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Abstract

In this paper, a numerical technique named the Fragile Points Method (FPM)
has been suggested, to find the numerical solution of the two-dimensional
hyperbolic telegraph equation with specified initial and boundary conditions.
This method is in the category of meshless methods and is based on Galerkin
weak-form formulation. For partitioning the problem domain into subdo-
mains, we first sprinkle several uniformly or randomly distributed points in
the domain, and surround them with Voronoi Cells; or we use a standard
element discretization and put the points at their centroids. FPM method is
used for spatial discretization of the problem and to deal with time deriva-
tives a time-discrete scheme based on the finite difference method is employed.
First we define test and trial functions based on randomly scattered points
in the problem domain, wherein these functions are simple, local and dis-
continuous polynomials. The generalized finite difference method has been
applied to achieve the test and trial functions in terms of the values of the
functions at a finite number of Fragile Points in the neighborhood. Discon-
tinuities in trial functions cause inconsistencies in the method that Interior
Penalty Numerical Fluxes has been proposed to establish the consistency of
the method. The integration of the Galerkin weak form in FPM is elemen-
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tarily simple as compared to EFG, MLPG, and other meshless methods, and
leads to Point Stiffness Matrices. Due to the symmetry and sparseness of
these stiffness matrices attained from FPM, this method is very useful and
practical for large-scale simulations. Finally, some numerical examples with
their relative errors are given. These examples show that by selecting the
appropriate computational parameters and also for a sufficiently small time
step in finite difference scheme, the method has good accuracy, reliability
and efficiency.

Keywords: Fragile Points Method; Numerical Flux Corrections; Finite
difference scheme; Voronoi Diagram.

1. Introduction

Many physical problems can be expressed as mathematical models and
these models also include partial differential equations (PDEs). PDEs have
been considered by many researchers. In order to achieve numerical solutions
for partial differential equations, numerical schemes such as finite differences,
spectral methods, finite elements and meshless methods have been studied
by engineers and researchers [4, 28, 16, 12, 19, 32].

In many problems, numerical analysis researchers use finite element meth-
ods to discretize the spatial dimension and finite difference schemes for the
time domain. In addition to the finite element method, other mesh-based
methods are also applied for spatial discretization, such as Finite Volume
Method (FVM) [9] and Boundary Element Method (BEM) [30]. The accu-
racy of these methods may be threatened by the deformation of the meshes.
Hence, another group of numerical methods known as meshless methods that
do not require mesh for discretization. For example, we can refer to Element
Free Galerkin (EFG) [8] and Meshless Local Petrov-Galerkin (MLPG) [5].
The EFG uses the same test and trial functions that are obtained using
nodes, but the MLPG method applies two different spaces of test and trial.
In these methods, the test and trial functions must be continuous throughout
the domain, and for this purpose, Radial Basis Function (RBF) and Moving
Least Squares (MLS) approximations are usually used. Attaining trial func-
tions by these methods causes a lot of complexity in trial functions and makes
it difficult to apply boundary conditions and weak form integrations. From
the complexity and difficulties involved in using these methods, it can be
concluded that applying local and simple and possibly discontinuous trial
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functions for a numerical algorithm may be more appropriate.
Among other meshless methods, we can mention Smoothed Particle Hy-

drodynamics (SPH) [18] that is based on Lagrangian formulation. Due to
the characteristics of meshless methods, SPH method has been used for var-
ious extreme problems; but this method also has limitations. For example,
proving the stability of the method will be difficult because the SPH method
uses a strong form. Also if we apply Smoothed Kernel functions to calculate
approximate derivatives, instability may also occur.

According to the above description and by analyzing and comparing the
other numerical methods, Leiting Dong and colleagues in order to provide
a general method for solving extreme problems so that the test and trial
functions are simple, local and discontinuous polynomials, introduced a new
meshless method called the Fragile Points Method (FPM) [11]. This method
has also been used for 2D Elasticity Problems in Complex Domains [31] and
General Transient Heat Conduction in Anisotropic Nonhomogeneous Media
[13]. The reason for naming the method as Fragile Points Method is that this
method has the ability to model phenomena in nature that contain fragile
materials; for example it has been used to model phenomena in nature that
have crack and rupture propagation [31].

In FPM, the generalized finite difference method, or the differential quadra-
ture method or the compactly supported are used to achieve test and trial
functions that are discontinuous polynomials. If test and trial functions ap-
ply in the the Galerkin weak form directly, then due to the discontinuities
in these polynomials, FPM may be inconsistent. For this reason, we use Nu-
merical Flux Corrections, which are mainly used in Discontinuous Galerkin
methods [3]. As a result of applying this method, we achieve a matrix of co-
efficients that is symmetric and sparse. This matrix is as a sum of Point Stiff-
ness Matrices that are the result of simple integration and calculations. It’s
worth mentioning to divide the domain into subdomains, Voronoi Diagram
has been applied in this article.Voronoi Diagrams have received considerable
attention in computational geometry and are used in many scientific fields.
These diagrams are an efficient solution to many problems that require space
decomposition [25, 6, 22].

Table 1 presents the main differences and advantages of FPM over Meth-
ods such as FEM, EFG, MLPG and SPH.
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Table I.Comparison of FPM with some other numerical methods and their related properties.

Methods Weak/Strong forms Trial Functions Numerical Integrations

For Isoparametric

Elements, Gauss

integration are used.

FEM Galerkin weak form Element-based For distorted elements,

interpolations inaccuracy will

be created.

Point-based Many quadrature points

continuous trial using background cells,

EFG Galerkin weak form functions attained or using stabilized nodal

by approximations integration with

MLS, RBF, etc. cell-based smoothing.

Point-based By many quadrature

continuous trial points in the local

MLPG Local Petrov-Galerkin functions attained subdomains, Numerical

weak form by approximations integrations are

MLS, RBF, etc. achieved.

Using collocation method

SPH Strong form Kernel smoothing for spatial discretization

of nodal variables that may arise

instability.

Point-based Accurate integration

Galerkin weak form discontinuous trial Obtained by

FPM with Numerical functions obtained very simple Gauss

Flux corrections by the generalized integration rules.

finite difference

method.
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In this paper, telegraph equation as a very important partial differential
equation, will be studied by Fragile Points Method (FPM). This equation was
first obtained by Heaviside in 1876, which influenced the induction, a cable of
a certain length is charged or discharged [21]. The telegraph equation applies
to many fields of science and engineering; for example for transmitting digital
and analog signals [15], the wave diffusion [29], the random walk theory [7]
and microwaves and radio frequency fields [24]. Therefore, it is necessary to
analyze the telegraph equation using numerical methods that the following
articles are recommended for further study [1, 26, 23, 10, 20, 17, 2].

In the continuation of this paper, the process of obtaining polynomial
discontinuous trial and test functions is described in Section 2. Some nota-
tions, definitions and implementation of numerical flux corrections are given
in Section 3. After that, in Section 4, finite difference schemes are used to
eliminate time derivatives and the numerical implementation of the method
is given. Some examples are provided in Section 5 to illustrate the accuracy
and stability of the method. Finally, the conclusions reached from using the
Fragile Points Method (FPM) for the two-dimensional hyperbolic telegraph
equation are expressed in section 6.

2. Polynomial discontinuous trial and test functions

In this article, we consider the following telegraph equation

∂2u

∂t2
(x, t) + 2α

∂u

∂t
(x, t) + β2u(x, t) = ∇2u(x, t) + f(x, t) (1)

where x ∈ Ω ⊆ R2, t ∈ (0, T ) and ∇ is the gradient operator. In the above
equation α and β are constants. The initial and boundary conditions are as
follows:

u(x, 0) = g1(x),
∂u

∂t
(x, 0) = g2(x), (2)

u(x, t) = h1(x, t), x ∈ ΓD, (3)

∇u.n(x, t) = h2(x, t), x ∈ ΓN . (4)

Boundaries ΓD (Dirichlet) and ΓN (Neumann) satisfy that ∂Ω = ΓD ∪ ΓN

and ΓD ∩ ΓN = ∅; n is the unit outward normal of ∂Ω.
As shown in Figure 1 (a), inside the domain Ω and it’s boundary ∂Ω, a

number of points are distributed sporadically. Using these points, the do-
main is divided into subdomains that have nothing in common and in each
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Figure 1: (a) (b) The domain Ω and its partition by Voronoi Diagram.
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subdomain consists of only one point (Figure 1 (b)). There are various pro-
cedures for the partition of the domain; In this study, the Voronoi Diagram
method has been selected. Note that there are no elements or mesh in the
present Fragile Points Method; So that a set of randomly or uniformly dis-
tributed points are applied for discretization. Therefore, the test and trial
functions are in the form of local and discontinuous polynomials that are
obtained based on these points.

In each subdomain of Ω, trial function can be defined according to the
values u and its gradient at the internal point. For example, the trial function
uh in the subdomain E0 which includes the point P0 (Figure 1 (b)) can be
written as

uh(x, t) = u0(x, t) + (x− x0)∇u(x, t)|P0 , x ∈ E0. (5)

In the above equation, u0 is the value of uh at P0 and x0 denotes the coordi-
nate of the point P0.

The gradient of ∇u at P0 is the yet unknown. In this study, we employ
the Generalized Finite Difference (GFD) method to calculate ∇u at P0 in
terms of the values of uh at several neighboring points of P0. To identify
these neighboring points and employing GFD method, we usually define the
support of the point P0 in the form of a circle to the center P0 and all the
points that are inside the circle are considered to interact with P0; but in
this article, neighboring points are considered to be points on the vertices
of polygons created by Voronoi Diagram for each point. We name these
neighboring points as q1, q2, ..., qm. In the following, to calculate the amount
of the gradient of ∇u at P0, we minimize a weighted discrete L2 norm J so
that

J =
m∑
i=0

(
∇u|P0 . (xi − x0)

T − (ui − u0)
)2

wi, (6)

where wi denotes the value of weight function at qi, xi is the coordinate
vector of qi, and ui is the value of uh at qi,(i = 1, 2, ...m). In our work,
for convenience, we assume that w is constant. Due to the stationarity of

J and also equalities ∇u = (
∂u

∂x
,
∂u

∂y
) and (xi − x0) = (xi − x0, yi − y0), by

differentiating from J relative to ∇u and putting it equal to zero, we have
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m∑
i=0

(
∂u

∂x
(xi − x0)(xi − x0) +

∂u

∂y
(xi − x0)(yi − y0)

)
=

m∑
i=0

(ui − u0) (xi−x0),

(7)
m∑
i=0

(
∂u

∂x
(xi − x0)(yi − y0) +

∂u

∂y
(yi − y0)(yi − y0)

)
=

m∑
i=0

(ui − u0) (yi − y0).

(8)
According to the above relations, if we get

A =


x1 − x0 y1 − y0
x2 − x0 y2 − y0

... ...

xm − x0 ym − y0

 , (9)

then we conclude

ATA


∂u

∂x

∂u

∂y

 = AT



u1

u2

...

um

− u0


1

1

...

1


 .

In other words, it can be written

∇u =
(
ATA

)−1
AT (um − u0Im) (10)

where

um =


u1

u2

...

um

 , Im =


1

1

...

1


m×1

.

If in equation (10), um − u0Im be rewritten as follows

um−u0Im =


u1

u2

...

um

−u0


1

1

...

1

 =


u1 − u0

u2 − u0

...

um − u0

 =


−1 1 0 . . . 0

−1 0 1
. . .

...
...

...
. . . . . . 0

−1 0 · · · 0 1



u0

u1

...

um

 ,
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then it would yield

B =
(
ATA

)−1
AT


−1 1 0 . . . 0

−1 0 1
. . .

...
...

...
. . . . . . 0

−1 0 · · · 0 1


m×(m+1)

, uE =


u0

u1

...

um

 .

Thus, equation (10) can be expressed at point P0 as follows:

∇u = BuE. (11)

Also by substituting (11) into (5) the relation between uh and uE will be
obtained as

uh = NuE, ∀x ∈ E0, (12)

so that
N = [x− x0]B+ [1, 0, . . . , 0]1×(m+1).

According to the above calculations, the matrix N is the shape function
corresponding to uh in E0 which is obtained by using neighboring points
q1, q2, ..., qm. Therefore, trial function uh can be calculated for each E ∈ Ω.

3. Numerical flux corrections

Discontinuity of trial and test functions causes instability and inconsis-
tency in Fragile Points Methods. To deal with this issue, the Numerical
Fluxes are applied. The Numerical Fluxes are mostly used in Discontinu-
ous Galerkin Methods and also extensive studies have been conducted on
these fluxs by researchers. In this section we used the Interior Penalty (IP)
Numerical Flux Corrections.

3.1. Notations and definitions

In this subsection, we first describe some of the symbols and definitions
used in this article which are essential. We assume by employing Voronoi Di-
agram the domain Ω is divided into subdomains E1, E2, ..., Ek. The partition
created by this diagram is called Tk.
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Definition 3.1. Sobolev space H2(Ω). If L2(Ω) is a Lebesgue space that
inner product and L2norm related to this space are as follows:

(u, v) =

∫
Ω

uvdΩ, ∥u∥L2 = (u, u)1/2, u, v ∈ L2(Ω),

then Sobolev space H2(Ω) is defined as below:

H2(Ω) =
{
v : v ∈ L2(Ω),∇v ∈ L2(Ω)

}
.

Definition 3.2. Sobolev space Hm(Tk). Space Hm(Tk) contains L2 func-
tions on the domain Ω such that these functions belong to the sobolov space
Hm(Ej) on each subdomain Ej ∈ Ω, j = 1, 2, ..., k, i.e.

Hm(Tk) =
{
v ∈ L2(Ω) : v|Ej

∈ Hm(Ej), Ej ∈ Ω
}
.

Definition 3.3. Traces v+ , v− and space T (Γ). Suppose that v ∈
H1(Tk), we denote the traces of v by v+ and v− taken from within the interior
of E and E

′
respectively; note to figure 2. The traces of v belong to T (Γ) =

ΠE∈Tk
L2 (∂E) where Γ is the union of the boundaries of the subdomains E

in Tk. The value of functions in T (Γ) are double-valued on Γh = Γ \ ∂Ω and
single-valued on ∂Ω.

These definitions are used in next subsection to describe numerical flux
corrections. See references [3] and [14] for more detailed information.

3.2. Implementation of numerical flux corrections

We can rewrite telegraph equation (1)-(4) using mixed form as following,



σ = ∇u(x, t), in Ω,

−∇.σ = −∂2u

∂t2
(x, t)− 2α

∂u

∂t
(x, t)− β2u(x, t) + f(x, t), in Ω,

u(x, t) = h1(x, t), in ΓD,

σ.n(x, t) = h2(x, t), in ΓN .

(13)
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Figure 2: Definition of the traces v+ and v− for subdomain E

By multiplying the first and second equations in (13) by test functions τ and
ν respectively and integrating it on the subdomain E, we can obtain local
weak forms corresponding to them as follows:∫

E

σh.τdΩ =

∫
E

∇uh(x, t).τdΩ,∫
E

−∇.σνdΩ =

∫
E

−∂2u

∂t2
(x, t)νdΩ− 2α

∫
E

∂u

∂t
(x, t)νdΩ

− β2

∫
E

u(x, t)νdΩ +

∫
E

f(x, t)νdΩ.

Note that τ, ν ∈ H2(Ω) and using the Green formula, we have∫
E

σh.τdΩ = −
∫
E

uh∇.τdΩ +

∫
∂E

ûhn.τdΓ, (14)

∫
E

σh.∇ν =

∫
∂E

σ̂h.nνdΓ−
∫
E

∂2u

∂t2
(x, t)νdΩ− 2α

∫
E

∂u

∂t
(x, t)νdΩ

− β2

∫
E

u(x, t)νdΩ +

∫
E

f(x, t)νdΩ. (15)

In the above equations values σ̂h and ûh represent approximations σh and uh

on ∂E. These values are named Numerical Fluxes.
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Equations (14) and (15) for each subdomains should be satisfied. Thus
by summing these equation over all subdomains, we have∫

Ω

σh.τdΩ = −
∫
Ω

uh∇.τdΩ +
∑
E∈Ω

∫
∂E

ûhn.τdΓ, (16)

∫
Ω

σh.∇ν =
∑
E∈Ω

∫
∂E

σ̂h.nνdΓ−
∫
Ω

∂2u

∂t2
(x, t)νdΩ− 2α

∫
Ω

∂u

∂t
(x, t)νdΩ

− β2

∫
Ω

u(x, t)νdΩ +

∫
Ω

f(x, t)νdΩ. (17)

In the following, first, we define operators the average and the jump which
by these operators, we can manage the numerical fluxes. if Γh be a set of all
internal boundaries, we can write,

Γ = Γh + ΓD + ΓN .

The average operator {} , and the jump operator [] are defined respec-
tively as follows:

a) If e ∈ Γh ( supposing e is at the common border of subdomains E1 and
E2), for q ∈ T (Γ) and φ ∈ [T (Γ)]2 we have

{q} =
1

2
(q1 + q2), [q] = q1n1 + q2n2,

{φ} =
1

2
(φ1 + φ2), [φ] = φ1.n1 + φ2.n2. (18)

b) If e ∈ ΓD or e ∈ ΓN the jump and the average operators define as
below:

{q} = q, [q] = qn,

{φ} = φ, [φ] = φ.n. (19)

Then by using simple calculations it can be proved that for all q ∈ T (Γ) and
φ ∈ [T (Γ)]2 ∑

E∈Ω

∫
∂E

q φ .n dΓ =

∫
Γ

[q] . {φ} dΓ +

∫
Γh

{q} [φ] dΓ. (20)
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Subsequently, by employing equation (20) for the sums of
∑

E∈Ω
∫
∂E

σ̂h.nνdΓ
and

∑
E∈Ω

∫
∂E

ûhn.τdΓ, equations (16) and (17) can be easily rewritten as
follows:∫

Ω

σh.τdΩ = −
∫
Ω

uh∇.τdΩ +

∫
Γ

[û] . {τ} dΓ +

∫
Γh

{û} [τ ] dΓ, (21)

∫
Ω

σh.∇νdΩ −
∫
Γ

{σ̂} . [ν] dΓ−
∫
Γh

[σ̂] {ν} dΓ = −
∫
Ω

∂2u

∂t2
(x, t)νdΩ

− 2α

∫
Ω

∂u

∂t
(x, t)νdΩ− β2

∫
Ω

u(x, t)νdΩ +

∫
Ω

f(x, t)νdΩ.

(22)

According to the above equations, the following equality is obvious:

−
∫
Ω

∇.τuhdΩ =

∫
Ω

τ.∇uhdΩ−
∫
Γ

[uh] . {τ} dΓ−
∫
Γh

{uh} [τ ] dΓ. (23)

By placing equation (23) in equation (21) and also ∇ν = τ , we have∫
Ω

σh.∇νdΩ =

∫
Ω

∇ν.∇uhdΩ +

∫
Γ

[û− uh] . {∇ν} dΓ

+

∫
Γh

{û− uh} [∇ν] dΓ. (24)

Finally, by substituting equation (24) in equation (22)∫
Ω

∇ν.∇uhdΩ +

∫
Γ

([û− uh] . {∇ν} − {σ̂} . [ν]) dΓ

+

∫
Γh

({û− uh} [∇ν]− [σ̂] {ν}) dΓ = −
∫
Ω

∂2u

∂t2
(x, t)νdΩ (25)

−2α

∫
Ω

∂u

∂t
(x, t)νdΩ− β2

∫
Ω

u(x, t)νdΩ +

∫
Ω

f(x, t)νdΩ.

Lemma.(See [14]) if {} ,[] be the average operator and the jump operator
respectively, also let q ∈ T (Γ) and φ ∈ [T (Γ)]2, then

{{q}} = {q}, {[q]} = [q] , [[q]] = 0, , [{q}] = 0, (26)

{{φ}} = {φ}, {[φ]} = [φ] , [[φ]] = 0, , [{φ}] = 0. (27)
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Table 1. The IP Numerical Flux.

Γh ΓD ΓN

ûh {uh} h1(x, t) uh

σ̂h {∇uh} −
η

he
[uh] ∇uh − η

he
(uh − h1(x, t))n h2(x, t)n

The Interior Penalty Numerical Fluxes can only be attained depending on
variable uh. Using Table 1 and substituting values σ̂h and ûh into equation
(25), we have∑

E∈Ω

∫
E

∇uh.∇νdΩ−
∑

e∈Γh∪ΓD

∫
e

({∇uh} [ν] + {∇ν} [uh]) dΓ

+
∑

e∈Γh∪ΓD

η

he

∫
e

[ν] [uh] dΓ =

∫
Ω

f(x, t)νdΩ

+
∑
e∈ΓD

∫
e

(
η

he

ν −∇ν.n

)
h1(x, t)dΓ +

∑
e∈ΓN

∫
e

νh2(x, t)dΓ

−
∫
Ω

∂2u

∂t2
(x, t)νdΩ− 2α

∫
Ω

∂u

∂t
(x, t)νdΩ− β2

∫
Ω

u(x, t)νdΩ. (28)

The above equation is the formula of FPM, which is called FPM-Primal
method. In the next section, the matrix form of Equation (28) will be ob-
tained using the point stiffness matrices.

4. Numerical implementation of the FPM-Primal method

In this section, the numerical implementation of the FPM-Primal will be
considered. The matrix form of the FPM-Primal can be as follows:

(K+ β2C)u+Cü+ 2αCu̇ = F. (29)

By Substituting values B instead of ∇ν and ∇u, N instead of uh and ν in

equation (28), the point stiffness matrices

C =

∫
E

NTNdΩ, E ∈ Ω,

KE =

∫
E

BTB dΩ, E ∈ Ω, (30)
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and the boundary stiffness matrices

Kh =
−1

2

∫
e

(BT
1 n

T
1N1 +NT

1 n1B1)dΓ +
η

he

∫
e

NT
1N1dΓ

+
−1

2

∫
e

(BT
2 n

T
2N2 +NT

2 n2B2)dΓ +
η

he

∫
e

NT
2N2dΓ

+
−1

2

∫
e

(BT
2 n

T
1N1 +NT

2 n2B1)dΓ +
η

he

∫
e

NT
1N2dΓ

+
−1

2

∫
e

(BT
1 n

T
2N2 +NT

1 n1B2)dΓ +
η

he

∫
e

NT
2N1dΓ, e ∈ ∂E1 ∩ ∂E2,

KD = −
∫
e

(BTnTN+NTnB)dΓ +
η

he

∫
e

NTNdΓ, e ∈ ΓD,

(31)

is achived. Similarly, we can write,

FE =

∫
E

NTf(x, t)dΩ, E ∈ Ω,

FN =

∫
e

NTh2(x, t)dΓ, e ∈ ΓN ,

FD =

∫
e

(
η

he

NT −BTn)h1(x, t)dΓ, e ∈ ΓD.

(32)

We can discrete equation (29) as follows:

(K+ β2C)(
un + un+1

2
) +C(

un+2 − 2un+1 + un

∆t2
)

+2αC(
un+1 − un

∆t
) = F

(
n+ 1

2
)
. (33)

In the system of the above equations, the expression of right side means the
calculation of FE, FN and FD in the average time of steps n and n− 1.

In the next section, the accuracy and consistency of FPM is illustrated
with some examples.
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5. Numerical examples

In this section, some examples to verify the accuracy and efficiency of the
present method will be evaluated. The relative errors used in this section are
defined as follows:

r0 =
∥uh − u∥L2

∥u∥L2

, r1 =
∥∇uh −∇u∥L2

∥∇u∥L2

.

Example 5.1. Consider the two-dimensional telegraph equation (1) with
α = 5.5 and β = 4 and

f(x, y, t) = sin(πx)sin(πy)((6t− 12t2) + 2α(3t2 − 4t3)

+β2(t3)(1− t) + 2π2(t3)(1− t)),

under the initial conditions g1(x) = g2(x) = 0. The exact solution of the
problem [27] is

u(x, y, t) = t3(1− t)sin(πx)sin(πy),

and Neumann boundary condition is considered as follows,

∇u.n(0, y, t) = ∇u.n(1, y, t) = πt3(t− 1)sin(πy), 0 ⩽ y ⩽ 1,

∇u.n(x, 0, t) = ∇u.n(x, 1, t) = πt3(t− 1)sin(πx), 0 ⩽ x ⩽ 1.

Table 1. The relative errors of the method for Example 1 at T = 2 and ∆t = 0.01.

Number Computational r0 r1

of points parameter

N = 25 α = 0.01, β = 0.01 6.826243× 10−2 1.823079e× 10−1

η = 1, he = 1

N = 121 α = 0.01, β = 0.01 6.880348× 10−3 2.890915× 10−2

η = 1, he = 1

N = 676 α = 5.5, β = 4 6.952239× 10−4 4.410082× 10−3

η = 5.5, he = 1

N = 2601 α = 5.5, β = 4 4.874967× 10−4 7.766063× 10−4

η = 5.5, he = 1

Relative errors r0 and r1 for number of points N = 2601 and N = 676 have
been shown in Table 1. Also, for α = β = 0.01, N = 121 and N = 25 relative
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Figure 3: Numerical and exact solutions related to Example 1 for α = 5.5, β = 4.0,
dt = 0.01, Nx = Ny = 51 , T = 2 and x = 0.2.

errors are expressed in Table 1. Moreover, in Figure 3 the conformity of
numerical and exact solution is shown for x = 0.2 and in Figure 4 the curves
related to the exact and numerical solutions are shown.

Example 5.2. Consider the telegraph Eq. (1) in the domain Ω = [0, 1]×
[0, 1] with the mixed boundary conditions as follows

∇u.n(0, y, t) =
−1

1 + y + t
, u(1, y, t) = log(2 + y + t), 0 ⩽ y ⩽ 1,

u(x, 0, t) = log(1 + x+ t), u(x, 1, t) = log(2 + x+ t), 0 ⩽ x ⩽ 1,

and

f(x, y, t) =
1

(1 + t+ x+ y)2
+ 2α

1

(1 + t+ x+ y)
+ β2 log(1 + t+ x+ y).

The exact solution [27] is u(x, y, t) = log(1+ t+ x+ y), initial conditions are

g1(x) = log(1+x+ y) and g2(x) =
1

1 + x+ y
. Relative errors and CPU time

are expressed in Table 2. In Figure 5, plot of numerical and exact solutions
for Example 2 based on uniformly and randomly scattered points and in
Figure 6 the error curve of Example 2 are shown.
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Figure 4: Plot of numerical and exact solutions related to Example 1 for α = 5.5, β = 4.0,
dt = 0.01, Nx = Ny = 26 and T = 2.
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Table 2. The relative errors r0 and r1 of the method for Example 2 at T = 2 and ∆t = 0.01.

Number Computational r0 r1 CPU time

of points parameter (s)

N = 25 α = 1, β = 0.1 3.407737× 10−3 5.11055e× 10−2 1.2

η = 1.5, he = 0.1

N = 121 α = 1, β = 0.1 6.449664× 10−4 1.772010× 10−2 3.1

η = 3.5, he = 0.1

N = 676 α = 1, β = 0.1 1.747196× 10−4 7.956191× 10−3 37.5

η = 2, he = 0.001

6. Conclusion

In this paper, the meshless Fragile Points Method (FPM) was applied to
find numerical solutions to the two-dimensional hyperbolic telegraph equa-
tion. This method is completely meshless and was used for spatial discretiza-
tion. FPM is based on a Galerkin weak-form formulation, and due to the dis-
continuities in the test and trial polynomial, Numerical Flux Corrections are
utilized to improve the consistency of the method. Finite difference schemes
are provided to deal with the time derivatives in the telegraph equation.
Finally, numerical solutions are obtained by solving the system of simple
equations because the matrix of coefficients achieved from FPM is symmet-
ric and sparse. The numerical answers attained by this method have been
compared with the exact solution by several examples. According to the
relative errors and graphs related to the exact and numerical solutions, the
precision, consistency, stability and efficiency of the method are proved.

As it can be seen in the numerical results obtained by solving the tele-
graph equation in FPM, the method achieves good accuracy in a short time
and does not have much computational cost. This method is also easily
applicable to a variety of boundary conditions. Therefore, with regards to
the capabilities of FPM, it can be applied for all types of extreme problems.
These issues will be discussed in our future studies.

Therefore, significant properties of FPM are summarized in the following
states:
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Figure 5: Plot of numerical and exact solutions for Example 2 based on uniformly and
randomly scattered points for α = 1, β = 0.1, dt = 0.01, Nx = Ny = 26 and T = 2.
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Figure 6: The error of u for Example 2 for α = 1, β = 0.1, dt = 0.01, Nx = Ny = 26 and
T = 2.

1. In this method, the test and the trial functions are based on points,
rather than elements. Although discontinuities occur at the boundaries of
the subdomains created by the Voronoi Diagram, but by applying Interior
Penalty Numerical Fluxes, these discontinuities can be corrected.

2. Since FPM is not based on elements or meshes, it does not suffer from
the deformation of meshes like FEM.

3. In this method, the fragile points can be randomly distributed over
the domain of the problem and using the Voronoi Diagram, the domain of
the problem is divided into subdomains so that each of them contains only
one of the fragile points. The trial function is obtained by Taylor Series ex-
pansions in each of the subdomains and using Generalized Finite Differences,
the derivatives in the Taylor series will be achieved.

4. In FEM, the stiffness matrices were obtained based on the elements;
but in FPM, we have the Point Stiffness Matrices that each of these matrices
depends on the number of neighborhood points for each of the fragile points.

5. If we utilize the first-order Taylor expansion at the beginning of the
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method, then one-point integration is sufficient for integrating the Galerkin
weak-form in each subdomain. When we use higher-order derivatives in Tay-
lor expansion, the corresponding integration with more number of points is
utilized which is easily computable.

6. The two most common types of locking which occurs in FEM are shear
and pressure locking. Shear locking happens when elements are subjected
to bending and pressure locking arises when the material is incompressible.
However, in FPM, we do not encounter to these locking.

7. In general, algorithm of the FPM is a simple physical and mechanical
process that ignores non-local theories. FPM can be used to model phe-
nomena in nature that have crack, fracture or rupture. These problems by
elements created by the Voronoi Diagram that surround two adjacent points
can be easily modeled. Thus, this method has the ability to model phenom-
ena in nature that contain fragile materials, and this is the reason for naming
”Fragile Points Method”. Further studies on these issues will be provided in
future articles.
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