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Linear and quadratic Serendipity hybrid-stress elements are examined in respect of stability, 
coordinate invariance, and optimality. A formulation based upon symmetry group theory successfully 

addresses these issues in undistorted geometries and is fully detailed for plane elements. The resulting 
least-order stable invariant stress polynomials can be applied as astute approximations in distorted cases 

through a variety of tensor components and variational principles. A distortion sensitivity study for two- 
and three-dimensional elements provides favourable numerical comparisons with the assumed dis- 
placement method. 

0. Introduction 

For both plane and three-dimensional applications, isoparametric Serendipity elements are 
the workhorses of conventional finite element analysis, due to the economy of the linear case 
and the capabilities of the quadratic version in accommodating curved boundaries. Through 
the Serendipity shape functions, the element displacement field is interpolated in terms of 
nodal displacements, which form the primitive variables of the displacement formulation. In 
the hybrid-stress model, greater flexibility is achieved in the stress distribution by the 
introduction of elemental assumed stress polynomials, with unknown coefficients; and a 
solution is obtained through stationarity of a modified complementary energy principle. A 
priori equilibrated stress polynomials in a hybrid-stress functional [l], a posteriori equilibrated 
stresses in a Hellinger-Reissner functional [2,3], and a combination of these two with extra 
displacement parameters [4] are the three principal variations of this technique. 

However, because of the possible presence of kinematic mechanisms, elements must be 
carefully formulated in order to be reliable, coordinate invariant, analytical tools. The 
common practice of reduced integration has been shown to cause these spurious zero energy 
modes in displacement elements [5], and their elimination from hybrid stress elements is a 
primary concern of this paper. Functional analysis provides criteria for stability and con- 
vergence of discrete variational problems with Lagrange multipliers (the so-called Ladyz- 
henskaya-Babuska-Brezzi conditions [6,7]), but these are useful only as a posteriori checks on 
a formulation. On the other hand, symmetry group theory addresses the problems of 
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coordinate invariance [8] and stability ab initio and has already been applied to three- 
dimensional bricks in preceding papers [9, 10, 111. Details of the theory for four- and 
eight-noded plane elements are presented herein and its results are employed to establish a set 
of least-order (i.e. minimum number [12]) stable invariant stress selections. 

Whereas the postulates of symmetry group theory are valid only for perfect squares and 
cubes, the resulting stress selections can still be applied as rational approximations in distorted 
cases. By choosing other hybrid-stress or Hellinger-Reissner functionals and by expressing the 
stress tensor polynomials as components of Cartesian, curvilinear and centroidal base vectors, 
as discussed in detail in [13], a set of imaginative approaches is generated and their merits 
ascertained in distortion sensitivity tests. 

1. Theoretical treatment 

1.1. A priori equilibrated Cartesian stress field in a hybrid stress functional 

The following theoretical treatment applies to a linear elastic solid with Cartesian coor- 
dinates xi and Cartesian stress and strain tensors cij and &ij, respectively. Body forces are 
neglected for simplicity and the external boundary S is divided into regions St, upon which 
boundary tractions c are prescribed, and S,, whereon the displacements iii are specified. 
B(a,), the complementary energy is such that &ij = JB/aUij. Discretization of the solid produces 
contiguous finite elements V, (m = 1,2,. . .) with boundaries dV,,, = pm + S,,,, + S,,, where pm 
are interelement boundaries. Shape functions in each element are defined in terms of 
normalized local curvilinear coordinates 5. The appropriate variational functional is thus [2] 

HS(oij, fii) = C ( - 1 
m V, 

B(aij) d V + J 
avffl 

njajiiii ds - J- 
.!%I 

<iii ds} . (1.1) 

Both angular (aij = oji) and linear (oij,j = 0) momentum balance are satisfied a priori by the 
assumed stress field. However, by means of a Lagrange multiplier tii, which is effectively 
chosen to be the boundary displacement field Ui, it can be shown [3,14] that the stationarity of 
HS(aij, tii) leads to the a posteriori Euler equations: (i) compatibility dB/duij = $(Ui,j + Uj,i) in 
V,; (ii) traction reciprocity (rtjUji)+ + (njUji)- = 0 at pm ; (iii) traction boundary condition 
(TZjUji) = 6 at Sm, and (iv) displacement b.c. Ui = iii at S,,. 

Let symmetrical stress tensor gij be written as a concise (6x 1) vector u so that the 
complementary energy density, with compliance coefficients Cijk,, becomes 

HS(aij, Gi) can be written in computational format as 

(l.lb) 

The stress within an element is approximated as a summation of equilibrated polynomial stress 
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modes A with undetermined parameters /3, and boundary displacements are interpolated from 
nodal displacements q in the standard finite element procedure [l] thus: 

a=A./3 in V,,,, (1.3) 

C=L*q at JV,. (1.4) 

Hence, the working expression for HS(P, q) is 

HS(P,q)=C{-~P’.H.P+P’.G.q-Q’.q}, 
m 

wherein 

H= A’.C*AdV, 

G= I R’*Lds, 
aVm 

Qt=j &L ds , with t=R*p at aV,,,. 
%I 

After extremization of (1.1~) w.r.t. p the element level equations are 

H*p=G*q or fi=H-l.~.~, 

(l.lc) 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

and thus (1.1~) may be written as 

HS(P, q) = 2 {‘q’(G’H-‘G)q - Q’q} = $q*tkq* - Q*‘q* , 
m 

(1.9) 

with the element stiffness k = G’ * H-‘G. 
If s is the number of stress parameters p per element then H is an (s x s) positive definite 

symmetrical matrix; and the element stiffness matrix k should have a rank of (d - r) where d is 
the number of generalized nodal displacements and r the number of rigid body modes. Thus, 
the matrix (1.6), associating the assumed stress and displacement fields, is the most critical 
component of the formulation-the (s x d) homogeneous equation 

G*q=O (1.10) 

should have, as its nontrivial solutions, only the r rigid body 
virtue of the divergence theorem and the equilibrated stress 
written as 

modes qrb (rb = 1,2, . . . , r). By 
field (+ij, this expression can be 
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p’s G * 4 = I,, 
m 

njajitii ds = I,. aijeij(tik) dV, 

where the following relation holds: 

i 
aijeij(tik) d V 

Vm 1 
= 0 for rigid body mode 
> 0 for (d - r) modes . 

With Eij(kk) = 0 for r rigid modes qrb, the rank of G 

(1.11) 

3 (1.12) 

and consequently the overall rank of k, 
which it determines, is the minimum of (s, d - r) at best. For a formulation free of spurious 
energy modes, the minimum rank must be (d - r) and the number of chosen stress modes must 
therefore satisfy 

sad-r. (1.13) 

Noting that each extra term adds more stiffness [12], least-order selections (s = d - I) are 
considered to be best and are, of course, optimal with respect to computer resources. 

The G matrix not only governs the existence, but is also central to the determination of 
convergence and stability through the Ladyzhenskaya-Babuska-Brezzi (LBB) condition [6,7]. 
This convergence condition of functional analysis features G on a domain 0 and states that, if 
there exists a /3 > 0 such that 

sup 
VUijEHI(Rm) 

then the finite element problem has a unique solution. (1.12) and (1.14) are necessary and 
sufficient conditions for stability, respectively. When p is independent of mesh parameter h, 
convergence is then established. However, this theory only provides an a posteriori check on a 
particular finite element formulation since the value and mesh dependence of p must be 
ascertained numerically in each case. 

In addition to accommodating all reasonable load distributions, the chosen stress modes 
must be nonorthogonal to the strain field in order to eliminate spurious zero energy modes 
and guarantee convergence. One possible approach to the eradication of mechanisms lies in 
the painstaking assembly of the G matrix from complete equilibrated polynomial stress, and 
strain tensors derived from the element displacement field. The rank of G may be computed 
by Gaussian elimination and stresses added or removed until the desired (d - r) value is 
reached. This rudimentary procedure, nevertheless, fails to address the requirement of 
coordinate invariance in the overall stress interpolation, as a result of which further criteria 
must be applied. 

Coordinate invariance entails certain symmetry relations between the coordinates, relations 
which are governed by symmetry group theory. Although this theory applies exactly to perfect 
squares and cubes only, it nonetheless provides a very effective approximation for distorted 
elements and generates a convenient sparse quasi-diagonal G matrix from which stress 
selections can easily be made. The underlying mathematical foundation appears fully in 
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[15, 161, and the following condensed derivation for plane elements is analogous to that of [lo] 
for three-dimensional bricks. 

A 2 x 2 square has eight symmetry transformations which can be arranged into five 
conjugacy classes thus: 

class C1 , 
1 I 1 1 ’ 

class C2 , 
-1 [ 1 7 

w class C, , [y -:;,v [-; ;I> 

class C4 , 
[Y :I ’ F-7 -8 7 

class C, , 
[-:, :I 7 [k -2 * 

(1.15) 

Every polynomial function f(x, y) can be linearly decomposed into basis functions fi(x, y) 
which transform among themselves (i.e. are invariant) under these eight transformations. For a 
particular transformation R, transforming x and y, its associated functional operator 0, 
transforms basis function fi to a general linear combination of basis functions, this combination 
being determined in the n-dimensional function space fi by an R-dependent matrix represen- 
tation Dji(R) 

ORfi=~f,‘Dji(R). (1.16) 
j=l 

Functions fi form a complete but not necessarily unique basis, since a new basis fi results from 
a linear transformation Tip thus: fi = Tip -fL. A matrix representation has the corresponding 
transformation 

(1.17) 

However, there exists a basis h such that the transformed matrix representation DEi(R) 
becomes quasi-diagonal for all symmetry transformations R and can be decomposed into a 
summation of m lower nk-dimensional matrices B:(R) each with associated basis functions ff, 

(1.18) 

Matrices B:(R) cannot be transformed to quasi-diagonal form, cannot therefore be decom- 
posed into simpler matrices, and accordingly are said to be irreducible. Of the m submatrices 
B:(R), there may be only Y different kinds, the multiplicities Yk of which satisfy the 
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Table 1 
Basis functions of Ti 

Table 2 
Matrix representations of Ti 

Irreducible Dimension Irreducible Class 
representation of space (ni) basis functions 

Irreducible 
representation 

c, c2 c3 Cd cs 

l-1 1 x*+y* 
I-2 1 x*-y2 r1 111 [ll t11 Ul 111 
I-3 1 XY r2 PI PI L-11 l-11 [II 
r4 1 xy3- x3y r3 [II [II ~-11 [II r-11 
r5 2 x;y .r4 [II Ill 111 t-11 r-11 

r5 Identical to (1.15) 

dimensional relation 

nk ’ yk = n . (1.19) 
k=l 

A theorem in group theory states that the number of irreducible submatrix representations Y 
equals the number of conjugacy classes. Hence, denoting these irreducible representations by 
ri, there are five such representations, and these are displayed, with their dimensions and the 
basis functions arising from certain quartic and lower-degree polynomials, in Table 1. 

The matrix representations corresponding to ri are obtained by straightforward application 
of symmetry group G (1.15) to these basis functions and are presented in Table 2. 

A general function f(x, y) is most easily decomposed into irreducible components by means 
of perpendicular projection operators Pci) [15], 

p(i) = z 2 X(i)(R) . OR , 

R 

(1.20) 

which operate on the basis functions such that Pti) .h = fi - 8;. In the case of the square, the 
total number of symmetry transformations (G) is eight and the quantities x”‘(R) are termed 
the ‘characters’ of representations ri. Since the components of matrices Dji(R) are altered by 
linear transformations of the basis functions, matrix representations can be unambiguously 
described only in terms of matrix invariants such as the trace, X:=1 Dii(R). The traces of an 
irreducible representation are called primitive characters; and it transpires that, within each ri, 
all the matrix representations of a particular class Cj have the same value of x”‘(R), where 

X”‘(R) E xl” = 5 B’,,(R) . 
k==l 

(1.21) 

By inspection of Table 2, it is possible to establish a character table, Table 3, for characters 
x!i, 

‘The central methodology of this development involves decomposing the assumed dis- 
placement and stress fields of the hybrid-stress formulation into subspaces invariant under 
symmetry transformations R and then projecting these subspaces onto the foregoing basis 
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Table 3 
Character table for a square 

Irreducible 
Class 

representation 
c, c2 c3 c4 cs 

fl 1 1 1 1 1 xi”,j = 1, . . . ,5 
l-2 1 1 -1 -1 1 
r3 1 1 -1 1 -1 
r4 1 1 1 -1 -1 
r5 2 -2 0 0 0 x:5’,j= l,...,S 

functions to produce irreducible invariant subspaces. The orthogonality properties of these 
fundamental quantities can subsequently be exploited in the synthesis of stable invariant 
elements. 

Considering a quadratic Serendipity plane square element, the incomplete polynomial 
assumed displacement field can be written in dyadic notation as: 

j=l 

= (1, x, y, XY, x2, 

It is possible to discern by 
(1.19, 

u(l) = (X, Y) 

uC3)= (yX, XY) 

ut5) = (X’X, y* Y) 

y*, X2Y, xy*p + (1, 4 y, xy, x2, y2, x*y, xy2)Y. (1.22) 

inspection eight subspaces of u which are invariant under G of 

(2) 7 u(*) = (XX, y Y) (2) 7 

(2) 7 UC41 = (xyX, xy Y) (2) ) 

(2) 7 u@) = (y’X, X’Y) (2) ) 
(1.23) 

UC’) = (x’yX, xy2Y) (2) ) u@) = (xy”X, x2yY) (2) . 

Projections of these invariant subspaces onto bases fi of ri are defined by operator Pti) of 
(1.20) and require knowledge of the transformed entities ORu. Considering monomial xX in 
u@) Table 4 contains its values after transformation by G. Using these values and the 
chaiacters J$’ of Table 3, the irreducible invariant subspaces corresponding to xX are 

Table 4 
Transformations of (xX) 

Class c, c2 c3 Cd CS 

OR(XX) xx XX yY yY YY YY xx xx 
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(Z-1) P(I) . (xX) = t c x”‘(R) . 0, (xX) 
R 

= W)bW+ (l)w)+ (NYY + yY)+ (l)(yY+ yY)+(l)(xX+ XX)] 

= $(xX+ yY), 
(1.24) 

V2) pC2) ’ (Xx) = : 2 X(~)(R) * OR (XX) = $(Xx - y Y) , 
R 

(ri) P3) * (XX) = P4). (XX) = P * (XX) = 0 . 

Mononomial xX, therefore, transforms in accordance with irreducible representations rI and 
r2 of the symmetry transformations of the square. 

Irreducible invariant strain subspaces E can be obtained directly from these displacement 
subspaces by application of the gradient operator 

D=x4lax+Y-a/ay, 

which is already an invariant of G. Hence, 

(1.25) 

Vl) 
1 0 

&~‘)=D’~(XX+yY)=~ o 1 ) 
[ I 

(r,) Ep=~.i(~x-~~)=f[t _:I. 

(1.26) 

Applying this procedure to all mononomials in u (i), the decomposition of the entire strain space 

into irreducible invariant symmetrical subspaces, with coefficients pi, appears thus: 

(1.27) 
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In a two-dimensional eight-noded element with 16 degrees of freedom and three rigid body 
modes, there should be precisely 16 - 3 = 13 strain modes, as above. Furthermore, the 
multiplicities yi {2,2,2,1,3} and dimensions yti (1, 1, 1, 1,2} of representations ri satisfy (1.19) 
since C ltiyi = It = 13. 

Having accounted for the derived strain field, its counterpart, the stress field is administered in 
an analogous fashion. A complete M-parameter equilibrated cubic stress distribution is seen [16] 
to have the following irreducible invariant stress tensors: 

(a 

u-2) 

V3) 

V4) 

V5) 

(1.28) 

The multiplicities for this decomposition are yi = {3,2,2,1,5} and (1.19) correlates exactly with 
the actual number of stress modes. 

Consistent with the least-order philosophy, it is permissible to select only 13 of these 18 
stresses to complement the 13 fundamental strains of (1.27), each selection being automatically 
frame indifferent. However, selections cannot be made arbitrarily due to the stability 
requirement; and it is necessary to compute the G matrix of (1.11) for guidance in this respect. 
The tedium of this task is eliminated by a fortuitous theorem of group theory, asserting the 
orthogonality of quantities transforming under different irreducible representations rim Let 
u(p), 1 s p 6 niyi (no sum on i) and E (4 ), 1 s 4 G njyj (no sum on j) be the bases of invariant 
stress and strain tensors, respectively, which transform by distinct (i Z j) irreducible represen- 
tations fi and fi. Then 

GM= u(p):E(q)dS=O. 
I s (1.29) 

Hence G is, in fact, quasi-diagonal and its nonzero submatrices appear in Tables 5 through 9. 
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Table 5 
a(T1) : &(I-I) 

Table 6 

o(Tz) : E(rZ) 

r1 e (1) 
1 

E (2) 
1 r2 (1) 

&2 
(2) 

E2 

(1) a1 8 813 
(2) 

Ul 813 -813 
&3) 

1 8 8/S 

Table 7 
a(T3) : E (r3) 

uw 

,i 
8 813 

2 813 815 

Table 8 
u(T4) : E (r4) 

l-3 
(1) 

&3 
(2) 

&3 
r4 (1) 

&4 

(1) 
ff3 8 0 
(r (2) 

1 1613 -6419 

Table 9 
0m : E(G) 

r5 e (1) E (2) (3) 
5 5 Es 

Us (1) 0 -813 413 0 -813 0 
-813 0 0 413 0 -813 

Us (2) 813 0 0 0 0 0 
0 813 0 0 0 0 

us (3) 0 0 415 0 -813 0 
0 0 0 41.5 0 -813 

U5 (4) 0 815 -413 0 815 0 

815 0 0 -413 0 815 

,q 815 0 0 0 0 0 
0 815 0 0 0 0 

&) 
4 128115 

A survey of these strain energy measures suggests the following 13-parameter least-order 
stable stress selection scheme for the eight-noded plane element: 

(a) Include 0;)’ of), a!), a:), a:) (five parameters). 
(b) Choose any hue of uy’, a:), a?’ (two parameters). 
(c) Choose any three of at’, aSI, cr:), a:), 0:) such that a:) and a:’ are not simul- 

taneously included (six parameters). 
A total of 3 x 7 = 21 competent least-order choices exist, but the preferential incorporation 

of constant and low-order stresses a:‘, a:), up’ in the selection reduces the number of 
options to four. 

The bilinear displacement field of a four-noded plane element has five fundamental strain 
modes and hence five least-order stable stress parameters, in concert with similar elements by 
Wilson et al. [17], Cook [Ml, Pian et al. [29], and Taylor et al. [20]. Only two stress selections 
are possible in this rudimentary case. 
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(a) Include uy’, ut), a:) (three parameters). 
(b) Choose either 0:’ or 0’5” (two parameters). 

The preceding developments of group theory apply to cubes without qualification and give rise 
to 384 choices of a 54-parameter least-order stable invariant stress field in 20-noded elements 
and eight possible l&parameter choices in the related eight-noded case [lo]. 

The four-noded plane element has a linearly-varying strain field. Associated stresses defined 
by Hooke’s Law would accordingly be linear, and it transpires that the least-order stress 
selections for this element are linear also. The eight-noded plane element has, at most, a 
quadratic strain field and would logically be expected to have quadratic stresses as well. Yet, 
due to equilibrium constraints and the idiosyncrasies of the formulation, such quadratic 
stresses in the least-order selections are found to be deficient with respect to stability; and the 
inclusion of a higher-order cubic distribution is therefore essential. In addition, this trend is 
repeated among three-dimensional elements, These so-called ‘nonsense’ 1191 high-order stress 
modes are not consistent with the assumed displacement field and are not activated by the 
cardinal stress states, but they serve to ensure correct stiffness matrix rank nonetheless. 

The strength of the finite element method lies in its ability to model complicated 
geometries; and, although the foregoing irreducible invariant stress selections, defined in local 
(i.e. centroidal) Cartesian coordinates, are not exact for distorted elements, they form an astute 
approximation to irreducible stresses in those cases. The numerical results show that they yield 
reliable stiffness matrices at even moderately large distortions. 

1.2. A posteriori equilibrated local stress field in a Hellinger-Reissner functional 

Considerable success has been achieved in approaches where the equilibrium constraints are 
relaxed on some [4] or all stress terms [2] by means of displacement field Lagrange multipliers. 
Choosing to relax all these constraints, (1.1) becomes the Hellinger-Reissner functional 

HR(~,, ui> = 2 { - I,, B(uij) d V + I,. 0ijui.j dV - j 
m &I 

Lfii dS} 7 

wherein the stress field uij satisfies only angular momentum balance 
Stationarity of HR(aij, Ui) leads [3, 141 a posteriori to: 

(i) compatibility: dB/Jaij = i(Uij + Uj,i) in V,,,, 
(ii) linear momentum balance: Oij,j = 0 in V,,,, 

(iii) traction reciprocity: (t%jCji)’ + (tl$Tji)- = 0 at Pm, 
(iv) traction boundary condition: (njaji) = 6 at S,,,,, and 
(v) displacement b.c.: Ui = iii at S,,,,. 
Taking advantage of the variation of natural coordinates in curvilinear 

tensor is expressed as an unequilibrated summation of natural coordinate 
unknown coefficients j?, 

a=A.p in V,. 

(1.30) 

(Uij = Uji) a priori. 

elements, the stress 
polynomials i with 

(1.31) 

Define 

(1.32) 
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where L is given in (1.4). With G in this form functional, (1.30) reduces to working expression 
(1.1~) and the derivation follows the hybrid-stress formulation exactly thereafter. The fore- 
going least-order stress polynomial selections in natural coordinate variables & are introduced 
into 2, but these do not necessarily form stable irreducible invariant interpolations. The 
numerical results will establish whether or not this approximate formulation is more respon- 
sive to curvilinear stress distributions than the a priori equilibrated Cartesian approach and 
also whether or not stability and invariance are achieved at moderate element distortions. 

Specializing to plane elements, the a posteriori approach leads to two distinct formulations 
in distorted geometries, according to whether the least-order polynomials ~~~(5”) are taken to 
be Cartesian components of the stress tensor thus: (T = a@(t’)e,e,, or the curvilinear 
components: u = @(t’)g,g,, where g, are natural covariant base vectors. Other choices for 
stress-tensor representations are possible, as discussed in detail in [13]. When curvilinear 
components in g, basis are used, taking 8 = v/(1 + V) for plane stress and 8 = v for plane 
strain, functional (1.30) becomes 

HR(u, 10 = C { - (G) I,. [a : u - e(u : I)‘] dA - I,. 0 : @U> dA - I, cuti dS) 
m 

=x1-&)l,. [unPuysgaygps - e(u=%,d*l dA 
m 

(1.33) 

where Jas = (ax”/iy). I n contrast to the other formulations, this contravariant stress does not, 
in general, pass the patch test of constant Cartesian stress states. Considering a simple uniaxial 
tension, 

(1.34) 

The least-order stress selections cannot model the generally biquadratic IJ[* denominator. 
However, when these stress selections are incorporated as a covariant representation, u = 
crps(~y)gags, the uniaxial tension of (1.34) transforms to 

u = [ 
J:, JnJx 

JllJ21 J:l gaga ’ 1 
(1.35) 

and the components in (1.35) become simple quadratic polynomials once more. The least- 
order selections are still deficient, nonetheless, and extra invariant terms must be added. The 
following non-least-order eight-parameter a posteriori equilibrated stress polynomial: 

u = PI+ hi’ + P&*)* 
SYM. 

b5 + bt’ + bd’ + b?‘? gag@ 

P‘a + P55’ + P&9* 1 
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satisfies both the patch test and coordinate invariance but behaves too stiffly on account of the 
extra terms. 

In the curvilinear formulations, the amount of computation is substantially increased by the 
extensive presence of J and the metrics, while practical considerations require that stresses be 
printed in physical components as well. A more economical alternative, satisfying the patch 
test, invariance and least-order criteria, involves expressing the stress tensor in components of 
centroidal base vectors & thus: u = aaS(~” with attendant savings in the numerical 
quadrature required. 

A local coordinate system is a prerequisite for coordinate invariance and, although these 
curvilinear formulations and the displacement method are always invariant, fixed centroidal 
Cartesian coordinates must be used in a priori and a posteriori equilibrated Cartesian cases. 

Apart from the obvious necessity to model certain common stress distributions and a desire 
to avoid the numerical integration requirements of high-order polynomial terms, there are not 
any analytical criteria by which to ascertain the ‘best’ least-order stress selections. Instead, a 
program of numerical tests is presented and the elements are examined with regard to 
accuracy and robustness in practical mechanics applications. 

2. Numerical results 

Any testing scheme for finite elements should include the following: eigenvalue analysis for 
stability and equilibrium, the patch test for accuracy and convergence, and coordinate 
transformations for invariance. Distortion sensitivity is also an important criterion and is 
investigated hereafter in plane stress beam-bending problems under various loadings. 

For four-noded plane elements the notations LP4 : l-APR, LP4 : l-APO, LP4 : l-APC, 
LP4 : l-APS, and DP4 are used to denote least-order a priori equilibrated Cartesian (APR), a 
posteriori equilibrated Cartesian (APO), a posteriori curvilinear (APC), a posteriori centroidal 
(APS), and displacement formulations, respectively. A similar LP8 : l-APR, . . . , DP8 con- 
vention applies to eight-noded plane elements while three-dimensional elements are represen- 
ted as LO8 : l-APR, . . . , DM8 or LO20 : l-APR, . . . , DM20 depending on whether the eight- 
noded or 20-noded kind is involved. 

Extensive results for three-dimensional elements have already been presented in [ll], and 
some of these are repeated here for comparison with data from the a posteriori centroidal 
formulation. [ll] follows the notation described above and also lists the relevant least-order 
stress selections. The Gauss-Legendre quadrature employed is exact for undistorted elements 
and applies to the displacement method as well as the four conspecific formulations. 

2.1. Plane elements 

Focusing upon four-noded square elements, Table 10 displays the displacement charac- 
teristics of the two possible least-order hybrid stress selections and the displacement for- 
mulation in conditions of pure tension, shear, and bending, from which it is apparent that 
LP4 : 2 provides the only exact analysis. 

This selection is also considered in [21] and forms the basis of a distortion sensitivity study 
involving a two-element 10 X 2 X 1 cantilever under pure moment and end shear loadings. Fig. 
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Table 10 

Displacement characteristics of four-noded plane elements under pure loading 
conditions 

Pure Pure Pure 
Element Selection Trace/E tension shear bending 

LP4 : 1 1 
5 

3.222 100. 100. 300.000 

LP4 : 2 
Us 

3.667 100. 100. 100.000 
DP4 4.000 100. 100. 33.333 

(i) Both least-order elements contain the selections: ai, a:, a:. 

(ii) The computed displacements (of a unit square in plane stress) are expres- 

sed as percentages of the analytical values. 

(iii) E = 1, v = 0. 

1 shows the mode of distortion of the mesh and the graph of tip deflection against distortion 
parameter (lOOAlL) for the four proposed least-order formulations and the displacement 
method in pure moment conditions. The same graph for end shear loading (Fig. 2) confirms 
that all of these elements stiffen drastically with distortion. The a posteriori curvilinear 
formulation (L04: 2-APC) recovers somewhat at extreme values of (lOOAlL), but the dis- 
placement method is poor throughout. In addition to tip deflections, bending stresses are also 
critical in cantilever design and the stresses at the indicated Gauss sampling point (2 x 2 rule) 
are plotted in Figs. 3 and 4 for moment and shear loadings, respectively. Contrasting with their 
displacement characteristics, formulations LO4 : 2-APR, LO4 : 2-APO and, to a lesser extent, 

10X2 0ANlll-EVER ( PLANE STRESS ) 
0 = LP42-APS 
0 = LP42-APR 
A = Ll%2-,4f’0 
+ = LP42-APC 
X=DP4 

v=o2!5 

3X3 GAUSS 

0.0 20.0 %D,STCIRi:k 60.0 80.0 

(lOOD/t_) 

Fig. 1. Tip displacement in a two-element cantilever under pure moment (distorted four-noded plane elements). 
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cl = LF%2-APS 
0 = LP42-AF’R 
A = i_+k$h%% 
t - t._P4.2-Apt 
x=DP4 

E= 1. 

u==o.25 

3x3 GAUSS 

!z 3 
a 

8 
0.0 2u.o Disrobe 60.0 80.0 

% (1000/t) 

Fig. 2. Tip displacement under end shear. 

b.0 2b.0 
t 

% OIStOmg (1000~) 
6&O ab.o 

Fig. 3. Bending stress under pure moment. 
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BENDING STRESS UNDER 
END SHEAR 

0 = LP4:2-APS 
Q 0 = LP4:2-APR 
8 A = LP4:2-APO 

+ = LP4:2-APC 
?J x = DP4 
b$ 

z” 

z 
wo 
me 
IJ-m 
0 

.\,/ I 7 

9 0 
I I -I1 

0.0 20.0 40.0 60.0 80.0 

% DISTORTION (lOOD/L) 

Fig. 4. Bending stress under end shear. 

LO4 : 2-APS are the most reliable over a range of distortions. In general these low-order 
elements model constant shear states perfectly at all points, but bending stresses are exact 
only in the transverse centroidal plane. 

In establishing the fundamental irreducible invariant stress polynomials of the least-order 
approach, one of the basic tenets of the theory is the use of a local Cartesian coordinate system 
in each element. Unless these coordinates are directed along the base vectors of the square, 
the resulting stiffness matrix will not be frame indifferent, as in the case of element 2 of Fig. 5. 
When this stiffness matrix is computed with respect to global axes (x, y) in formulation 

Y 

2 
1 

Al 

ELEMENT 1 

X L 

ELEMENT 2 

/4 
3w 4 

3 

Fig. 5. Element configurations for an investigation of coordinate invariance. 
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LP4 : 2-APR and then rotated through 30 to its local system, a disparity occurs between the 
transformed and exact matrices, as illustrated by the eigenvalues of Table 11 (E = 1, v = 0, 
2 x 2 square). It can be shown, both algebraically and numerically, that the a posteriori 
Cartesian approximation LP4 : 2-APO also requires a local Cartesian system for coordinate 
invariance; but LP4 : 2-APC, LP4 : 2-APS, with natural coordinates, and the displacement 
method, with spatial derivatives, are immutably invariant nonetheless. 

Eight-noded plane elements are more versatile and have four least-order stable invariant 
stress selections. Under the cardinal stress states of pure tension, shear and bending in a unit 
square the displacement responses of these formulations and the displacement approach are 
presented in Table 12. Although selection LP8 : 3 is best in bending, LP8 : 1 is more robust in 
distorted applications and is chosen hereafter on that account. 

The distortion sensitivity study for these elements is entirely analogous to that of the 
four-noded variety and involves the same two-element cantilever with pure moment and end 
shear loads. However, the greater capabilities of eight-noded elements are immediately 

Table 11 
Eigenvalue comparison 

Element 1 
(exact) 

Element 2 
(transformed) 

0.000 0.000 
0.000 0.000 
0.000 0.000 
1.000 1 .ooo 
1.000 1.000 
1 .ooo 1.000 
3.000 3.250 
3.000 3.250 

Table 12 
Displacement characteristics of eight-noded plane elements under pure loading 
conditions 

Element Selection Trace/E 
Pure 

tension 
Pure 
shear 

Pure 
bending 

LP8 : 1 z Ul 3 
o: 

11.1575 100. 100. 92.958 
LP8:2 2 Ul 

ff; 

11.6775 100. 100. 89.260 
LP8 : 3 3 Ul 

LP8:4 J 
Ul U: 

10.3228 100. 100. 97.008 

us 10.8330 100. 100. 95.808 
DP8 20.8000 100. 100. 70.212 

a:. 

(i) All least-order elements contain the selections: u:, ui, u:, a:, u:, u:, u:, 

(ii) The computed displacements (of a unit square in plane stress) are expres- 
sed as percentages of the analytical values. 

(iii) E = 1, u = 0. 
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q = LP8:1-APS 
0 = LPB:l-APR 
A = LP8:1-APO 
+ = LP&l-APC 

E = 1. 

u = 0.25 

4X4 GAUSS 

10X2 CANTILEIVER ( PLANE STRESS ) 

0.0 20.0 40.0 60.0 80.0 

% DISTORTION (lOOD/L) 

Fig. 6. Tip displacement in a two-element cantilever under pure moment (distorted eight-noded plane elements). 

8 
q = LP&l-APS 

-1 

0 = Lf’8:1--APR E= 1. 
9 A = tP&l-APO 

+ = LPWI-APC s 
Y = 0.25 

““” GAUSS 

ES?” “21;” END SHEAR 
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0 ’ 
I I I I 

0.0 20.0 40.0 60.0 80.0 

% DISTORTION (lOOD/L) 

Fig. 7. Tip displacement under end shear. 
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apparent from Figs. 6 and 7, the tip deflections under moment and shear, respectively. 
Formulations LP8 : l-APR and LP3 : l-APS are remarkably resilient at all values of parameter 
(lOOAlL), but LP8 : l-APC becomes unreliable at extreme distortions in both cases. Neither 
LP8 : l-APO nor the displacement method can maintain their integrity over the full test range. 
The same trends appear in the stress results for this problem (Figs. 8 and 9) wherein 
formulations LP8 : l-APR and LP8 : l-APS are unsurpassed once more. 

30 q = l_P8:1--AFS 

p 
0 = LP&l-APR 
A = LP8:1-APO 
+ = LF’8:1--APC 

Js x = DP8 

I3 
BENDING STRESS UNDER PURE MOMENT 

9 
0 

I I I 1 

0.0 20.0 60.0 80.0 

% 

DISTORT;; 
(lOOD/L) 

Fig. 8. Bending stress under pure moment. 

q = LP8:1-APS 
0 = LP8:1-APR 
A = LP8:1-AP0 
+ = LP8:1-APC 

20.0 40.0 60.0 80.0 

% DISTORTION (lOOD/L) 

Fig. 9. Bending stress under end shear. 
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With regard to stress sampling locations in each element, the 2 x 2 Gauss points are exact 
for shear but have bending stress discrepancies of 0.349% of the maximum bending stress in 
the beam. The transverse centroidal plane remains optimal for bending stress calculations, the 
discrepancy being only 0.239% there. The preceding discussion of invariance applies to 
eight-noded elements also. 

2.2. Three-dimensional elements 

The stress selections and characteristics of these elements are fully detailed in [ll], but the 
cantilever distortion sensitivity study is repeated here in order to place the performance of the 
current a posteriori centroidal (APS) formulation in perspective. 

A 10 X 2 X 2 cantilever, discretized into two eight-noded elements, is loaded in pure moment 
and end shear (Figs. 10, 11). Plotting tip deflection against distortion parameter (lOOA/L), it is 
seen that all hybrid stress elements undergo pronounced stiffening even at small distortions, in 
contrast to the less-sensitive displacement model. However, curvilinear formulation LO8 : 7- 
APC is the most adaptive of the elements shown and recovers some flexibility at extreme 
distortions. The bending stress in the critical region near the support is presented in Figs. 12, 
13 for these two load conditions; and, notwithstanding the displacement curves, it is apparent 
that the stress tensors in LO8 : 7-APR, LO8 : 7-APO, and LO8 : 7-APS are affected least over 
the entire range of distortion. The 3 X 3 X 3 Gauss rule, which is exact for eight-noded 
undistorted elements, gives discrepancies of 5.2% or less in these distorted cases. 

Returning to the same cantilever problem for a distortion study with 20-noded elements, 
radical changes in element characteristics are seen to occur with the introduction of a 

9 
is -1 

10X2X2 CANTILEVER 
0 = L08:7-APS 
0 = L08:7-APR 
A = L08:7-APO 
+ = 108:7-~~C 
x = DM8 

3X3X3 GAUSS 

d 1 
I I I I 

0.0 20.0 

% DISTORT:; (lOOD/‘L) 
60.0 80.0 

Fig. 10. Tip displacement in a two-element cantilever under pure moment (distorted eight-noded elements). 
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o = L08:7-APS 
o = LO8:7-APR 
A = L08:7-APO 
t = L08:7-APC 
x = DM8 

END SHEAR 
E = 0.3X107 

v = 0.3 

3X3X3 GAUSS 

0.0 20.0 

% OlSTCX?n"o~ (lOOD/t> 
60.0 80.0 

Fig. 11. Tip displacement in a two-element cantilever under end shear. 
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Fig. 12. Bending stress in a two-element cantilever under pure moment. 
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BENDING STRESS UNDER 

e END SHEAR 
0 = L08:7-AFS 
0 = L08:7-APR 

8 

-1 A = L08:7-APO 
+ = L08:7-APC 

/ 
x = DM8 

9 
0 I -1 

0.0 20.0 40.0 60.0 80.0 

% DISTORTION (lOOD/L) 

Fig. 13. Bending stress in a two-element cantilever under end shear. 
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Fig. 14. Tip displacement in a two-element cantilever under pure moment (distorted twenty-noded elements). 
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v = 0.3 
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Fig. 15. Tip displacement in a two-element cantilever under end shear. 
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Fig. 16. Bending stress in a two-element cantilever under pure moment. 
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Fig. 17. Bending stress in a two-element cantilever under end shear. 

quadratic displacement field. For pure moment loading (Fig. 14) the hybrid elements are 
virtually unaffected by distortion while DM20, although initially stable, stiffens drastically in 
the upper range. In the case of end shear loading (Fig. 15) a peculiar situation arises whereby 
LO20 : l-APR becomes significantly more flexible at moderate distortions due to the presence 
of a ‘soft’ mode. LO20 : l-APS is perfect. Except at extreme values of (lOOAlL), LO20 : l- 
APO and LO20 : l-APC are ideal while the displacement method fails catastrophically as 
before. 

Distorted 20-noded elements are more robust than their eight-noded counterparts and have 
superior bending stress distributions through the beam thickness. The bending stress at the 
critical support Gauss point (Figs. 16, 17) is accurately modeled in both loading cases by 
formulations LO20 : l-APC, LO20 : l-APS and LO20 : l-APR, whereas DM20 and LO20 : l- 
APO deteriorate to a greater or lesser extent. 

The stability of these least-order elements is guaranteed by the theoretical formulation. 
However, as noted previously, the a posteriori curvilinear (APC) variant does not generally 
pass the patch test, and its convergence is not assured in distorted cases. 

3. Conclusions 

The problems of kinematic modes and frame dependence which can arise in connection 
with hybrid-stress finite elements are concisely solved by the application of symmetry group 
theory. The resulting least-order stress selections are optimal but must be carefully chosen 
from a set of stable invariant stress polynomials in order to contain practical stress dis- 
tributions. Although they are exact only in relation to squares and cubes, nevertheless they 
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inspire effective approximations for moderately distorted elements through hybrid-stress and 
Hellinger-Reissner functionals. Distortion sensitivity studies indicate that the a priori equili- 
brated local Cartesian (APR) and a posteriori centroidal (APS) options are the most robust in 
both plane and three-dimensional situations. The least-order hybrid-stress formulations are 
superior to the displacement method in all cases, the advantage being greatest among the 
linear elements. 
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