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ABSTRACT

A new and effective computational approach is presented
for analyzing transient heat conduction problems. The approach
consists of a meshless Fragile Points Method (FPM) being uti-
lized for spatial discretization, and a Local Variational Iteration
(LVI) scheme for time discretization. Anisotropy and nonhomo-
geneity do not give rise to any difficulties in the present imple-
mentation. The meshless FPM is based on a Galerkin weak-form
formulation and thus leads to symmetric matrices. Local, very
simple, polynomial and discontinuous trial and test functions are
employed. The LVIM in the time domain is a combination of the
Variational Iteration Method (VIM) and a collocation method in
each finitely large time interval. The present methodology repre-
sents a considerable improvement to the current state of science
in computational transient heat conduction in anisotropic non-
homogeneous media. Several numerical results are provided as
validations. It is shown that, with appropriate computational pa-
rameters, the proposed FPM + LVIM approach is not only accu-
rate, but also efficient, and has reliable stability under relatively
large time intervals.

Keywords: Fragile Points Method (FPM), Local Variation
Iteration Method (LVIM), transient heat conduction, anisotropy,
nonhomogeneity.

1 INTRODUCTION

Transient heat conduction analysis in nonhomogeneous
anisotropic media is of great interest in research and engineering
applications [1]. Numerical methods for solving transient heat
conduction problems usually have two discretization stages [2]:
spatial and time. The most commonly used discretization meth-
ods are the Finite Element Method (FEM) in the spatial domain
and the finite difference schemes in the time domain. However,
FEM codes, as well as the other element-based methods, usu-
ally demand a high-quality mesh, and has difficulties in analyz-
ing problems with rupture and fragmentation, e.g., crack devel-
opment in thermally shocked brittle materials. Finite difference
methods in the time domain, on the other hand, may have sta-
bility and accuracy problems while using large time steps. In
general, the current commercial codes are far from perfect.

Meshless methods in spatial domain, on the other hand, can
eliminate or reduce the human and computer cost in generating
a high-quality contiguous mesh and remedy the mesh distortion
problem. For example, the Smoothed Particle Hydrodynamics
(SPH) [3] and its improved methods are extensively used in ther-
mal analysis and fluid/solid mechanics. Yet based on a strong
form, these methods may have stability problems under random
point distributions [4]. The Diffuse Element Method (DEM) [5],
Element-Free Galerkin (EFG) method [6] and Meshless Local
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Petrov-Galerkin (MLPG) method [7] based on weak-forms have
also shown their capability and advantages in analyzing heat con-
duction problems. However, these methods still have their limi-
tations. The original DEM formulation fails in passing the patch
test. The EFG method is based on global Galerkin weak-form
and requires back-ground cells to integrate the weak-form terms.
The integration becomes tedious while using the meshless Mov-
ing Least Squares (MLS) approximations. Also when the mesh
of back-ground cells is rotated, the EFG may not be an objective
method. The MLPG is a truly meshless method, based on a lo-
cal Petrov-Galerkin weak-form, and the integration of the weak-
form is also complicated when MLS approximations are used
as trial functions. Meanwhile, as the MLS approximation does
not have delta-function properties, the imposition of essential
boundary conditions necessaires special treatments [8] in EFG
and MLPG.

In contrast to the complex, global continuous MLS approxi-
mated shape function used in the EFG and MLPG, local, polyno-
mial, piecewise-continuous trial functions are applied in gener-
ating the Fragile Points Method (FPM) in [9]. Thus, the numer-
ical integration becomes simple and accurate. The Numerical
Flux Corrections are employed to ensure the inherent continuity.
Since it is convenient to relax the continuity requirement between
neighboring points, the FPM has a great potential in analyzing
systems involving cracks, ruptures and fragmentations, such as in
problems of thermal shock damage in brittle solids. The method
has already shown its accuracy and efficiency in solving 2D elas-
ticity problems [9]. In the current work, it is extended to 2D and
3D heat transfer analysis for spatial discretization.

After the spatial discretization is carried out, a semi-discrete
system is obtained. The computational accuracy and efficiency
are also significantly affected by the ODE solver employed
in the time domain. The traditional finite difference methods
(e.g., backward Euler scheme, explicit Runge-Kutta formula,
etc.) work well for low-dimensional systems, but their efficiency
for solving the high-dimensional semi-discrete system generated
with the 2D or 3D FPM is insufficient. Moreover, many finite
difference methods may encounter stability problems under large
time steps.

On the other hand, the weak-form methods, though some-
what hard to implement, have a potential in analyzing high di-
mensional and nonlinear systems more efficiently. A series of
analytical or semi-analytical asymptotic methods have been car-
ried out. The Variational Iteration Method (VIM) proposed by
He [10] can be seen as an extension of the Newton-Raphson
method to nonlinear algebraic equations (NAEs). Following that,
the Adomian Decomposition Method (ADM) [11] and the Picard
Iteration Method (PIM) [12] are also based on an initial guess
and correctional iterative formula. Their formulae are relatively
concise yet computing the integral of nonlinear terms in each
time step is a challenge. Though developed independently, the
previous VIM, ADM and PIM approaches can be unified using

a generalized Lagrange multiplier [13]. Based on that, Wang et
al. [14] employed the VIM over a finitely large time interval,
along with a collocation method and numerical discretization,
leading to the Local Variational Iteration Method (LVIM). Un-
like the VIM, the LVIM is a numerical method, applicable to dig-
ital computation and has the potential in being implemented with
parallel processing. The initial guess can be constructed in a rela-
tively simple form. The method possesses excellent efficiency in
solving nonlinear ODEs in fluid mechanics, structural mechan-
ics, and astrophysics, etc. In this study, we employ the LVIM in
the time discretization of transient heat conduction problems.

2 FRAGILE POINTS METHOD (FPM)
2.1 Problem description

We consider a transient heat conduction problem in a con-
tinuously anisotropic nonhomogeneous medium [15, 16]:

ρ(x)c(x)
∂u
∂ t

(x, t) = ∇ · [k∇u(x, t)]+Q(x, t), x ∈Ω, t ∈ [0,T ] ,

(1)

where Ω is the entire 2D or 3D domain under study, x = [x y]
in 2D or x = [x y z] in 3D, u(x, t) is the temperature field, and
Q(x, t) is the density of heat sources. ∇ is the gradient oper-
ator. The thermal conductivity tensor k(x), mass density ρ(x)
and specific heat capacity c(x) are dependent on the spatial co-
ordinates in nonhomogeneous media. The thermal conductivity
tensor components ki j can also be directionally dependent for
anisotropic materials.

Three main kinds of boundary conditions are considered:

1).Dirichlet bc : u(x, t) = ũD(x, t), onΓD,

2).Neumann bc : q(x, t) := k∇u(x, t) ·n = q̃N(x, t), onΓN ,

3).Robin bc : q(x, t) = h(x) [ũR(x)−u(x, t)] , onΓR,
(2)

where the global boundary ∂Ω = ΓD ∪ ΓN ∪ ΓR, n is the unit
outward normal of ∂Ω, h(x) is the heat transfer coefficient, and
ũR(x) is the temperature of the medium outside the Robin (con-
vective) boundary.

An initial condition u(x,0) is given in Ω∪∂Ω.

2.2 Local, simple, polynomial, point-based discontin-
uous trial and test functions

In the domain Ω, a set of random points are introduced. The
global domain can then be partitioned into several confirming
and nonoverlapping subdomains, with only one point in each
subdomain (as shown in Fig. 1). The partition is not unique. In
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(a)

(b)

FIGURE 1. THE DOMAIN Ω AND ITS PARTITIONS. (A) 2D
CASE (P ∈Ω∪∂Ω). (B) 3D CASE (P ∈Ω).

this paper, the Voronoi Diagram partition is applied as an exam-
ple. Triangular and quadrilateral partitions in which the subdo-
mains have the same shape of traditional FEM elements are also
available. However, unlike the FEM, the trial and test functions
in the present FPM are not element-based interpolations, but are
based on distribution of the points.

In each subdomain, we define the simple, local, polynomial
trial function uh as:

uh(x) = u0 +(x−x0) ·∇u
∣∣∣
P0
, x ∈ E0 (3)

where P0 is the internal point within subdomain E0, u0 is the
value of uh at P0, and x0 is the location vector of P0.

The gradient of temperature ∇u
∣∣
P0

can be approximated by
the value uh at several neighboring points of P0. Several numer-
ical approximations (e.g., the meshless Radial Basis Function-
based Differential Quadrature method) are available. Here the
Generalized Finite Difference (GFD) method is employed. The
support of P0 is defined to involve all the nearest neighboring

points of P0 in subdomains sharing boundaries with E0 in the
partition (see Fig. 2). The points are named as P1, P2, · · · , Pm.

We minimize the following weighted discrete L2 norm J:

J =
m

∑
i=1

[
(xi−x0) ·∇u

∣∣∣
P0
− (ui−u0)

]2

wi, (4)

where xi donates the coordinates of Pi, ui is the value of uh at Pi,
and wi is the value of the weight function at Pi (i = 1,2, · · · ,m).
For convenience, we assume constant weight functions in the
current work. Hence, we get:

∇u
∣∣∣
P0
= BuE , (5)

where

uE =
[
u0 u1 u2 · · · um

]T
,

B = (ATA)−1AT [I1 I2
]
,

I1 =
([
−1 −1 · · · −1

]
1×m

)T
,

I2 =


1 0 · · · 0

0 1
. . .

...
...

. . . . . . 0
0 · · · 0 1


m×m

, A =


x1−x0
x2−x0
· · ·

xm−x0

 .

FIGURE 2. THE SUPPORT OF P0 IN 3D.

Therefore, the relation between uh and uE can be obtained:

uh(x) = NuE , x ∈ E0 (6)
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where N is called the shape function of uh in E0:

N = [x−x0]B+
[
1 0 · · · 0

]
1×(m+1) . (7)

The trial function and shape function uh can be derived in-
dependently in each subdomain Ei ∈Ω by the same process. As
no continuity requirement is imposed at the internal boundaries,
the trial function and shape function can be discontinuous across
neighboring subdomains. Figure 3(a) shows the graph of the
shape function in an unit 3D domain with 343 random points
(x,y,z≤ 0.5). The trial function simulating an exponential func-
tion ua = e−10|x−xa|, xa = [0.5 0.5 0.5] is shown in Fig. 3(b). As
can be seen, the trial function is a simple local polynomial in
each subdomain, and it is piecewise-continuous in the entire do-
main. The test function vh in the Galerkin weak-form in FPM is
prescribed to have the same piecewise-continuous shape as uh.

(a)

(b)

FIGURE 3. THE SHAPE FUNCTION AND TRIAL FUNCTION IN
3D.

2.3 Weak-form formulation and Numerical Flux Cor-
rections

We rewrite the governing equation (1) in the local weak-
form with test function v in each subdomain E and apply the
Gauss divergence theorem:

∫
E

ρcv
∂u
∂ t

dΩ+
∫

E
∇vTk∇udΩ =

∫
E

QvdΩ+
∫

∂E
vnTk∇udΓ,

(8)

where ∂E is the boundary of the subdomain, and n is the unit
vector outward to ∂E.

Let Γh donate the set of all internal boundaries. For each
internal boundary e ∈ Γh, there should be two neighboring sub-
domains E1 and E2 (the order does not affect the formulation of
FPM). The jump operator [] and average operator {} are defined
as (for ∀w ∈ R):

[w] =

w
∣∣∣E1

e
−w
∣∣∣E2

e
e ∈ Γh

w
∣∣∣
e

e ∈ ∂Ω

,

{w}=


1
2

(
w
∣∣∣E1

e
+w
∣∣∣E2

e

)
e ∈ Γh

w
∣∣∣
e

e ∈ ∂Ω

.

Thus, we sum Eqn. (8) over all subdomains and obtain:

∑
E∈Ω

∫
E

ρcv
∂u
∂ t

dΩ+ ∑
E∈Ω

∫
E

∇vTk∇udΩ =
∫

Ω

QvdΩ

+ ∑
e∈Γh

∫
e

(
{v}
[
neTk∇u

]
+[v]

{
neTk∇u

})
dΓ

+ ∑
e∈ΓD∪ΓN∪ΓR

∫
e
[v]
{

neTk∇u
}

dΓ,

(9)

where ne = n|E1
e =−n|E2

e for e ∈ Γh, and ne = n for e ∈ ∂Ω.
When u is the exact solution, we have

[
neTk∇u

]
= 0 and

[u] = 0 for e ∈ Γh due to continuity conditions. Hence, we can
replace the term {v}

[
neTk∇u

]
in Eqn. (9) by

{
neTk∇v

}
[u] with-

out influencing the consistency of the formula.
Furthermore, in order to ensure the consistency and stability

of the proposed FPM, here we introduce the Interior Penalty (IP)
Numerical Flux Corrections, which are widely used in Discon-
tinuous Galerkin (DG) Methods. Two Numerical Flux terms are
applied to Γh and ΓD in Eqn. (9) with penalty parameters η1 and
η2 respectively. After substituting the boundary conditions, the
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final formula of the FPM can be obtained:

∑
E∈Ω

∫
E

ρcv
∂u
∂ t

dΩ+ ∑
E∈Ω

∫
E

∇vTk∇udΩ

− ∑
e∈Γh∪ΓD

∫
e

({
neTk∇u

}
[v]+

{
neTk∇v

}
[u]
)

dΓ

+ ∑
e∈ΓR

∫
e
hvudΓ+ ∑

e∈Γh

∫
e

η1

he
[u] [v]dΓ+ ∑

e∈ΓD

∫
e

η2

he
uvdΓ

= ∑
E∈Ω

∫
E

QvdΩ+ ∑
e∈ΓD

∫
e

(
η2

he
v−neTk∇v

)
ũDdΓ

+ ∑
e∈ΓN

∫
e
vq̃NdΓ+ ∑

e∈ΓR

∫
e
hvũRdΓ,

(10)

where he is a boundary-dependent parameter with the unit of
length. For instance, he can be defined as the length of the bound-
ary (in 2D), the square root of the boundary area (in 3D), or the
distance between the points in subdomains sharing the boundary.
The penalty parameters η1, η2 are positive numbers having the
same unit of k and independent of the boundary size. The method
is only stable when the penalty parameters are large enough.
However, on the other hand, an excessively large penalty param-
eter is harmful for the accuracy and may cause a condition num-
ber problem. According to a parametric study, the recommended
ranges of η1 and η2 are k < η1 < 50k, and 50k < η2 < 1×104k,
where k = (k11k22)

1/2 in 2D case and k = (k11k22k33)
1/3 in 3D

case. It should be noticed that, unlike the DG methods, the trial
functions in neighboring subdomains in the present FPM are not
completely independent, i.e., the field solution in one subdomain
is also influenced by its neighboring points. As a result, a small
penalty parameter η1 is enough to stabilize the FPM comparing
with the DG methods. Whereas for η2, a relatively large penalty
parameter is required to enforce the essential boundary condi-
tions strictly.

Finally, the formula of the FPM can be written in the matrix
form:

Cu̇+Ku = q, (11)

where C and K are the global heat capacity and thermal conduc-
tivity matrices respectively, u is the unknown vector with nodal
temperatures, q is the heat flux vector.

Substituting the shape function N for uh and v, B for ∇u and
∇v, the point heat capacity matrix CE , point thermal conductivity
matrix KE and the boundary thermal conductivity matrices Kh,

KD, KR can be written as:

CE =
∫

E
ρcNTNdΩ, E ∈Ω,

KE =
∫

E
BTkBdΩ, E ∈Ω,

Kh =−
1
2

∫
e

(
NT

1 nT
1 kB1 +BT

1 kTn1N1
)

dΓ+
η1

he

∫
e
NT

1 N1dΓ

− 1
2

∫
e

(
NT

2 nT
2 kB2 +BT

2 kTn2N2
)

dΓ+
η1

he

∫
e
NT

2 N2dΓ

− 1
2

∫
e

(
NT

1 nT
1 kB2 +BT

1 kTn2N2
)

dΓ− η1

he

∫
e
NT

1 N2dΓ

− 1
2

∫
e

(
NT

2 nT
2 kB1 +BT

2 kTn1N1
)

dΓ− η1

he

∫
e
NT

2 N1dΓ,

e ∈ ∂E1∩∂E2,

KD =−
∫

e

(
NTnTkB+BTkTnN

)
dΓ+

η2

he

∫
e
NTNdΓ, e ∈ ΓD,

KR =
∫

e
hNTNdΓ, e ∈ ΓD,

(12)

The global heat capacity and thermal conductivity matrices
can be established by assembling all the submatrices. The pro-
cess is the same as the FEM. In this work, we use Gaussian
quadrature rule and only one integration point is used in each
subdomain. Similarly, the point and boundary heat flux vectors
can be developed. The global heat flux vector is assembled in the
same way. Eventually, a set of discretized ODEs with sparse and
symmetric matrices are achieved.

3 LOCAL VARIATIONAL ITERATION METHOD (LVIM)
3.1 Functional recusive formula

Equation (11) can be rewritten as a system of standard first-
order ODEs:

u̇ = g(u, t) =−C−1Ku+C−1q(t), t ∈ [0,T ] . (13)

The unknown temperature vector u = [u1,u2, · · · ,uL]
T, where L

is the number of points used in the FPM.
In a finitely large time interval [ti, ti+1] ⊂ [0,T ], with a

given initial approximation u0(τ), the Local Variational Iteration
Method (LVIM) approximates the exact solution u at any time t
with the following correctional iterative formula [14]:

un+1(t) = un(t)+
∫ t

ti
λ (τ) [u̇n(τ)−g(un,τ)]dτ, (14)

where λ (τ) is a matrix of Lagrange multipliers for a given t,
which are yet to be determined.
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By making the right side of Eqn. (14) stationary, we obtain:

{
I+λ (τ)

∣∣∣
τ=t

= 0

λ̇ (τ) = λ (τ)J(un,τ) , τ ∈ [ti, t]
, (15)

where

J(un,τ) =
∂g(un,τ)

∂un
=−C−1K (16)

is the Jacobian matrix. I is the unit matrix.
Using the theory of Magnus series, we can prove that λ (τ) is

the solution of λ (t) in the following equation for a given τ [17]:

I+λ (t)
∣∣∣
t=τ

= 0
∂λ (t)

∂ t +J(un, t)λ (t) = 0, t ∈ [τ, ti+1]
. (17)

Differentiating Eqn. (14) and substituting Eqn. (17) into it,
we can obtain the recursive formula:

u̇n+1(t)+J(un, t)un+1(t) = g(un, t)+J(un, t)un(t),

t ∈ [ti, ti+1] .
(18)

3.2 Collocation method and numerical discretization
Equation (18) can be written in the weak-form in the time

interval [ti, ti+1] with a matrix of test functions v(t):

∫ ti+1

ti
v(t) [u̇n+1(t)+J(un, t)un+1(t)]dt

=
∫ ti+1

ti
v(t) [g(un, t)+J(un, t)un(t)]dt.

(19)

Let v(t) = diag([v,v, · · · ,v]), where v is the Dirac Delta function
for each of the set of collocation nodes t1, t2, · · · , tM ∈ [ti, ti+1].
Thus, the weak-form formula leads to:

u̇n+1(tm)+J(un, tm)un+1(tm) = g(un, tm)+J(un, tm)un(tm),

tm ∈ [ti, ti+1] , m = 1,2, · · · ,M.

(20)

A set of orthogonal basis functions Φ = {φ0,φ1, · · · ,φN} are
used to construct the trial function ue:

ue(t) =
N

∑
n=0

ae,nφn(t), (21)

where ue(t)(e = 1,2, · · · ,L) are elements of the solution vector
u(t). A number of types of basis functions can be used in the
collocation method. In the current work, we employ the first kind
of Chebyshev polynomials as an example. The collocation nodes
are selected as Chebyshev-Gauss-Lobatto points. Let M =N+1,
we can get:

Ue = QAe, U̇e = (LQ)Ae = (LQ)Q−1Ue (22)

where

Ue = [ue(t1),ue(t2), · · · ,ue(tM)]T ,

Ae = [ae,1,ae,2, · · · ,ae,N ]
T ,

Q =


φ0(t1) φ2(t1) · · · φN(t1)
φ0(t2) φ2(t2) · · · φN(t2)

...
...

. . .
...

φ0(tM) φ2(tM) · · · φN(tM)


M×M

,

LQ =


φ̇0(t1) φ̇2(t1) · · · φ̇N(t1)
φ̇0(t2) φ̇2(t2) · · · φ̇N(t2)

...
...

. . .
...

φ̇0(tM) φ̇2(tM) · · · φ̇N(tM)


M×M

.

Finally, substituting Eqn. (22) into Eqn. (20) and rearranging
the sequence of the collocation equations, we get:

(
Ẽ+ J̃

)
Ũn+1 =

(
Ẽ+ J̃

)
Ũn− R̃, (23)

where

Ũ =
[
UT

1 ,U
T
2 , · · · ,UT

L
]T

, Ẽ = IL×L⊗
[
(LQ)Q−1] ,

J̃ =
(
−CTK

)
⊗ IM×M, t̂ = [t1, t2, · · · , tM]T ,

C̃ = C⊗ IM×M, K̃ = K⊗ IM×M, q̃ = q(t̂),

R̃ = ẼŨn + C̃−1K̃Ũn− C̃−1q̃,

here ⊗ denotes the Kronecker product.
The LVIM can usually achieve good estimates with very

simple initial guess functions, e.g., constant or linear func-
tions. In the current approach, we simply assume Ũ0 = u(ti)⊗
[1,1, · · · ,1]T. Moreover,to apply the initial condition in each time
interval [ti, ti+1], we have t1 = ti, and un+1(t1) = u(ti). Thus, the
final iteration formula in LVIM can be written as:

Ũr
n+1 = Ũr

n−
(

Ẽr + J̃r
)−1

R̃r, (24)
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where []r stands for the reduced vector (or matrix) after elmi-
nating the (pM + 1)th rows (and columns) in Eqn. (23), p =
0,1, · · · ,L−1.

4 NUMERICAL EXAMPLES
In this section, several 2D and 3D numerical examples are

carried out to illustrate the implementation and effectiveness of
our approach. Here we define the relative error e0 used in the
following examples:

e0 =

∥∥uh−u
∥∥

L2

‖u‖L2
, where ‖u‖L2 =

(∫
Ω

u2dΩ

)1/2

. (25)

4.1 A 2D benchmark example
The first example (Ex. (1)) is a benchmark 2D isotropic ho-

mogenous problem in a circular domain. Without loss of gener-
ality, here we assume ρ = 1, c = 1, k11 = k22 = 1, k12 = k21 = 0.
The body source density Q is absent. We consider a postulated
analytical solution the same as which is used in [18]:

u(x,y, t) = ex+ycos(x+ y+4t), (x,y) ∈
{
(x,y) | x2 + y2 ≤ 1

}
.

(26)

Dirichlet boundary conditions are prescribed on the circumfer-
ence, corresponding to the given postulated solution. A total of
601 points are distributed randomly in the domain, 30 of which
are on the boundary (x2 + y2 = 1). The Dirichlet boundary con-
dition is applied directly. Hence the penalty parameter η2 in the
FPM is not used. The solutions based on the FPM + LVIM /
Backward Euler (BE) scheme and their relative errors at t = 0.2
are presented in Fig. 4 and Tab. 1, in which M is the number of
collocation points in each time interval, ∆t is the time step, and
Tc is the total computational time. The error tolerance in stop-
ping criteria of the LVIM is 10−8. As can be seen, the FPM can
be incorporated with different ODE solvers and achieve highly
accurate solutions. And the LVIM in the time domain reduces
the computational cost significantly. The transient solutions are
consistent with numerical results shown in [18].

4.2 Anisotropic nonhomogeneous examples in a cu-
bic domain

Next, we consider some nonhomogeneous anisotropic
heat conduction examples in a cubic domain Ω =
{(x,y,z) | x,y,z ∈ [0,L]}. The side length L = 10. The
boundary condition on the top surface (z = L) is prescribed as
a thermal shock ũD = H(t− 0), where H is the Heaviside time
step function. The bottom boundary condition on z = 0 is given
as ũD = 0. The initial condition is u(x,y,z,0) = 0. The heat

FIGURE 4. THE COMPUTED SOLUTION FOR EX. (1).

TABLE 1. RELATIVE ERRORS AND COMPUTATIONAL TIME
OF FPM + LVIM / BE APPROACH IN SOLVING EX. (1).

Method Parameters ∆t e0 Tc(s)

FPM+LVIM η1 = 2, M = 4 0.2 9.0×10−3 0.4

FPM+BE η1 = 2 0.002 1.0×10−2 1.5

source density Q = 0. The material density ρ = 1 and heat
capacity c = 1 in the whole domain.

In Ex.(2), the thermal conductivity tensor is prescribed as:
k33(z) = 1+ z/L, k11 = 1, k22 = 1.5, k23 = 0.5, k12 = k13 = 0.
Symmetric boundary conditions are given on the left and right
surfaces (x = 0,L), whereas the other lateral surfaces (y = 0,L)
have vanishing heat fluxes. The temperature distribution is then
independent of x coordinate, i.e., the example can also be equiv-
alent to a 2D problem. Figure 5 compares the computed steady-
state temperature distribution on y = 0 and y = L analyzed by 2D
and 3D FPM (η1 = 10k11, η2 = 20k11 in both cases). Very good
agreement can be observed. The homogenous result (k33(z) = 1)
is also shown as a comparison. These results are also consistent
with numerical results based on both 2D and 3D MLPG meth-
ods [15,19]. Table 2 shows the computational times for the LVIM
approach and backward Euler scheme when achieving the same
accuracy. As can be seen, the nonhomogeneity has a consider-
able influence on the temperature distribution, while it has no
influence on the accuracy or efficiency of the FPM + LVIM ap-
proach.

In Ex. (3), we consider a 3D example that can not be ana-
lyzed in 2D. The thermal conductivity coefficients are given as:
k11 = k33 = 1, k22 = 1.5, k12 = k13 = k23 = 0.5. All the lateral
surfaces (x,y = 0,L) have vanishing heat fluxes. The other con-
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FIGURE 5. THE COMPUTED STEADY-STATE SOLUTION FOR
EX. (2).

TABLE 2. COMPUTATIONAL TIME OF 3D FPM + LVIM / BE AP-
PROACH IN SOLVING EX. (2).

Method Parameters ∆t Tc(s)

FPM+LVIM η1 = 10, η2 = 20, M = 5 25 3.4

FPM+BE η1 = 10, η2 = 20 0.5 7.9

TABLE 3. COMPUTATIONAL TIME OF FPM + LVIM / BE AP-
PROACH IN SOLVING EX. (3). (1000 POINTS)

Method Parameters ∆t Tc(s)

FPM+LVIM η1 = 5, η2 = 10, M = 5 25 6.9

FPM+BE η1 = 5, η2 = 10 0.5 11

ditions are the same as the previous example. The computed so-
lution is compared with FEM result achieved by ABAQUS with
1000 linear heat transfer elements (DC3D8) and shown in Fig. 6.
The isotropic solution (k11 = k22 = k33 = 1, k12 = k13 = k23 = 0)
is also shown for comparison. It is clear that the solution is de-
pendent on all x, y and z coordinates, and cannot be simplified as
a 2D problem. The penalty parameters and computational times
are listed in Tab. 3, confirming that the FPM + LVIM approach
can work with considerable large time intervals and achieving
accurate solutions.
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FIGURE 6. THE COMPUTED SOLUTION FOR EX. (3). (A)
TRANSIENT SOLUTION. (B) STEADY-STATE RESULT.

4.3 Heat conduction in a wall with crossed U-girders
Finally, a 3D practical example is considered. This exam-

ple is presented in [20], showing the heat conduction in a wall
with crossed U-girders. As shown in Fig. 8, the wall is con-
sisted of two gypsum wallboards, two steel crossed U-girders
and insulation materials (the insulation material is not presented
in the sketch). The U-girders are separated by 300 mm. Thus,
we can only focus on a 300 mm× 300 mm× 262 mm cell of
the wall. The material properties are listed in Tab. 4. The indoor
(z= 262 mm) and outdoor (z= 0 mm) surfaces are under convec-
tion boundary conditions. The corresponding heat transfer coef-
ficients h and the temperatures outside the surfaces are shown in
Tab. 5. All the other lateral surfaces are symmetric, i.e., q̃N = 0
in this case. The initial condition is 20◦C in the whole domain.

A total of 2880 points are used in the FPM analysis. Notice
that though the insulation material is not shown in the sketch,
there are still points distributed in it. As a result of the uneven
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TABLE 4. MATERIAL PROPERTIES IN EX. (4).

Material
ρ

(kg/m3)

c

(×103 J/(kg◦C))

k

(W/(m2◦C))

gypsum 2300 1.09 0.22

steel 7800 0.50 60

insulation 1.29 1.01 0.036

variation of material properties, the density of points used in the
gypsum and steel are higher than the insulation. It should be
pointed out that when the point distribution is extremely un-
even, as in this example, it is highly recommended to define
the boundary-dependent parameter he in the FPM as the dis-
tance of the two points sharing the subdomain boundary. Fig-
ure 8(a) presents the time-variation of temperatures on three rep-
resentative points A, B, and C (see in Fig. 8) in 10 hours. The
FPM + LVIM solution shows an excellent consistency with the
ABAQUS result obtained with 9702 DC3D8 elements (11132
nodes). The computed temperature distribution in the gypsum
wallboards and U-girders when t ≥ 10 hours (steady-state) is ex-
hibited in Fig. 8(b). The results also agree well with ABAQUS.
The computational parameters and times are shown in Tab. 6.
As can be seen, the LVIM approach helps to save approximately
one half of the total computing time. Ex. (4) demonstrates the
accuracy and efficiency of the FPM + LVIM approach in solving
complicated 3D transient heat conduction problems with multi-
ple materials and highly uneven point distributions.

FIGURE 7. EX(4) - A WALL WITH CROSSED U-GIRDERS.
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FIGURE 8. THE COMPUTED SOLUTION FOR EX. (4). (A)
TRANSIENT SOLUTION. (B) STEADY-STATE RESULT.

TABLE 5. BOUNDARY CONDITIONS IN EX. (4).

bc ũR (◦C) h (W/(m2◦C))

outdoor 20 25

indoor 30 7.7

5 CONCLUSION
A new computational approach (FPM+LVIM) is developed

for analyzing 2D and 3D transient heat conduction problems in
complex anisotropic nonhomogeneous media. The FPM em-
ployed for spatial discretization is a significant advancement over
either the EFG Method or the MLPG Method, as it has a much
simpler numerical integration scheme based on a polynomial
shape function, and results in symmetric and sparse matrices.
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TABLE 6. COMPUTATIONAL TIME OF FPM + LVIM / BE AP-
PROACH IN SOLVING EX. (4).

Method Parameters ∆t(h) Tc(s)

FPM+LVIM η1 = 11, M = 3 2 31

FPM+BE η1 = 5, 0.1 65

The time integration scheme LVIM is considerably superior to
the finite difference methods. Several numerical results in 2D
and 3D are provided as validations. Both functionally graded
materials and composite materials are considered. With appro-
priate computational parameters, the proposed FPM + LVIM ap-
proach exhibits great accuracy and efficiency and has no stabil-
ity problem under relatively large time intervals. The anisotropy
and nonhomogeneity give rise to no difficulties in the current ap-
proach.
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