaries,
g1 ¼ 10: (b) no points on the boundaries, g1 ¼ 10, g2 ¼ 20:
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boundaries. However, in a partition with random distributed points, the crack may not coincide
with the internal boundaries (as can be seen in Figure 8a). Yet the FPM can still get a good
approximation of the temperature distribution in the entire domain, especially outside the vicinity
of the crack. When the number of points increases (see Figure 8d), the computed result converges
to the exact solution.

Such a result shows the potential of the FPM in solving thermal-shock problems with crack
development in brittle materials. Without knowing the exact geometry of the cracks, an approxi-
mate solution can be obtained by simply shifting some internal subdomain boundaries to crack
surfaces when certain criteria for crack initiation are met. Other than the adiabatic crack, multiple
thermal crack models can be incorporated with the FPM.

In Ex. (1.8), a L-shaped orthotropic domain is considered. As shown in Figure 9a, the tem-
perature is fixed to 10�C on the left and bottom sides. The other sides are Neumann boundaries
with ~qN ¼ 0 on the black sides and ~qN ¼ 12W=m2 on the red sides. The orthotropic material has
thermal conductivity coefficients k11 ¼ 4 W=m�C, k22 ¼ 7 W=m�C, and k12 ¼ k21 ¼ 0: Dirichlet
boundary conditions are applied by the weak-form method. The penalty parameters g1 ¼
5
ffiffiffiffiffiffiffiffiffiffiffiffi
k11k22

p
, g2 ¼ 20

ffiffiffiffiffiffiffiffiffiffiffiffi
k11k22

p
: The steady-state results are shown in Figure 9. The FPM solution

Figure 8. Ex. (1.7) – The adiabatic crack and computed solutions (g1 ¼ 5
ffiffiffiffiffiffiffiffi
k1k1

p
, g2 ¼ 20

ffiffiffiffiffiffiffiffi
k1k1

p
). (a) The points, partition, and

adiabatic crack. (b) 100 uniform points. (c) 100 random points. (d) 2000 random points.
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agrees well with the FEM solution achieved by ABAQUS with 310 quadrilateral elements
(341 nodes).

In the last 2D example (Ex. (1.9)), we consider the transient heat conduction in a semi-infinite
isotropic soil medium caused by an oil pipe. This problem has been mentioned by a number of
previous studies [21, 22]. Here a 12 m� 8 m domain is considered. According to the symmetry,
we only compute one half of the domain. As shown in Figure 10a, the pipe wall with a radius of
0:45 m is modeled as a Dirichlet boundary with ~uD ¼ 20�C: The infinite boundary is applied as
~uD ¼ 10�C on the right and bottom sides (x ¼ 6 m and y ¼ �8 m). The left side (x¼ 0) is sym-
metric, and the top side (y¼ 0) is adiabatic. The two boundary conditions are equivalent here
since the material is isotropic. A number of points are distributed in the domain. As the variation
of temperature is more violent, more points are distributed in the vicinity of the pipe wall. The
material properties are given as: q ¼ 2620 kg=m2, c ¼ 900 J=kg�C, k ¼ 2:92 W=m�C: The initial
condition is uðx, y, 0Þ ¼ const ¼ 10 �C:

In FPM, the essential boundary conditions are imposed by the weak-form method. The penalty
parameters are set as: g1 ¼ 5k, g2 ¼ 20k: The computed time-variation of temperature at four rep-
resentative points on the adiabatic side is shown in Figure 10b. The results present great consist-
ency with the FEM result achieved by ABAQUS with 661 DC2D4 elements (715 nodes) and an
explicit solver. The number of time steps is 100 in ABAQUS and 10 in the LVIM approach. The
temperature distribution results at t ¼ 200, 800 and 4000 hours are presented in Figure 10c,d
with 360 organized and random points respectively. The results agree well with the corresponding
ABAQUS solutions. This example confirms the high accuracy and efficiency of the FPMþ LVIM
approach in solving complex 2D heat conductivity problems with unevenly distributed points.

Figure 9. Ex. (1.8) – The boundary conditions and computed solutions. (a) The problem domain and boundary conditions. (b)
ABAQUS solution with 310 DC2D4 elements (341 nodes) (c) FPM solution with 48 uniform points. (d) FPM solution with 100 ran-
dom points.
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Figure 10. Ex. (1.9) – The problem and computed solutions. (a) The problem domain and boundary conditions. (b) Transient
temperature solution. (c) Temperature distribution when t ¼ 200, 800, 400 hours (360 regularly distributed points). (d)
Temperature distribution when t ¼ 200, 800, 400 hours (360 randomly distributed points).
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3. 3D Examples

3.1. Anisotropic nonhomogeneous examples in a cubic domain

In this section, we consider a number of 3D heat conduction examples in a cubic domain X ¼
ðx, y, zÞjx, y, z 2 ½0, L�� �

: Various boundary conditions and material properties are tested. The
heat source density Q vanishes in all the following examples.

First, a steady-state problem with homogenous anisotropic material is considered. The thermal
conductivity tensor components k11 ¼ k22 ¼ k33 ¼ 1� 10�4, k23 ¼ 0:2� 10�4, k12 ¼ k13 ¼ 0: A
postulated analytical solution is considered [1, 23]:

uðx, y, zÞ ¼ y2 þ y� 5yz þ xz: (7)

Dirichlet boundary conditions satisfying the postulated solution are prescribed on all the faces
of the cube. The FPM is employed to solve the anisotropic example. The computed temperature
distribution at z ¼ 0:5L is shown in Figure 11. In Figure 11a, 10� 10� 10 points are distributed
uniformly in the cube, while in Figure 11b the points are distributed randomly. The penalty
parameters are: g1 ¼ 5k11 for the uniform points, and g1 ¼ 10k11, g2 ¼ 20k11 for the random
points. Both results match well with the exact solution, as well as the numerical results achieved
by Sladek et al. [1, 23] with the MLPG method. The relative errors (r0) are 9:6� 10�3 and 1:1�
10�2 respectively.

Next, a transient heat conduction example is considered. The material properties are given as:
q¼ 1, c¼ 1, and k11 ¼ k22 ¼ k33 ¼ 1, k12 ¼ k13 ¼ k23 ¼ 0: The boundary condition on the top
surface (z¼ L) is prescribed as a thermal shock ~uD ¼ Hðt � 0Þ, where H is the Heaviside time
step function. The bottom boundary condition on z¼ 0 is given as ~uD ¼ 0: And all the lateral
surfaces (x, y ¼ 0, L) have vanishing heat fluxes. The initial condition is uðx, y, z, 0Þ ¼ 0: The side
length L¼ 10. It turns out that the temperature distribution in this example is not dependent on
x and y coordinates. As a result, the problem can be analyzed equivalently in 2D. The transient
temperatures at z ¼ 0:1L, z ¼ 0:5L and z ¼ 0:8L are computed by the 2D and 3D FPM and pre-
sented in Figure 12, respectively. The computational times cost by the LVIM approach and the
backward Euler scheme are shown in Table 7. As the time-variation of temperature is smooth in
this case, the LVIM approach can only improve the computing efficiency slightly.

In Ex. (2.3), we consider a similar initial boundary condition problem as Ex. (2.2) in an aniso-
tropic medium. The thermal conductivity tensor components are: k11 ¼ k33 ¼ 1, k22 ¼ 1:5, k23 ¼
0:5, k12 ¼ k13 ¼ 0: Symmetric boundary conditions are given on the left and right surfaces

Figure 11. Ex. (2.1) – The computed solutions at z ¼ 0:5L: (a) 1000 uniform points. (b) 1000 random points.
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(x ¼ 0, L) instead of the Neumann boundary conditions. The temperature distribution is then
independent of x coordinate, i.e., the example can also be equivalent to a 2D problem. Figure 13
compares the computed steady-state temperature distribution on y¼ 0 and y¼ L analyzed by 2D
and 3D FPM (g1 ¼ 10k11, g2 ¼ 20k11 in both cases). Very good agreement can be observed. The
transient result is shown as a comparison of Ex. (2.4) in the following Figure 14a.

Ex. (2.4) is a nonhomogeneous anisotropic problem with the same initial and boundary condi-
tions as Ex. (2.3). The material density q and heat capacity c remain constant in the whole
domain. Whereas the thermal conductivity tensor is prescribed as: k33ðzÞ ¼ 1þ z=L, k11 ¼
1, k22 ¼ 1:5, k23 ¼ 0:5, k12 ¼ k13 ¼ 0: The side length L¼ 10. The example can also be analyzed in
2D. A comparison of the transient 2D and 3D computed temperatures on z ¼ 0:2L is presented

Figure 12. Ex. (2.2) – The computed transient temperature solution.

Table 7. Computational time of 3 D FPMþ LVIM/backward Euler approach (1000 points) in solving Ex. (2.2).

Method Computational parameters Time step Computational time (s)

FPMþ LVIM g1 ¼ 10, g2 ¼ 20, M¼ 3, tol ¼ 10�8 Dt ¼ 5:5 5.2
FPMþ backward Euler g1 ¼ 10, g2 ¼ 20 Dt ¼ 0:5 7.0

Figure 13. Ex. (2.3) – The computed steady-state result.
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in Figure 14a. The homogenous result (Ex. (2.3)) is also shown as a comparison. As can be seen,
the 2D and 3D results exhibit a great agreement. These results are also consistent with numerical
results based on both 2D and 3D MLPG methods [1, 10]. Table 8 shows the computational times
for the LVIM approach and backward Euler scheme when achieving the same accuracy. As can
be seen, the nonhomogeneity has a considerable influence on the temperature distribution, while
it has no influence on the accuracy or efficiency of the FPMþ LVIM approach. The transient
temperature solution approaches the steady-state result, as shown in Figure 14b, gradually.

In Ex. (2.5), we consider a 3D example that can no longer be analyzed in 2D. The problem
domain is still a L� L� L cube with vanishing flux on all the lateral surfaces. The boundary con-
ditions on the top and bottom surfaces are given as: ~uD ¼ Hðt � 0Þ, for z¼ L; and ~uD ¼ 0, for
z¼ 0. The homogenous anisotropic thermal conductivity coefficients: k11 ¼ k33 ¼ 1, k22 ¼
1:5, k12 ¼ k13 ¼ k23 ¼ 0:5: The other conditions are the same as the previous examples. The com-
puted solution is compared with FEM result achieved by ABAQUS with 1000 linear heat transfer
elements (DC3D8) and shown in Figure 15a. The homogenous solution (Ex. (2.2)) is also shown

Figure 14. Ex. (2.4) – The computed solutions. (a) Transient temperature solution. (b) Steady-state result.

Table 8. Computational time of 3D FPMþ LVIM/backward Euler approach (1331 points) in solving Ex. (2.4).

Method Computational parameters Time step Computational time (s)

FPMþ LVIM g1 ¼ 10, g2 ¼ 20, M¼ 4, tol ¼ 10�6 Dt ¼ 25 3.4
FPMþ backward Euler g1 ¼ 10, g2 ¼ 20 Dt ¼ 0:5 7.9

Figure 15. Ex. (2.5) – The computed solutions. (a) Transient temperature solution. (b) Steady-state result.
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for comparison. As can be seen, a good agreement is observed between the FPMþ LVIM and
ABAQUS results. As time goes on, the transient solution keeps approaching the steady state. The
computed temperature distributions on the four lateral sides of the domain (x, y ¼ 0, L) are
shown in Figure 15b, as well as the ABAQUS results. It is clear that the solution is dependent on
all x, y and z coordinates, and cannot be simplified as a 2D problem. The penalty parameters
and computational times are listed in Table 9, confirming that the FPMþ LVIM approach can
work with considerable large time intervals and achieving accurate solutions.

Furthermore, a nonhomogeneous anisotropic problem is considered in Ex. (2.6). The coordin-
ate-dependent thermal conductivity tensor components: k33ðzÞ ¼ 1þ z=L, k11 ¼ 1, k22 ¼ 1:5,
k12 ¼ k13 ¼ k23 ¼ 0:5: All the boundary conditions are the same as Ex. (2.5). Figure 16 presents
the computed steady-state solution obtained by the FPM. The solution, as well as all the previous
solutions in Ex. (2.1) – Ex. (2.5), are consistent with the computed solutions achieved by Sladek
et al. [1] with the MLPG method and Laplace-transform (LT) technique.

In Ex. (2.7), a transient heat conduction example with Robin boundary condition is tested.
The material is homogenous and isotropic: q¼ 1, c¼ 1, k11 ¼ k22 ¼ k33 ¼ 1, k12 ¼ k13 ¼ k23 ¼
0: The top surface has a heat transfer coefficient h¼ 1.0. And the temperature outside the
top surface is prescribed as ~uR ¼ Hðt � 0Þ: All the lateral surfaces and bottom surface have
heat fluxes ~qN ¼ 0: Started from an initial condition uðx, y, z, 0Þ ¼ 0, the temperature distri-
bution depends only on z coordinate and the time. The analytical solution was obtained in
[24]:

uðx, y, z, tÞ ¼ uðz, tÞ ¼ 1� 2m
X1
i¼1

sin bi cos
biz
L

� �
exp �b2i k33t

qcL2

 !

bi mþ sin 2bið Þ ,

where bi are roots of the transcendental equation:

Figure 16. Ex. (2.6) – The computed steady-state result.

Table 9. Computational time of 3D FPMþ LVIM/backward Euler approach (1000 points) in solving Ex. (2.5.).

Method Computational parameters Time step Computational time (s)

FPMþ LVIM g1 ¼ 5, g2 ¼ 10, M¼ 5, tol ¼ 10�6 Dt ¼ 25 6.9
FPMþ backward Euler g1 ¼ 5, g2 ¼ 10 Dt ¼ 0:5 11
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b sinb
cos b

�m ¼ 0, where m ¼ hL
k33

: (8)

Let L¼ 10. The computed time-variations of temperature on the bottom and midsurface of the
cube (z ¼ 0, 0:5L) are shown in Figure 17, in which an excellent agreement is observed between
the FPMþ LVIM solution and the analytical result. This example has also be analyzed in [1, 23]
using the MPLG method and Laplace transform (LT)/time difference formulation and has shown
identical results.

3.2. Some practical examples

Finally, two practical examples with multiple materials and complicated geometries are consid-
ered. Ex. (2.8) shows the heat conduction in a wall with crossed U-girders. The example is pre-
sented in [25]. As shown in Figure 18a, the wall is consisted of two gypsum wallboards, two steel
crossed U-girders and insulation materials (the insulation material is not presented in the sketch).
The U-girders are separated by 300 mm: Thus, we can only focus on a 300 mm� 300 mm�
262 mm cell of the wall. The material properties are listed in Table 10. The indoor
(z ¼ 262 mm) and outdoor (z ¼ 0 mm) surfaces are under convection boundary conditions. The
corresponding heat transfer coefficients h and the temperatures outside the surfaces are shown in
Table 11. All the other lateral surfaces are symmetric, i.e., ~qN ¼ 0 in this case. The initial condi-
tion is 20�C in the whole domain.

A total of 2880 points are used in the FPM analysis. Notice that though the insulation material
is not shown in the sketch, there are still points distributed in it. As a result of the uneven vari-
ation of material properties, the density of points used in the gypsum and steel are higher than
the insulation. It should be pointed out that when the point distribution is extremely uneven, as
in this example, it is highly recommended to define the boundary-dependent parameter he in the
FPM (see Part I) as the distance of the two points sharing the subdomain boundary. Figure 18b
presents the time-variation of temperatures on three representative points A, B, and C (shown in
Figure 18a) in 10 hours. The FPMþ LVIM solution shows an excellent consistency with the
ABAQUS result obtained with 9702 DC3D8 elements (11132 nodes). The computed temperature
distribution in the gypsum wallboards and U-girders when t ¼ 1 hours and t � 10 hours
(steady-state) are exhibited in Figure 18c,d. The results also agree well with ABAQUS. The com-
putational parameters and times are shown in Table 12. As can be seen, the LVIM approach

Figure 17. Ex. (2.7) – The computed transient temperature solution.
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helps to save approximately one half of the total computing time. Ex. (2.8) demonstrates the
accuracy and efficiency of the FPMþ LVIM approach in solving complicated 3D transient heat
conduction problems with multiple materials and highly uneven point distributions.

Ex. (2.9) is also given in [25]. In this example, the heat transfer through a wall corner is
studied. Figure 19a shows the geometry and material distribution in the corner. Five kinds of
materials are utilized. Their corresponding properties are listed in Table 13. Four kinds of

Table 10. Material properties in Ex. (2.8).

Material q ððkg=m3ÞÞ c ð�103 J=ðkg�CÞÞ k ðW=ðm2�CÞÞ
Gypsum 2300 1.09 0.22
Steel 7800 0.50 60
Insulation 1.29 1.01 0.036

Table 11. Boundary conditions in Ex. (2.8).

bc ~uR ð�CÞ h ðW=ðm2�CÞÞ
Outdoor 20 25
Indoor 30 7.7

Figure 18. Ex. (2.8) – The problem and computed solutions. (a) The problem domain and boundary conditions. (b) Transient
temperature solution. (c) Temperature distribution when t ¼ 1 hour: (d) Steady-state result.
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boundary conditions are presented in Figure 19a, in which d stands for adiabatic boundaries,
while a, b and c are all convection boundaries. Table 14 presents their heat transfer coefficients
and surface temperatures. The initial condition is 10 �C in the whole domain.

Table 12. Computational time of FPMþ LVIM/backward Euler approach (2880 points) in solving Ex. (2.8).

Method Computational parameters Time step Computational time (s)

FPMþ LVIM g1 ¼ 11, M¼ 3, tol ¼ 10�8 Dt ¼ 2 h 31
FPMþ backward Euler g1 ¼ 11 Dt ¼ 0:1 h 65

Figure 19. Ex. (2.9) – The problem and computed solutions. (a) The problem domain and boundary conditions. (b) Transient
temperature solution. (c) Temperature distribution when t ¼ 6 hours: (d) Steady-state result.

Table 13. Material properties in Ex. (2.9).

Material q ððkg=m3ÞÞ c ð�103 J=ðkg�CÞÞ k ðW=ðm2�CÞÞ
M1 849 0.9 0.7
M2 80 0.84 0.04
M3 2000 0.8 1.0
M4 2711 0.88 2.5
M5 2400 0.96 1.0
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First, we concentrate on the temperatures of four representative points (A, B, C, D) as shown
in Figure 19a. The time-variation of temperatures on these points is presented in Figure 19b. The
result approaches steady state as time increases. Table 15 illustrates how the number of points
used in the FPM influences the steady-state solution. The results are compared with data in the
European standard (CEN, 1995) [25, 26]. As can be seen, when the number of points rises, the
solution converges to the reference solution gradually. With more than 6288 points, the result
keeps stable and has no more than 0:1 �C error compared with the CEN solution. Figure 19c,d
present the temperature distribution in the corner when t ¼ 6 hours and after steady-state. Table
16 shows the computational parameters and times comparing with the backward Euler scheme.
Similar with the previous examples, the LVIM approach works well with large time intervals and
has no stability problem.

4 Discussion on computational parameters

4.1. Penalty parameters

As have been stated in Part I of this series, the penalty parameters g1 and g2 have a significant
influence on the accuracy and stability of the FPM. For example, if g1 is too small, the method
could be unstable and results in discontinuous solutions. If g2 is too small, the Dirichlet boundary
conditions may not be satisfied. On the contrary, if g1 is very large, small jumps of temperature
on the internal boundaries can be expected, but the accuracy of the solution is doubtable. In this
section, parametric studies on g1 and g2 are carried out on both 2D and 3D examples.

First, the steady-state solution of 2D example Ex. (2.3) is considered. We concentrate on the
nonhomogeneous anisotropic case, i.e., d¼ 3, k̂11 ¼ k̂22 ¼ 2, k̂12 ¼ k̂21 ¼ 1: A total of 225 points
are used in the FPM. Figure 20a shows the influence of the penalty parameters on the relative
errors r0 and r1. The penalty parameters are nondimensionalized by k ¼ ðk̂11k̂22Þ1=2 ¼ 2: As can
be seen, in order to get a stable and accurate solution, it is recommended to define g1 in the
range of 0:1k to 100k, and g2 larger than 50k. The best choice in this example is g1 ¼ 5k and
g2 > 500k: Notice that in homogenous or isotropic case, the effective range of g1 and g2 can be
much larger.

In 3D case, the anisotropic steady-state example Ex. (2.1) is considered. With 1000 points dis-
tributed uniformly in the domain, the relative errors r0 and r1 of the computed FPM solution

Table 14. Boundary conditions in Ex. (2.9).

bc ~uR ð�CÞ h ðW=ðm2�CÞÞ
a 20 5
b 15 5
c 0 20
d – 0 (adiabatic)

Table 15. The computed steady-state temperatures (�C) obtained by the FPM with different numbers of points (L) – Ex. (2.9).

Point L¼ 1120 L¼ 3006 L¼ 6288 L¼ 11350 L¼ 28350 CEN [25]

A 12.7 12.8 12.7 12.6 12.6 12.6
B 10.9 11.1 11.1 11.0 11.0 11.1
C 12.7 14.6 15.1 15.2 15.2 15.3
D 15.9 16.4 16.5 16.4 16.4 16.4

Table 16. Computational time of FPMþ LVIM/backward Euler approach (3006 points) in solving Ex. (2.9).

Method Computational parameters Time step Computational time (s)

FPMþ LVIM g1 ¼ 10, M¼ 3, tol ¼ 10�6 Dt ¼ 30 h 32
FPMþ backward Euler g1 ¼ 10 Dt ¼ 1:875 h 59
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under varying g1 and g2 are shown in Figure 20b, in which the penalty parameters are nondimen-
sionalized by k ¼ ðk11k22k33Þ1=3 ¼ 1� 10�4: To get a continuous and accurate computed solution,
the penalty parameters should be defined in the range 0:5k < g1 < 1000k, and 5k < g2 < 20000k:
In this example, the best choice is g1 ¼ 15k and g2 ¼ 5000k: However, the best choice varies
under different point distributions. As can be seen from the parametric studies, the relative errors
shoot up when g1 or g2 is too small, as the continuity or essential boundary conditions may not
be satisfied then. An excessively large g1 should also be avoided. Whereas a large g2 is still accept-
able since it does not do much harm to the accuracy.

Figure 20. Parametric studies on g1 and g2. (a) 2D case: Ex. (1.3). (b) 3D case: Ex. (2.1).
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In general, the recommended values of g1 and g2 are proportional to the thermal conductivity
k. The approximate effective ranges of g1 and g2 are k < g1 < 50k, and 50k < g2 < 1� 104k,
where k ¼ ðk11k22Þ1=2 in 2D case and k ¼ ðk11k22k33Þ1=3 in 3D case. Notice that the range may
vary under different definitions of he and different point distributions. Homogenous and isotropic
problem usually has less requirement on the effective penalty parameters.

It should be noticed that, unlike the discontinuous Galerkin (DG) methods [27], in which the
trial functions are entirely discontinuous and entirely independent in the neighboring elements,
the trial functions in neighboring subdomains in the present FPM are not completely independ-
ent, i.e., the field solution in one subdomain is also influenced by its neighboring points. As a
result, a small penalty parameter g1 is enough to stabilize the FPM comparing with the DG meth-
ods. Whereas for g2, a relatively large penalty parameter is required to enforce the essential
boundary conditions strictly. Thus, the best choice of g2 should always be a bit larger than g1.

4.2. Number of collocation nodes in each time interval

Next, the recommended value of the number of collocation nodes in each time interval (M) in
the LVIM is discussed. Take Ex. (1.1) as an example, Figure 21 presents the relationship of com-
putational time and average relative error �r0 achieved by the LVIM approach with different M
and backward Euler scheme. The example is discretized with 601 uniform points in the FPM
with g1 ¼ 5: And the error �r0 is defined as the average value of relative error between the com-
puted solution and the converged solution (obtained with an extremely small time step) in time
scope ½0, 8�: As can be seen, though the backward Euler scheme and LVIM approach with M¼ 3
have an advantage in computational time under low accuracy requirement, e.g., �r0 � 0:1, their
computational times increase rapidly when the required relative error decreases. As a result, large
M has a benefit in achieving relatively accurate solution, while small M is more suitable for
exploring a rough approximation. Notice that the backward Euler scheme is equivalent to the
LVIM approach with M¼ 2, and follows the same tendency of accuracy and computational time
for the LVIM.

Table 17 shows the computational times required for the LVIM approach and backward Euler
scheme (M¼ 2) when obtaining the same relative errors. To get a solution with �r0 � 1� 10�2,
the LVIM approach with M¼ 3 costs the least computational time, which is approximately one
third of the computational time of the backward Euler scheme. On the other hand, in order to
achieve higher accuracy, e.g. �r0 � 1� 10�3, the best choice would become M¼ 5. Comparing

Figure 21. Parametric study on the number of collocation nodes in each time interval (M) – Ex. (1.1).
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with the backward Euler scheme, the LVIM approach shows extraordinary efficiency under high
accuracy requirement. Since the computational time rises rapidly with M, too many collocation
nodes (e.g., M> 5) are not recommended. We usually apply M in the range of 3 to 5. For prob-
lems with lower accuracy requirement and higher numbers of nodes, a small M is recommended.
Whereas for problems with higher accuracy requirement and less nodes, a larger M could be
more beneficial.

5. Conclusion

In this article, as the second part of our current work, extensive numerical results and validation
of the FPMþ LVIM approach are given. Numerous examples are presented both in 2D and 3D.
Mixed boundary conditions are involved, including Dirichlet, Neumann, Robin, and purely sym-
metric boundary conditions. Both functionally graded materials and composite materials are con-
sidered. The computed solutions are compared with analytical results, equivalent 1D or 2D
results, and FEM solutions obtained by a commercial software. The forward and backward Euler
schemes are used together with the FPM as a comparison to the LVIM. The FPMþ LVIM
approach exhibits great accuracy and efficiency and has no stability problem under relatively large
time intervals. The anisotropy and nonhomogeneity give rise to no difficulties in the current
approach. The computing efficiency is extraordinary when the response varies dramatically, or a
high accuracy is required. The approach is also capable of analyzing systems with preexisting
cracks, even if the domain partition does not coincide on the crack geometry. This implies the
further potential of the FPMþ LVIM approach in solving crack development problems. At last, a
recommended range of the computational parameters is given. We can conclude that, with suit-
able computational parameters, the FPMþ LVIM approach shows excellent performance in ana-
lyzing transient heat conduction systems with anisotropy and nonhomogeneity.
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Table 17. Computational time of FPMþ LVIM/backward Euler approach under varying number of collocation nodes in each
interval (M) in solving Ex. (1.1).

Method M Time step Dt Computational time (s)

Average relative error �r0 � 1� 10�2

FPMþ backward Euler 2 0.013 16
FPMþ LVIM 3 0.27 5

4 0.53 7
5 0.80 8
6 1.33 12
7 1.60 16

Average relative error �r0 � 1� 10�3

FPMþ backward Euler 2 0.0016 144
FPMþ LVIM 3 0.08 17

4 0.27 13
5 0.53 12
6 0.8 20
7 1.1 24
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