INVESTIGATING AND EXTENDING P-LOG
by
Evgenii Balai, Dipl.-Ing
A Dissertation
n
COMPUTER SCIENCE

Submitted to the Graduate Faculty
of Texas Tech University in
Partial Fulfillment of
the Requirements for
the Degree of

DOCTOR OF PHILOSOPHY
Approved

Michael Gelfond
Chair of Committee

Yuanlin Zhang
Co-Chair of Committee

Nelson Rushton

Richard Watson

Mark Sheridan

Dean of the Graduate School

December 2017



(©) 2017 Evgenii Balai



Texas Tech University, Evgenii Balai, December 2017

ACKNOWLEDGMENTS

I would like to express my sincere appreciation and acknowledgment to my advi-
sor, Dr. Michael Gelfond, for all the help, the encouragement and the patience shown
by him at all the stages of working on this dissertation. His deep knowledge, expe-
rience and professionalism helped me greatly to continue and complete this work. I
also thank the members of Michael Gelfond’s family: Larisa Gelfond, Greg Gelfond,
Patrick Kahl, and Yulia Kahl for their attention, support and active participation in
my life here in Lubbock.

I am grateful to all the members of my committee for teaching me very important
classes, collaborating with me on various research projects and contributing towards
my development as a scientist, an engineer and a person.

I would especially like to thank the co-chair of this dissertation committee, Dr.
Yuanlin Zhang. His hard work, persistence and dedication helped greatly in moving
this work forward and were constant sources of motivation.

[ am glad I had an opportunity to work with Dr. Nelson Rushton and Dr. Richard
Watson, who made valuable suggestions to improve this dissertation and helped me
to know and to better understand the life and the culture of such a great and an
interesting country as the United States of America.

Finally, I am thankful to all the students I had a chance to work with and to teach

classes for. It has been a very valuable experience.

Fuvgenii Balai

October 25, 2017

Department of Computer Science
Texas Tech University
Lubbock, TX, USA

1



Texas Tech University, Evgenii Balai, December 2017

TABLE OF CONTENTS

ACKNOWLEDGMENTS . . . . . . . . . .
ABSTRACT . . . .
LIST OF TABLES . . . . . . . . . e
LIST OF FIGURES . . . . . . . .. . .
I INTRODUCTION . . . . . s

IT SYNTAX AND SEMANTICS OF P-LOG . . . . .. ... .. ....
21 Syntaxof P-log . . ... ... ..

2.1.1 Sorted Signatures of P-log . . . .. ... ... ... ...,

2.1.2 P-log Programs . . . . . .. ... ... ... ... ...,

2.1.3 P-log Declarations . . . .. .. .. ... ... .......

2.2 Semanticsof P-log . . . . ... ...

2.2.1 Imterpretations . . . . . . ... ... ...

2.2.2 Possible Worlds . . . . . .. ..o

2.2.3 Probabilities . . . . . . ..o

2.3 A Note on Activity Records in the Bodies of Rules . . . . . . .

IIT DYNAMICALLY CAUSALLY ORDERED P-LOG PROGRAMS . .
3.1  Causally Ordered Programs. . . . . . ... .. ... ... ...

3.2 Dynamically Causally Ordered Programs . . . . . ... .. ..

3.3 Examples. . . . . ...

3.3.2 Random Tree . . . . . . . .. . ... ... ... ...,

3.3.3 Blood Type Problem . . . . ... ... ... ... .....

3.3.4 Not Dynamically Causally Ordered . . . . ... ... ...

IV COHERENCY RESULT . . . ... ... .. ... ... ... ....
4.1 Coherent Programs . . . . . .. ... .. ... ... ... ..
4.2 Unitary Programs . . . . . .. . ... ...

1l



Texas Tech University, Evgenii Balai, December 2017

4.3  Coherency Theorem . . . . . . . . . .. ... ... ... .... 71

V ALGORITHMS . . . . . . . . 77
5.1 Imtroduction . . . . .. ... .o 7

5.2 Transformation~ . . . . . ... ... oL 80

5.3 Definitions . . . . . ..o 82

5.3.1 E-interpretations . . . . . . ... ... .. ... .. 82

5.3.2 Random Attributes Ready in an E-interpretation . . . . . 85

5.3.3 Al-trees . . . . . . 88

5.3.4 Detecting Incompatible Nodes Efficiently . . . . . . .. .. 91

5.3.5 Computing Node Measures Efficiently . . . . . . .. .. .. 93

5.3.6 Efficient Solutions . . . . . . . ... .. 98

5.3.7 Consequence Functions . . . . . . .. ... ... ...... 99

5.4  Algorithm Description and Implementation . . . . . . . .. .. 115

VI CONCLUSION AND FUTURE WORK . . . . .. ... ... .... 122
BIBLIOGRAPHY . . . . . . 124
APPENDIX: PROOFS . . . . . . . . . . 125

v



Texas Tech University, Evgenii Balai, December 2017

ABSTRACT

This dissertation focuses on the investigation and improvement of knowledge rep-
resentation language P-log that allows for both logical and probabilistic reasoning.
In particular, we extend P-log with new constructs to increase its expressive power
and usability, clarify its semantics, define a new class of coherent (i.e., logically and
probabilistically consistent) P-log programs and develop an inference algorithm for
the programs from the new class. We also present the performance results of the pre-
liminary implementation of the new algorithm. The results demonstrate that the new
algorithm can substantially increase the performance of P-log inference on a number

of important examples.
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CHAPTER 1
INTRODUCTION

The language P-log, introduced in [Baral et al., 2004, Baral et al., 2009, is capa-
ble of combining non-monotonic logical reasoning about agents’ beliefs in the style
of Answer Set Prolog (ASP) [Gelfond & Lifschitz, 1991a] and probabilistic reasoning
with Causal Bayesian Networks [Pearl, 2009]. The main goal of this dissertation is to

improve P-log in the following directions.
1. Improve and expand the syntax and semantics of P-log by:

e introducing additional means for describing sorts of a P-log program,

e clarifying the original semantics of partial functions and activity records,

and

e allowing statements used to record activities of a reasoner to occur in the

bodies of rules.

2. Define a new class of coherent (i.e, probabilistically and logically consistent)
P-log programs which includes a number of classical examples not included in

the classes defined in [Baral et al., 2009] and [Zhu, 2012].

3. Design and implement a reasonably efficient inference algorithm for the pro-

grams from the new class.

Sorts: In the original P-log sorts are described by statements of the form s =
{t1,...,t,}, where s is a sort name and ty,...,t, are ground terms', or by a pro-
gram which has an unique answer set. This is inconvenient to describe large hier-
archies of sorts which may be defined using string concatenations, conditions, set
operators, etc. We extend the syntax for defining sorts by using the framework from

[Balai et al., 2013]. Sorts there are defined by statements of the form:

IFor the precise definition of ground term see Section 2.1.1
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sort_name = sort_expression

where sort_name is a unique identifier preceded by the symbol # and sort_expression

can be in one of the following forms:?
[ ] {tl, ey tn}
e f(sort.namey, ..., sort_-name,)

e sort_name; @ --- O sort_name,

where n > 0, each t; is a ground term, f is a function symbol, and @& denotes a
set operator (union, intersection, or difference) where the set operations result in a

non-empty set. More details and examples can be found in [Balai et al., 2013].

Elimination of negative literals in the heads: One of the oversights made in the
design of the original P-log was allowing negative literals of the form f(Z) # y in a
head of a rule. If f is a total function then the decision does not cause any problems.
If, however, f is partial, it leads to a discrepancy between intuitive meaning of the
program and its formal semantics. To see that let us consider a program P consisting
of rules:

f : boolean

f # false

Intuitively, f # false means that f is defined, i.e. has a value and this value is
different from false. The intuition agrees with some other extensions of ASP with
functional symbols, e.g. [Balduccini, 2012]. Together with declaration f : boolean
this should imply that the value of f is true. However, the program P has one
possible world consisting of a literal f # false and hence P does not entail f = true.
To remedy the problem one probably should define f as random which will force f to
take a value. The new program will clearly entail f = true. But, if f is random, then

f # false should be replaced by a more appropriate obs(f # false) which would

2the actual syntax is slightly different, we simplify it here to shorten the description
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allow us to produce the same result. This observation suggests that allowing negative
literals in the head is redundant. Moreover, disallowing this syntactic feature leads
to a substantial simplification of the formal semantics of P-log. Instead of defining
possible worlds as sets of literals we can view them simply as (partial) interpretations
of the attribute terms from the program’s signature (in other words, a collection of
atoms). So far we were not able to find any adverse effect of our restriction on the

original syntax.

P-log observations: Another problem with the original P-log is related to the intu-
itive meaning of P-log observations. According to [Baral et al., 2009] such observa-
tions are used “to record the outcomes of random events, i.e., random attributes, and
attributes dependent on them”. However, axioms 10 — 13 from the original paper do
not faithfully reflect this intuition. Axiom (12), for instance, does not prohibit obser-
vations of non-random events. Instead it simply views obs(f(Z) = y) as a shorthand

for the constraint

+— not f(Z)=1y

where f is an arbitrary attribute. The new observation simply eliminates some of
the possible worlds of the program, which reflects understanding of observations in
classical probability theory. This view is also compatible with the treatment of ob-
servations in action languages. So if we limit ourselves to the syntax of traditional
P-log there are no adverse consequences of expanding the observability of attribute

values to a non-random case. Later we will discuss some of its benefits.

P-log intervening actions: Let us now attempt to clarify the P-log meaning of
the do statement. The original paper states: “the statement do(f(Z) = y) indicates
that f(Z) = y is made true as a result of a deliberate (non-random) action”. Note,
that here, f(Z) is not required to be declared as random, i.e. its value does not
have to be normally defined by a random experiment. This is not wrong. Even
though the original intervening action do of Pearl only applies to random attributes

(no other types are available in Bayesian Nets) nothing prohibits us from expanding
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the domain of do to non-random ones. After all this is exactly what we did with
observations. But in the case of intervening actions, such an extension seems to be
unwarranted. It is easy to see that for non-random f(z), do(f(z) = y) is (modulo
do) equivalent to f(z) = y, which undermines the utility of such statements. In
addition, it violates an important principle of language design frequently advocated
by N. Wirth and others: Whenever possible, make sure that each important type of
informal statements you want expressible in your formal language corresponds to one
language construct. Moreover, applying do to interfere with a random experiment with
a dynamic domain p causes an ambiguity of an interpretation: should the deliberately
assigned value belong to the dynamic domain or arbitrary value of a proper sort must
be allowed? The formal semantics from [Baral et al., 2009] corresponds to the second
option, but, according to the best recollection of the authors of [Baral et al., 2009],
this is accidental. The decision was not deliberate.

We may avoid this redundancy and ambiguity by slightly modifying the definition
of the set R of general axioms of program Il with signature X.

Firstly, we keep the rules of the form

random(f(z) : {X : p(X)}) < body.

unchanged. Since the axioms need to satisfy ASP syntax, we identify the P-log atom
random(f(z) : {X : p(X)}) with a simpler atom random(f(z),p). After this new
interpretation, random(f(z) : {X : p(X)}) says that f(Z) may take the value from
{X : p(X)} as the result of a random experiment, whose outcome could possibly be
manipulated. To separate a deliberate interference from a truly random assignment
we introduce a new special attribute term truly_random.

For every attribute term random(f(z),{X : p(X)}) from ¥ such that range(f(z))

={v1,...,yx}, R contains rules

f(@)=wyor ... or f(Z) =y, < random(f(z): {X :p(X)}) (1.1)
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truly_random(f(z)) < random(f(z):{X : p(X)}),

(1.2)
not do(f(Z),y1),...,not do(f(T),yx)
«— f(z) =Y, not p(Y),random(f(z) : {X : p(X)}). (1.3)
+— not f(f?) =Y, (1.4)
do(f(X),Y).
— not mzldom(f()_() X 1 p(X)}), (1.5)

do(f(X),Y).

Intuitively, axioms (1.1) and (1.3) guarantee that if random(f(z) : {X : p(X)})
is true, f(Z) is assigned a value satisfying condition p, axiom (1.2) guarantees that
truly_random(f(z)) is true iff the value of f(Z) is assigned as the result of a genuine
random experiment (that is, an experiment which was not interfered with), (1.4)
guarantees that the atoms made true by interventions are indeed true, and (1.5)

makes sure that an attempt to apply do to a non-random f(X) leads to inconsistency.

Actions and observations in the bodies of rules: Another important modi-
fication of the language is allowing literals formed by do and obs (i.e, actions and
observations) to occur in the bodies of P-log rules. We have already mentioned that
the addition of an observation to a program in the original P-log language may only
eliminate some of its possible worlds but cannot create a new one. Allowing obser-
vations to occur in the bodies of P-log rules changes the situation. Addition of an

observation obs(a, true) to a program

—a 4+ nota.

a < obs(a,true).

creates a possible world which did not exist according to the original program. This
extension of the language does not significantly complicate the mathematical seman-

tics of the language but seems to add substantially to its expressive power.
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To further illustrate this phenomena let us assume that we would like to use P-log

to formalize knowledge relevant to the following problem.
Suppose that an experienced diagnostician was able to determine that a certain
patient’s symptom s has two possible causes ¢; and co. The purely qualitative infor-

mation available to the diagnostician can be expressed in P-log by a program P;:

—c; 4« not obs(s)

—cg < not obs(s)

P = s +—
S < Co
S < nots

\

The first two rules say that the causes are not true in case of the absence of an
observation of the symptom — a natural default we use in our actions before becoming
aware of a problem by experiencing its symptoms. The next three rules give the
complete list of possible causes for s. According to this program the probabilities
of s, ¢; and ¢y are 0. It is important to note that an update of P; by observation
of the truth of any attribute of P, leads to inconsistency. This is not necessarily
an unwelcome outcome for the observations of causes — after all causes are normally
not directly observable and need to be derived from the observations of symptoms
and the background knowledge. This shall not however happen for the observation
of the symptom s. The following informal argument is possible in this case: Since
we are given a complete list of possible causes of s and s is observed to be true we
cannot continue to use closed world assumptions for causes. Instead we should think
of them as random attributes which may or may not be true. Accordingly, the program
describing the agent’s knowledge should have possible worlds Wy = {¢1, —¢co, s}, Wy =
{=c1, ¢, 8}, and W3 = {c1, co, s}

The missing knowledge used by the reasoner to go from observations of a symptom
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to its causes can be represented by expanding P; by the rules:

random(cy) < obs(s)

random(cy) < obs(s)

which have observations in their bodies. It is easy to check that program

P, = PLURU {obs(s)}

is consistent and has three possible worlds Wy, W5, and W3 described above. The
program assigns probabilities 2/3 to ¢; and ¢y and probability 1 to s.

It may be tempting to replace P, by program Pj, obtained from P, by replacing
R with collection of rules:
I random(cy) < s
random(cy) < s
This, however, will not work, since the resulting program will be inconsistent. This
is not surprising, since there is a substantial difference between s and obs(s). The
first is a fact and can be used by a reasoner to justify his belief in s. The second is a
constraint which cannot be used for this purpose. As the result, allowing observations
in the bodies of rules is essential for the type of reasoning discussed in this example.
Let us now assume that, by checking some available statistics, the diagnostician
acquire knowledge about probabilities of ¢; and c¢y. These probabilities can be added

to the program by the set PA of causal probability atoms:

pr(c;) = 0.05
pr(cs) = 0.01

PA =
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The probabilities assigned to ¢; and ¢y by the new program,

P;=P,UPA

are now approximately 0.8 and 0.2. So ¢; is the most likely cause of the symptom.

Finally, let us consider the case when after some direct or indirect observation the
diagnostician establishes that ¢y is true. The probabilities assigned to c¢; and ¢y by
program

Py = Py U {obs(c2)}

are now 0.05 and 1 respectively. The latter observation is an example of a probabilis-
tic phenomena called “explaining away” [Wellman & Henrion, 1993]: when you have
competing possible causes for some event, and the chances of one of those causes in-
creases, the chances of the other causes must decline since they are being “explained
away” by the first explanation.

The example shows a fairly seamless combination of logical and probabilistic rea-
soning in search of causal explanations of a symptom. An author of the original P-log
was not able to express this type of reasoning in the original P-log based on ASP. We
could, however, do it in CR-Prolog [Balduccini & Gelfond, 2003] — extension of ASP
by so called consistency-restoring rules. Consider program Pj obtained from Pj by

replacing R with the rules:

R random(c;) < include_causes
2 =

random(cy) < include_causes

adding a consistency-restoring rule:

. +
include_causes <
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and replacing each of the defaults

¢y < not obs(s)

—Cy — not obs(s)

with classical closed worlds assumptions for ¢; and cs:

¢y ¢ not ¢

—1Cy 4— not cy

It is easy to check that Pj is logically and probabilistically equivalent to Ps. Similarly,
we can obtain a CR-Prolog program equivalent to Pj.

This, however, requires the programmer to learn the semantics of CR-Prolog.
Moreover, currently there is no reasoning system that implements P-log with consis-
tency-restoring rules, and the task of developing and efficiently implementing such a
system seems to be non-trivial. In contrast, implementing P-log with rules containing

actions and observations in their bodies seems to be less daunting.

There are other possible uses of observations in the body of rules. In our previous
example we have already encountered unobservable attributes. In fact, in the original
interpretation of obs, if T does not belong to the domain of f, i.e., no value is assigned
to f(z) by the program, then f(Z) is unobservable. Sometimes, however, f(Z) is
undefined simply because the reasoner does not know the value of f(z). In some of
such cases this value can be obtained by a direct observations. (We refer to such f(z)

as directly observable.) In P-log this property can be expressed by the rule:

f(Z) =y < obs(f(7),y).

Note that, for a directly observable value of an attribute f(Z), expanding a program by

obs(f(Z),y) is (modulo atoms formed by 0bs) equivalent to expanding it by f(z) = v.



Texas Tech University, Evgenii Balai, December 2017

Impossibility of observing f(Z) can be expressed as:

— obs(f(z),Y).

The ability to use observations in the bodies of rules allows for one more pos-
sible extension of P-log. We may relax the restrictions requiring our observations
to be always accurate. To avoid the change of the existing meaning of the ob-
servations, the language can be extended by a new activity record of the form

imprecise_measure(f(Z),y) which can be translated into:

random(f(z)) < obs(f(Z),Y), imprecise_measure(f(z))

and a probabilistic information of the accuracy of the measurement.

New Subclass of Coherent Programs and Inference Algorithm. A naive
inference in P-log requires the computation of all possible worlds of the program. An
algorithm which uses the naive approach is described in Section 3.1 of [Zhu, 2012]. In
order to compute the possible worlds, a P-log program II is translated into an ASP
program 7(II). An ASP solver is used to obtain the answer sets of 7(II), that are

later mapped into the possible worlds of IT and their probabilities.

A more efficient algorithm for a class S of programs, called strongly causally
ordered unitary (scou) programs, is defined in Sections 3.2 - 3.3 of [Zhu, 2012]. It
is shown that, under certain conditions, the computation of all possible worlds can
be avoided by computing partial interpretations each of which may correspond to
several possible worlds. The probability of the query is computed, possibly using the
pr-atoms of the program, from the collection of the computed partial interpretations

whose size is typically smaller than the number of all the possible worlds.

Unfortunately, there are interesting and important programs which do not belong
to S (for details, see Examples 1-3 from Section 3). Moreover, the description and

implementation of the algorithm contain some ambiguities and typos which make it

10
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difficult to fully understand its properties.

In order to address these problems, in this dissertation we:

e introduce a new class, B, of P-log programs containing all programs from &
considered in [Zhu, 2012] and a number of useful programs not belonging to S

and show the coherency of programs from this class,
e define and implement a new query answering algorithm for P-log, and

e show that the algorithm is sound and complete for programs from B.

11
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CHAPTER II
SYNTAX AND SEMANTICS OF P-LOG

A P-log program will be defined as a pair consisting of a sorted signature and a
collection of P-log rules and causal probability atoms. The program will define the
collection of possible worlds corresponding to beliefs of a rational reasoner associated
with the programs as well as the probability function on the sets of these worlds

describing degrees of the reasoner’s beliefs.

2.1 Syntax of P-log

We start with an accurate definition of sorted signatures and their interpretations

which will be used throughout the text and then define the syntax of P-log programs.

2.1.1 Sorted Signatures of P-log
A sorted signature X is a tuple (S, O, F) where S is a finite non-empty set of
sort names, O is a finite set of object constants, and F' is a finite non-empty set of

functional symbols.

e Every sort name s € S is assigned the sort denoted by it - a collection of object
constants from O. We say that an object o from this collection belongs to (or
is an instance of) sort s and write o € s. We also assume that ¥ contains sorts
N and Q of natural and rational numbers which are mapped into standard
representations of these numbers viewed as elements of O. Whenever it is clear
from the context, we will abuse the notation and use the same letter to refer to

the sort name and the sort denoted by it.

e Every function symbol from F' has sort names assigned to its parameters and its
range. In what follows we use standard mathematical notation f : s1,...,s, —

s to describe these assignments.

12
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e Set F' is partitioned into two parts: attributes and arithmetic functions +, —,

etc. defined on natural or rational numbers.

A ground term, t, of ¥ with value belonging to sort s (written as t € s) is:

e a constant o such that o € s,

e a string of the form f(ty,...,t,) where f : s1,...,s8, — s and t1,...,t, are
ground terms with values from sorts si,...,s,. If f is an arithmetic function
the term is called arithmetic'. Otherwise it is called an attribute term. The

sort s is referred to as the range of f(t1,...,t,).

Note that the value of a ground term may belong to more than one sort. In the rest
of this subsection we will use the word term to mean ground term.

Signatures of P-log program will always include special attribute terms listed
below. (We use f(Z) to denote an attribute term and y to denote a variable or

constant which can serve as the value of f(z); p stands for a unary boolean attribute):

e do(f(z),y) , which reads as “a random experiment assigning value to f(Z) is

deliberately interfered with and f(z) is assigned the value y”,

e 0bs(f(Z),y,true), which reads as “the value of f(Z) is observed to be y” and
obs(f(Z),y, false), which reads as “the value of f(Z) is observed to be different

from 372,

e random(f(z),p), which says that “f(z) may take the value from {X : p(X)}
as the result of a genuine or a deliberately interfered with random experiment”

and

o truly random(f(Z)), which says that “f(z) takes value as the result of a genuine

random experiment (i.e., the one without any outside interference)”.

! As usual for arithmetic terms we use infix notation.
2To simplify the notation we sometimes write obs(f(Z),y,true) and obs(f(Z),y, false) as

obs(f(Z),y) (or obs(f(Z) = y)) and —obs(f(Z),y) (or obs(f(a’cs = y)) respectively; if f is boolean
then obs(f(Z), true, true) will be written as obs(f(Z)).

13
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The arguments of any of the special attribute terms cannot be formed by special
attribute terms. For the sake of compatibility with original P-log, we will sometimes
write random(a : {X : p(X)}) instead of random(a, p).

Note that in the first case the value of f(Z) must belong to {Y : p(Y')}Nrange(f);
the argument p can be omitted, in which case the value of f(z) is selected from the
range of f.

Each of the special attribute terms has a boolean range.

An atom of ¥ is a statement of one of the forms:
1. t = y where t is an attribute term, y is an object constant such that y € range(t);

2. t1 ® ty where t; and t, are arithmetic terms and ® is one of the standard

arithmetic relations, =, #, >, etc. These atoms are called arithmetic

The statement t = y reads: “y is the value of t”. Its negation, —~(t = y) or ¢t # y is
read as “the value of t is different from g”. If ¢ is boolean then t = true and t = false
will often be written as ¢ and —t. An atom of the form ¢ = y is called special if t a
special attribute term, otherwise it is called reqular. If t is of the form obs(f(z),y, B)

or do(f(Z),y), the atom is called an observation or an action correspondingly.

Atoms and their negations are referred to as positive literals and negative literals
of ¥ correspondingly. A literal of 3 is either a positive literal of 3 or a negative literal
of X.

A literal, possibly preceded by the default negation not, is called an ezxtended
literal or simply an e-literal of . The e-literal not [ reads as “l is not believed to be
true” (which is, of course, different from “l is believed to be false”).

Elements of a program such as terms and e-literals are called ground if they contain
no variables and no names of arithmetic functions.

In what follows, by signature we will mean P-log signature. For a signature >, by
at(X), lit(X2), e-lit(X), attr(X) we will denote the sets of all ground atoms, ground

literals, ground extended literals and attribute terms respectively.

14
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2.1.2  P-log Programs

A P-log rule over signature ¥ is of the form:

[ < body (2.1)

where [ is an atom of X2, also referred to as the head of the rule, and body is a collection
of e-literals of ¥, also referred to as the body of the rule. The head of the rule can

optionally be omitted, in which case the rule is of the form

— body (2.2)

and is called a constraint.

For a rule r, by head(r) and body(r) we will denote the head of r and the body
of r respectively.

If [ is an observation or an action, we require the body to be empty and the rule
is called an activity record.

If [ is of the form random(a : {X : p(X)}), the rule (2.1) is called a random
selection rule.

A rule which is not an activity record or a random selection rule is called a reqular

rule.
By a P-log program we mean a pair consisting of

1. A signature ¥ and

2. A collection R of P-log rules and causal probability statements (also called

pr-atoms) — expressions of the form

pr(f(z) =y | B)=v (2.3)

where f(Z) is a regular attribute term such that y € range(f(z)), B is a set of

e-literals of ¥ and v € [0, 1] is a rational number. The statement says that “if
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the value of f(Z) is generated randomly and B holds then the probability of the
selection of y for the value of f(Z) is v. Moreover, there is a potential existence

of a direct causal relationship between B and the possible value of f(z).”

We will refer to f(Z) = y as the head of the pr-atom and to B as the body of

the pr-atom. We will refer to v as the probability assigned by the pr-atom.

Unless otherwise stated, we will assume that R contains the following rules, also

referred to as general P-log axioms:

e For every attribute term f(Z) of X which is not special, the rules:

«—not f(z) =Y, obs(f(Z),Y,true). (2.4)
«—not f(z) #Y, obs(f(x),Y, false). (2.5)

Intuitively, the rules (often referred to as reality check axioms) prohibit obser-
vations of undefined attribute terms as well as observations which contradict

the agent’s beliefs.

e For every random atom random(f(z) : {X : p(X)}) of ¥ such that range(f) =

{y1,.-.,yx}, the rules :

f(Z)=wyior ... or f(Z) =y, + random(f(z):{X :p(X)})? (2.6)

truly_random(f(z)) < random(f(z) :{X :p(X)}),
not do(f(z),y1), - ..,not do(f(z),yx)

«— f(z) =Y, not p(Y),random(f(z) : {X : p(X)}). (2.8)

(2.7)

3Disjunction here is a so called shifted disjunction [Dix et al., 1996], that is, the disjunctive rule
is viewed as a shorthand for the collection of rules:

f(Z) =y + random(f(Z): {X : p(X)}),not f(Z) =ya,...,no0t f(T)=1yx

J(@) =y + random(f(&) : {X : p(X)}),not f(2) =yn,...,not [(&) = yu_1.
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— not f(X)=Y,

do(f(X),Y).

(2.9)

Intuitively, the rules (2.6) and (2.8) guarantee that if random(f(z) : {X :
p(X)}) is true, then f(Z) is assigned the value satisfying condition p, rule (2.7)
makes sure that truly_random(f(z)) is true iff the value of f(z) is assigned as
the result of a truly random experiment, i.e. an experiment without any inter-
vention, and rule (2.9) guarantees that the atoms made true by interventions

are indeed true.

The rule
— not random(f(X) : {X : p1(X)}),

cey

not random(f(X) : {X : pu(X)}),

do(f(X),Y).

(2.10)

where random(f(X) : {X : pi(X)}),...,random(f(X) : {X : p,(X)}) are all
special attribute terms of ¥ formed by random with f(X) as the first argument.
Intuitively, the rule guarantees that an attempt to apply do to a non-random

f(X) leads to inconsistency.

In addition, for every rule r which is not a general axiom, we disallow literals

formed by truly_random and random to occur in the body of 7.

We will sometimes refer to axioms of the forms (2.4), (2.5) and (2.9) as value-

checking axioms. Also, we will refer to the rules of the program other than general

axioms as user-defined.

As usual, a rule with variables? is understood as a shorthand for the collection of

rules obtained by replacing the variables with the properly-sorted ground terms of X.

In what follows we assume that, unless otherwise stated, programs and other

program elements we refer to are ground.

4A variable of P-log is an identifier starting with an upper case letter.
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Note that our syntax differs from the syntax defined in [Baral et al., 2009] in the

following ways.

a) We explicitly allow partial attributes and clarify the meaning of a # y and

not a = y.
b) We allow special attribute terms to occur in rules’ bodies.

More details on the proposed changes and a more general definition of P-log syntax

can be found in [Balai & Gelfond, 2017].

2.1.3 P-log Declarations

We will use declarations to describe the signatures of P-log programs.

Sort declarations are used to define sorts and the assignments of sort names to

sorts. A sort declaration is of the form:

sort_name = sort_expression
where sort_name is a unique identifier preceded by the symbol # and sort_expression
denotes a sort. For example, the declaration

#block = [b][1..9]

defines sort #block consisting of elements b1..69

The declaration

# fluent_on = on(#block, #block)

defines sort # fluent_on consisting of records of the form on(bi, bj), where bi, bj are

elements of the sort #block.

The declaration

#s = #sl + #s2
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defines a sort #s whose elements are the union of elements of previously defined sorts

#s1 and #s2.

For more details about the syntax and semantics of sort declarations, please refer

to [Balai et al., 2013].

A statement

fisi,....8, =S (2.11)

is a declaration of attribute f with parameters si,...,s, and the range s. We will

refer to (2.11) as an attribute declaration.

In what follows, we will write each P-log program as a sequence of sort declara-
tions, followed by a sequence of attribute declarations, followed by a sequence of rules.
Every declaration and every rule will end with a dot. We will often omit P-log general
axioms from the rules, the declaration of the sort boolean #boolean assigned to the
set of object constants {true, false}, and the facts of the form p'(X) if the program
denotation contains a shorthand random(a) denoting random(a : {X : p/(X)}). We

will write comments as lines starting with a percent sign (%). For example:

% Sorts

#n = {1:2’3}

% Attributes
f: #n -> #boolean.

a,b: #boolean.

% Rules
random(a:{X:£(X)}) .
random(b) .

(1) - a=2.
£(2).
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£(3).

2.2 Semantics of P-log
We start with defining possible worlds of a (ground) P-log program. As in ASP,
programs with variables will be viewed as shorthands for the sets of ground instan-
tiations of their rules (which, of course, should be faithful to the declarations of the

program). We introduce some basic terminology before defining the semantics.

2.2.1 Interpretations
An interpretation over signature X is a (possibly partial) mapping I from the
attribute terms of X into values from their corresponding ranges. We assume that on

arithmetic symbols I coincides with their standard interpretation.

In what follows, a denotes a ground attribute term, [ denotes a literal, el denotes
an extended literal, and B denotes a set of extended literals. The satisfiability relation

between I and an element O (atom, literal, extended literal or a rule) of 3 (denoted

by I |= O) is defined as follows:

. IEa=yif I(a) =y,

2. I'=—(a=y)if I(a) =y where y #y,
3. I'l=not [if I 1,

4. I = Bif for every el € B, I = el,

5. IEl« Bif [ BVIEL and

6. [ =« Bif I j~B.

We say that an atom A of ¥ is true in I if I = A and false in I if [ | —A. If Ais

neither true nor false in I then it is undefined in I.
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We will often represent an interpretation I as the set of non-arithmetic atoms
satisfied by I. We will use standard mathematical notation I; C I, to denote that I

is a subset of I, and I; C I5 to denote that I; is a proper subset of I5.

Example 1. Consider a signature 3 with sort #s = {1, 2}, attributes a and b with

range #s, boolean attribute p defined on #s, and an interpretation

I'={a=1,b=1,p(1),random(a : {X : p(X)}), truly_random(a)}

of 3. Note that, while a = 2, b = 2, are false in I, p(2) is not: it is undefined in I.

Consequently, not p(2) and a rule

random(b: {X : p(X)}) + a =1,a # 2,not p(2)

are satisfied by I.

2.2.2 Possible Worlds

Next we will define the possible worlds of a P-log program. As expected, the
definition is very similar to the definition of answer sets for logic programs, and

consists of two parts.

Definition 1 (Possible world, part I).
Let IT be a ground P-log program not containing literals preceded by not. An inter-
pretation I of the signature X of II is called a possible world of 11 if it satisfies the

following conditions:
1. Every rule of II is satisfied by I.
2. There is no interpretation Iy such that Iy C I and I, satisfies every rule of II.

g
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To define the semantics of programs with default negation, we will need the stan-
dard definition of the reduct [Gelfond & Lifschitz, 1988]: for a program II and inter-
pretation I the reduct of II with respect to I (denoted by II7) is a P-log program
obtained from II by

1. removing all rules whose bodies contain a literal of the form not [ such that

I'E1, and
2. removing all other extended literals of the form not [ from the program rules.

The second part of the definition of possible world deals with programs containing

default negation.

Definition 2 (Possible world, part II).
Let II be an arbitrary ground P-log program. An interpretation I is a possible world

of I if I is a possible world of IT%. O

Let us consider several examples. For attribute term a with range {y1,...,yn},
we will often use shorthand

random(a) <— B

denoting a collection of rules

random(a: {X : p'(X)}) « B

p,(yl)

P (Yn) (2.12)

where p’ is a boolean attribute term of ¥ with a single parameter of the sort range(a).
We will only consider programs where p’ does not occur in the rules other than those

from (2.12) and the corresponding general axioms.

Example 2. Consider the program II;:
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a,b,c: #boolean.
random(a) .

b :- ¢, -a.
do(a, false).

random(c) .

It is not difficult to see that the program has two possible worlds W; and W:

Wy = {=a,b, c,do(a, false), random(a), truly_random(c), random(c)}

and

Wy = {=a, —c, do(a, false), random(a), truly_random(c), random(c)}.

Example 3. Consider the program Il5:

a: #boolean.

obs(a=true).

[T has no possible worlds. Note that W = {obs(a = true)} is not a possible world,

because of the general reality check axiom

+— nota=Y,

obs(a=Y).

Since a is undefined in W, not a is true, and hence W does not satisfy the axiom.
If we add the rule

random(a)

to Il,, it will have one possible world

W = ({obs(a = true), a, truly random(a), random(a)}),
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where the observation obs(a = true) is consistent with the belief in a.

If however we were to replace random(a) by

-a

I1; would become inconsistent again, because any interpretation that satisfies both

rules —a and obs(a, true) will violate a reality check axiom.

Example 4. Consider the program Il3:

a: #boolean.
p: #boolean -> #boolean.

random(a:{X:p(X)}).

The program has no possible worlds. Note that Wy = {random(a,{X : p(X)}) =

true} is not a possible world of I3, because the axiom

a or —a < random(a : {X : p(X)})

is not satisfied by Wj.
Note that Wy = {random(a,{X : p(X)}) = true,a} is also not a possible world

of II3, because the axiom

—a=Y,not p(Y),random(a : {X : p(X)}).
is not satisfied by Wj. O
Example 5. Consider the following program Ily:

a,q,r: #boolean.

random(a) .
q :- not a.
r :—- not -a.
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and interpretation I = {random(a), truly_random(a),a = true,r = true}. We show
that I is a possible world of II. The user-defined rules of II; and the corresponding

rules of the reduct IT{ are shown below.

Table 2.1: The rules of II; and its reduct with respect to I

I, I
r1 | random(a) . random(a) .
T2 | q :- not a. | (removed)
r3 | r :— not —a. | r.

It is easy to see that [ is a possible world of 1}, therefore it is also a possible world
of II4. Similarly, we can show that the interpretation I = {random(a) = true,a =

false,q = true} is a possible world of Il4.

a

For a program II, by €(IT) we will denote the collection of all possible worlds of
I1. Tt is easy to check that the following proposition is true:

Proposition 1. Every possible world W of a program II satisfies every rule of II.

|

We will also state and prove the set-inclusion minimality of possible worlds in

Proposition 13.

2.2.3 Probabilities

As in [Baral et al., 2009], we require a program II to satisfy certain conditions.

Condition 1 (Unique selection rule). °
If II contains two rules r; and ro, each of which is not an instance of a general axiom,

such that for some attribute term a

°Note that this condition is stronger than the original Condition 1 from [Baral et al., 2009]. The
original condition allows for a program with a possible world W to contain rules r1 : random(a) +
By.and s : a =y <+ Bs.s.t. W satisfies both B; and Bs, while the new one prohibits such programs.
We believe that the new condition better captures the intuition of a unique value selection for random
attribute terms. Moreover, it is not clear whether or not a should be considered random in a possible
world which satisfies the bodies of both of the rules r1 and rs.
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e head(ry) is of the form a = y or random(a, p), and
e head(rs) is of the form a = y or random(a, p),

then no possible world of II satisfies body(r1) and body(rs).

O

Condition 2 (Unique probability assignment).
If II contains a random selection rule

random(a(t) : {Y : p(Y)}) « B
along with two different probability atoms

pr(a(t) | By) = vy and pr(a(t) | Bs) = vy

then no possible world of II satisfies B, By, and Bs. O
Condition 3 (No probabilities assigned outside of dynamic range).
If II contains a random selection rule

random(a(t) : {Y : p(Y)}) « By
along with probability atom

pr(a(t) = y| B2) =v

then no possible world of II satisfies B; and By but does not satisfy p(y). O

Let II be a P-log program with signature X, W be an interpretation of 3, a be an

attribute term of ¥, and r be a random selection rule of the form

random(a : {X : p(X)}) < B
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such that W satisfies B. Let PO(W,r,a) be the set of terms defined as follows:

PO(W,r,a) = {y | W satisfies p(y) and y € range(a)}.

We will refer to elements of the set PO(W,r,a) as possible outcomes of a in W via
rule r, and to every atom a = y s.t. y € PO(W,r,a) as a possible atom in W via r.

Let II be a P-log program and a be a random attribute term of the signature
of II. For every possible world W of II such that W = truly_random(a) and every
possible atom a = y in W via r, we will define the corresponding causal probability
P(W,a = y). Whenever possible, the probability of an atom a = y will be directly
assigned by pr-atoms of the program and denoted by PA(W,a = y). To define
probabilities of the remaining atoms we assume that by default, all values of a given
attribute which are not assigned a probability by pr-atoms are equally likely. Their
probabilities will be denoted by PD(W,a = y). (PA stands for assigned probability
and PD stands for default probability).

More precisely, for each atom a = y possible in W via some rule r or II:

1. Assigned probability:

If IT contains pr(a =y | B) = v, W | B, then

(note that condition 2 implies that the probability is uniquely defined).

2. Default probability:

Let

A, (W) ={y | a =1y is possible in W and PA(W,a = y) is defined},

D,(W)={y | a =1y is possible in W} \ A,(W)
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and a, (W) =3_ 4wy PAW, a =y).

The default probability of a =y in W is defined as follows:

1 — a, (W)

PDW,a =y) = ——o
[ Da(W)

3. Finally, the causal probability P(W,a = y) of a = y in W is defined by:

PA(W,a=vy) ifye A, (W)
PD(W,a =vy) otherwise.

Definition 3 (Measure).

1. Let W be an interpretation of II. The unnormalized probability, fig(W), of W
induced by 11 is

inW) = [[ PW,a=y)

W(a)=y

where the product is taken over atoms for which P(W,a = y) is defined.

2. Suppose II is a P-log program having at least one possible world with nonzero
unnormalized probability. The measure, un (W), of a possible world W' induced
by 11 is the unnormalized probability of W divided by the sum of the unnor-

malized probabilities of all possible worlds of 11, i.e.,

_ fin(W)
> wieaqm An(Wi)

pr (W)

When the program II is clear from the context we may simply write i and p instead

of fif and puy respectively. |

Definition 4 (Probability).

Suppose II is a P-log program having at least one possible world with nonzero unnor-
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malized probability. The probability, Pn(E), of a set E of possible worlds of program

IT is the sum of the measures of the possible worlds from F, i.e.

Pa(B) = 3 (W),

WeFE

When II is clear from the context we may simply write P instead of Pp.

Definition 5 (Probability of a literal).
The probability with respect to program II of a literal  of TI, Py(l), is the sum of the

measures of the possible worlds of II in which [ is true, i.e.

Pu(l) =) pn(W).

W=l

Note that, given that conditions 1-3 are satisfied, the function Py is defined iff

Z fin(W3) # 0
W;€Q(IT)
2.3 A Note on Activity Records in the Bodies of Rules

As we discussed in the introduction, the new version of P-log allows programs
where observations and actions may occur in the bodies of user-defined program
rules. However, as we will see in this section, they can always be eliminated. More
precisely, let U be the set of activity records of a program II. A simplification of II,
denoted by Il is obtained from II by:

1. removing all user-defined rules whose bodies include an e-literal formed by do

or obs which is not satisfied by U (viewed as a collection of atoms), and
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2. removing all remaining extended literals formed by do and obs from the bodies

of user-defined rules.

As stated by the following proposition, a program II is equivalent to its simplification:

Proposition 2. Let IT be a P-log program and U be the set of activity records of II.
There exists a bijection 1 : {y — (g, such that for every possible world W of 11

1. W =(W), and
2. pn(W) = pmr, (W)
O

To simplify the future discussion, we will only consider programs not containing

observations and actions in user-defined rules.
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CHAPTER III
DYNAMICALLY CAUSALLY ORDERED P-LOG PROGRAMS

Causally ordered programs were first introduced in [Baral et al., 2009] where they
were used to prove the coherency of P-log programs. Later, a query answering al-
gorithm developed in [Zhu, 2012] was shown to be sound for programs from a broad
subset of this class. We start this section by restating the original definition of
causally ordered programs from [Baral et al., 2009], adapted to the new syntax and
semantics. We also correct several errors confirmed by at least one of the authors
of [Baral et al., 2009]. We then define a new class of programs, called dynamically
causally ordered (dco), and show some interesting examples of programs in this class
that are not causally ordered. In the next sections, we will prove the coherency of

dco unitary programs and describe a query answering algorithm for them.

Let IT be a (ground) P-log program with signature X.

3.1 Causally Ordered Programs
We start this section by restating the original definition of causally ordered pro-
grams from [Baral et al., 2009], adapted to the new syntax and semantics. We also
correct several errors confirmed by at least one of the authors of [Baral et al., 2009].
We will use these definitions in examples given in Section 3.3.

As in [Baral et al., 2009], for a random selection rule

random(a : {X : p(X)}) < B (3.1)

we will say that every atom of the form a = y occurs in the head of (3.1), and that
any ground instance of p(X) and literals occurring in B occur in the body of (3.1).
We will also say that atom random(a : {X : p(X)}) occurs in the head of (3.1). Also,
we will say that an atom @ = y occurs in an observation obs(a = y), literal a # y

occurs in observation obs(a # y), and that atom a = y occurs in action do(a,y). We
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will use these notions of occurrence throughout this dissertation.

Definition 6 (Dependency relations).
Let [; and [5 be literals of 3. We say that

1. l; is immediately dependent on ly, written as l; <; l, if there is a rule r of II

such that [; occurs in the head of r» and I occurs in the body of r;

2. 1y depends on ly, written as l; < Iy, if the pair (l1,[3) belongs to the reflexive

transitive closure of relation <;;

3. An attribute term ay(¢;) depends on an attribute term ay (%) if there are literals

Iy and Iy formed by a(t;) and ay(ts) respectively such that /; depends on l. O

|

Definition 7 (Leveling function).
A leveling function, | |, of IT maps the attribute terms of 3 onto a set {0..n} of natural

numbers. It is extended to other syntactic entities over X as follows:

la(?) = yl = la(?) # y| = [not a(t) = y| = |not a(t) # y| = [a(?)]

We'll often refer to |e| as the level of e. Finally, if B is a set of expressions then

|B| = maz({le| : e € B}).

O
Definition 8 (Random attribute term).
A attribute term a(t) of X is called random if TI contains a rule of the form:
random(a,p) < B
a
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Definition 9 (Strict probabilistic leveling and reasonable programs).

A leveling function | | of II is called strict probabilistic if

1. no two random attribute terms of ¥ have the same level under | |,

2. for every random selection rule [r] random(a(t) : {Y : p(Y)}) < B of II we
have |a(f)] > {p(y) : y € range(a)} U BJ,

3. for every probability atom pr,(a(t) =y | B) of Il we have |a(t)| > |B],

4. if a;(¢;) is a random attribute term, ay(fs) is a non-random attribute term, and

as(t2) depends on ay(t;) then |as(t2)| > |ai(#1)], and

5. if a1(t;) and as(t2) are random attribute terms of II such that a;(f); depends
on as(ts), then |ay(t)| > |aa(ts)|.

A P-log program II which has a strict probabilistic leveling function is called reason-

able.

|

Let IT be a reasonable program with signature 3 and leveling | |, and let a;(¢), . . .,
an(t,) be an ordering of its random attribute terms induced by | |. By L; for 0 <i <n
we denote the set of literals of ¥ which do not depend on literals formed by a;(¢;)
where ¢ < j. II; for 0 < i < n consists of all declarations of II, along with the regular
rules, random selection rules, actions, and observations of Il such that every literal
occurring in them belongs to L;. We'll often refer to Ilg, ..., I, as a | |-induced
structure of II.

Before proceeding we introduce some terminology.

Definition 10. (Random Attribute Term Active in a Possible World of 11)
Let a be a random attribute term of IT and W an interpretation of ¥. Term a(?) is
active in W with respect to II if there is y such that a(f) = y is possible in W via

some rule of II.
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Definition 11 (Causally ordered program).
Let IT be a P-log program not containing activity records with a strict probabilistic
leveling | | and let a; be the i random attribute of IT with respect to | |. Let

Iy, ..., I, be the | |-induced structure of II. We say that II is causally ordered if

1. ITy has exactly one possible world,

2. if W is a possible world of II;_; and atom a;(f;) = yo is possible in W with
respect to II; then the program W U II; U {<— not a;(t;) = yo} has exactly one

possible world, and

3. if W is a possible world of II;_; and a;(¢;) is not active in W with respect to II;
then the program W U II; has exactly one possible world.

|

For the examples of causally ordered programs, please refer to [Baral et al., 2009].

3.2 Dynamically Causally Ordered Programs
In this section we introduce dynamically causally ordered programs. We start with
a few auxiliary definitions. We first introduce a new notion of dependency. Unlike in
the previous definition (Def. 6), pr-atom pr(a = y | B) introduces dependencies of

a =y on the literals in B.

Definition 12 (Dependency relations #2).

Let IT be a P-log program and [/; and [, be literals of the signature of II. We say that

1. Iy is immediately dependent on Iy in TI, written as depi(l1,1>), if one of the
following two conditions hold: there is a rule or pr-atom r of Il such that [y

occurs in the head of r and [y occurs in the body of r

2. 1y depends on ly in II, written as depr(ly,(l2), if the pair (l1,[3) belongs to the

reflexive transitive closure of relation dep;, and
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3. Attribute term a; depends on attribute term as in II, written as depr(aq, as) if

there are literals [ and I, formed by a; and as respectively such that depr (11, [2).

|

In what follows, unless otherwise specified, we will assume that the new notion of

dependency is used.

Definition 13 (Probabilistic leveling for random attribute terms).

A probabilistic leveling of a program II is an ordering a, ..., a; of random attribute
terms of II. |

Given a probabilistic leveling ay, . .., ax, attribute term a; (where 1 < i < k) has
level .

We will next define a total leveling of II which assigns levels to non-random at-

tribute terms of II as well. We will need some auxiliary definitions.

Definition 14 (Program base).

Let IT be a program. Let Y. be the signature consisting of attribute terms which
do not depend on any random attribute terms of II, and let Ry.s. be the collection of
rules of II s.t. every literal occurring in Ry is a literal of Yp,s.. We will refer to the

program with signature ¥, and rules Ry, as the base of II.

Definition 15 (Useless rules elimination).
Let IT be a program such that the base of II has a unique possible world Wj,s.. By
red(Il) we will denote the program obtained from II by removing all pr-atoms and

rules whose bodies contain an e-literal from ;... not satisfied by Wpse. O

Example 6. Consider the program II5

a,b,c,d:boolean

a.
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random(b) :- not a.
random(c) :- a,b.
pr(clb,d) = 0.5
pr(cl-b,a) = 0.5

Attribute terms a and d do not depend on b and c¢. The base of Il consists of the
fact a. Therefore, it has a unique possible world Wy, = {a}.

red(1ls) is:

a,b,c,d:boolean

a.

random(c) :- a,b.

pr(cl-b,a) = 0.5

The pr-atom pr(c | b,d) = 0.5 was removed because d has level 0 in II5, and Wiy
does not satisfy d.

Now we are ready to define total leveling:

Definition 16 (Total leveling).

Let IT be a program such that red(Il) is defined. A probabilistic leveling ay, ..., ay
is expanded as follows into total leveling of 11, | |, which also assigns levels to all
non-random attribute terms of II. If a is a non-random attribute term of II of the

form random(b, p), then |random(b, p)| = |b|. Otherwise:
1. |a] = 0 iff a does not depend on any random attribute term of II in red(II).
2. |a] = ¢ iff i is the level of the random attribute a; such that

(a) a depends on a; in red(Il) and

(b) there is no random attribute a; with level j such that a depends on a; in

red(Il) and 7 > 1.
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We will say that the total leveling | | is determined by probabilistic leveling ay, . . ., a.
O

Unless otherwise stated, in what follows, by leveling of a program II we will mean
total leveling of II.
Similarly to the leveling function from Definition 7, total levelings are extended

to the e-literals of X as follows:

inot a = y| = |not a # y| = |a =y| = |a # y| = |a

Definition 17 (Dynamic structure).

Let IT be a program such that red(II) is defined and L = ay, ..., a; be a probabilistic
leveling of II. We say that II has a dynamic structure Iy, ..., Iy induced by aq, ..., ax
if I; (0 <4 < k) is the program such that

1. the signature ; of II; consists of all attribute terms of II whose levels are ¢ or

less in the total leveling of II determined by aq, ..., a,

2. if r is a rule or a pr-atom of II, then II; contains r iff all the literals occurring

in r are of X;.

Example 7. For example, consider the program II:

f: #boolean.
f :- not -f.
-f :- not f.

Ty contains all rules of IT and, therefore, has two possible worlds {f} and {-f}.

Thus, condition 1 of definition 17 is violated and II has no dynamic structure.

37



Texas Tech University, Evgenii Balai, December 2017

Definition 18 (Falsified set of e-literals).
We will say that a set B of e-literals of signature Y is falsified by an interpretation [

of signature ¥’ if B contains a member of signature Y’ that is not satisfied by 1.

Definition 19 (Active random selection rule).

A random selection rule

random(a : {X : p(X)) < B

is active with respect to an interpretation W of a signature ¥’ (which may be different

from X) if

1. W satisfies B,
2. all atoms of the form p(y) where y is in the range of a are atoms of ', and

3. W satisfies an atom p(y) for some y from the range of a.

a

Now we are ready to give the definition of a dynamically causally ordered (dco)
program. The definition will consist of three parts. We will first define dco programs
via a given probabilistic leveling. We next define dco programs not containing activity

records. Finally, we will define arbitrary dco programs.

Definition 20 (Program dynamically causally ordered via a probabilistic leveling).

Let II be a program not containing activity records. Il is dynamaically causally ordered
(dco) via a probabilistic leveling aq, ..., a; of II if there exists a dynamic structure
Iy, ..., I induced by ai,...,a; such that Il has a unique possible world and for

every i € {1..k}, if W;_; is a possible world of II;_;, then
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1. if ris arule or a pr-atom of II with a; in the head, and r is not a ground instance
of a general axiom of II, then the body of 7 is either falsified or satisfied by W;_;.

Moreover, if r is of the form

random(a; : {X : p(X)}) < B (3.2)

and W;_; satisfies B, then r is active in W;_,

2. if II; contains a rule of the form (3.2) such that W;_; satisfies B, then for every
y € range(a;) s.t. W;_; satisfies p(y), the program W;_; UII; U {«+ not a; = y}

has exactly one possible world, and

3. if for every rule of II of the form (3.2), W,_; falsifies B, then W, ; U Il; has

exactly one possible world.

Definition 21 (Dynamically causally ordered program - I).
Let II be a program not containing activity records. Il is dynamically causally ordered

if IT is dynamically causally ordered via some probabilistic leveling of II.

Definition 22 (Dynamically causally ordered program - II).

Let IT be an arbitrary program, and II’ be the program obtained from II by removing
all activity records. II is dynamically causally ordered via probabilistic leveling A of
IT if IT" is dynamically causally ordered via A (by definition 20). II is dynamically
causally ordered iff IT is dynamically causally ordered via some probabilistic leveling
of II. We will also say that A is a dynamic causal probabilistic leveling of 11 iff I is
dynamically causally ordered via A.

|

In the next section we will give examples of some interesting dco programs that

are not causally ordered.
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3.3 Examples
In this section we give examples of dynamically causally ordered programs that
do not belong to S (the class mentioned in the introduction (Chapter I)). For each
of such programs, we will prove a stronger claim that it does not belong to neither
S nor to the class of causally ordered programs defined in [Baral et al., 2009]. Not
that, since S is a subclass of causally ordered programs, it is sufficient to show that
each program does not belong to causally ordered class.

When discussing the examples, we will often use the following definition:

Definition 23 (Possible outcomes of a random attribute in an interpretation).

Let random selection

random(a : {X : p(X)) < B

of IT be active with respect to an interpretation W of a signature >'. We will say

that every member of {X | W satisfies p(X)} is a possible outcome of a in W.

3.3.1 Die
We throw a die until we get outcome 1 or make 5 throws. What’s the probability
that we will make 5 throws?

A P-log representation of the story, the program II¢, is given below:

% Sorts
#foutcome = 1..6.

#step = 1..5.

% Attributes
throw : #step -> #outcome.

made_bth_throw: #boolean.
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% Rules

% the outcome of the die at step 1 is random

random(throw(1)).

% if the value of the die at the previous step, T2, was not 1,
% then the outcome of the die at current step, T, is random

random(throw(T)) :- throw(T2) != 1, T = T2+1.

% the fifth throw was made if the die takes some value, X, at step 5
made_5th_throw :- throw(5) = X.

Claim 1. II¢ is not causally ordered.

Proof. We will prove a stronger claim:

there does not exists a strict probabilistic leveling (Def. 9) of 1% (3.3)

For the sake of contradiction, suppose there exists a strict probabilistic | | of IT1¢. From
the rule

random(throw(T)) < throw(T2) # 1, T =T2+ 1 (3.4)

and condition 2 of definition 9 it follows:

VT, T2 € #step : [throw(T)| > [throw(T2)| (3.5)

in particular, from (3.5) we have |[throw(1)| > |[throw(2)| and |[throw(2)| < |throw(1)].

Contradiction. O

Claim 2. TI¢ is dynamically causally ordered.
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Proof. Consider the following probabilistic leveling of IT¢:
L = throw(1),throw(2), throw(3), throw(4), throw(5), throw(6)
By | | we will denote the total leveling of I1? determined by L. Recall that the rule

random(throw(X))

is a shorthand for random(throw(X),p) for a fresh boolean attribute term p s.t.
p(1),...,p(6) are facts of I . The base of I1%, TI{ _ has no random attribute in its

signature, and its rules consist of general axioms, facts {p(i) | i € {1..6}}, and general

axioms constructed from attribute terms of II of level 0.

Clearly, TI¢, _ has a unique possible world. Let us call it W,. Therefore, there
exists a dynamic structure I, ..., Ilg induced by L. For every ¢ > 0, the rules of II;
consist of

1. the rules of II;_;
2. if i = 1, the rule random(throw(1))

3. if ¢ > 1, the rule

random(throw(i)) < throw(i — 1) # 1,i=i—1+1 (3.6)

and for every k € {0..i — 2} U {i}, the rules:

random(throw(i)) < throw(k) # 1,i =k +1 (3.7)

4. if 1 = 6, the rule
made_6th_throw < throw(6) = X (3.8)

5. general axioms for throw(1l),...throw(i) and, if i = 6, for made_6h_throw
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We will prove conditions 1-3 of definition 20 hold for every ¢ > 1 for every possible
world Wi*l of Hifl.

1. We prove condition 1.

(a) ¢ = 1. Clearly, random(throw(1)) is active in Wy. The bodies of other
rules of IT contain an arithmetic e-literal (and arithmetic literals belongs

to every P-log sorted signature) not satisfied by Wj.

(b) i € {2..5}. By construction of II;_;, we have that the signature of every
possible world W,;_; contains throw(i — 1).
We consider two cases:
i. W;_1 assigns 1 to throw(i—1), or does not assign a value to throw(i —
1). In this case it is easy to see that the body of every random selection

rule for throw(i) contains an e-literal throw(i—1) # 1 of the signature

of W;_1 which is not satisfied by W;_;. Thus, condition 1 is satisfied.

ii. W;_; assigns a value different from 1 to throw(i — 1). In this case it

is easy to see that the rule

random(throw(i)) <— throw(i —1) # 1,i=i—1+1

is active in W;_y, and all other random selection rule for throw(i)

contain an arithmetic e-literal not satisfied by W;_;.

2. To prove condition 2, suppose the rule

random(throw(i)) < throw(i — 1) # 1, next(i — 1,1).

is active in W;_;. The possible outcomes of throw(i) with respect to W;_;
are {1,2,3,4,5,6}. For each v € {1,2,3,4,5,6}, the program W;_; UIL; U {«
not throw(i) = v} has exactly one possible world W;_; U {throw(i) = v}.
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3. Finally, we prove condition 3. Suppose the rule

random(throw(i)) < throw(i — 1) # 1, next(i — 1,1).

is not active with respect to W;_;. In that case the program II, U W;_; has

exactly one possible world which coincides with W;_;.

3.3.2 Random Tree

Consider a tree defined by a collection of facts of the form arc(X,Y) (arc(X,Y) =
true when there is a directed arc from node X to node Y of the tree). Each node of the
tree is assigned a value. If a node is a leaf, a value is selected (uniformly) at random
from {1,2,3,4,5,6}. If a node is not a leaf, its value is selected randomly from the
values of the node’s children.

The corresponding program II* is:

% Sorts
#node = {1,2,3,4,5%}.
#value = {1,2,3,4,5,6%}.

% Attributes
arc: #node, #node -> #boolean.
value_of : #node -> #value.

possible_value: #value, #node -> #boolean.

% Rules

% Tree arcs. arc(i,j) means there is an arc from i to j

arc(4,5).
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arc(3,5).
arc(2,4).
arc(1,4).

% Tree definitions:

% Node X not a leaf if there is a directed arc with the end in X

leaf (X) = false :- arc(Y,X).

% Node X is a leaf if there is no reason to believe that it is not

leaf (X) = true :- not leaf(X) = false.

% Random selections:

% Every leaf node takes a value at random

random(value_of(N)) :- leaf(N).

% Every non-leaf node X takes a value from the set of possible
% values {X:possible_value(X,N)}
random(value_of (N) : {X:possible_value(X,N)}) :- -leaf(N).

% Value N is possible in Node X if it a value of its child

possible_value(X,N) :- arc(N1,N), value_of(N1) = X.

Claim 3. The program II' is not causally ordered.

Proof. We will prove a stronger claim:

there does not exists a strict probabilistic leveling (Def. 9) of IT*
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For the sake of contradiction, suppose there exists a strict probabilistic | | of II*. From
the rule

possible_value(X, N) < arc(N1, N),valueof(N1) = X (3.10)

and condition 4 of definition 9 it follows:

VN, N1 € #step : VX € #value : |possible_value(X, N)| > |value_of (N1)| (3.11)

In in particular, from (3.11) we have

|possible value(1,1)| > |value_of(1)| (3.12)

On the other hand, from the rule

random(value_of (N) : {X : possible_value(X, N)}) < —leaf(N) (3.13)

and condition 2 of definition 9 we have:

VN € #step : VX € #value : |value-of (N)| > |possible_value(X, N)| (3.14)

In particular, from (3.14) we have:

value_of (1) > possible_value(1,1) (3.15)

From (3.15) and (3.12) we have a contradiction. Therefore, (3.9) holds.

Claim 4. The program I1* is dynamically causally ordered.

Proof. Consider the following probabilistic leveling of IT*:
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L = value_of (1), value_of(2),value_of (3),value_of(4),value_of(5)

By | | we will denote the total leveling of II* induced by L. Recall that the rule

random(value_of (N)) < leaf(N)

is a shorthand for

random(value_of (N) : {X : p(X)}) < leaf(N)

s.t. p(1),...,p(6) are facts of II* .

Ht

base

consists of facts of the form p(7) for ¢ € {1..6}, the rules defining the tree:

and the general axioms constructed from the attribute terms of level 0. Clearly, the

base has exactly one possible world

Wy = {are(4,5),arc(3,5),arc(2,4),arc(1,4),leaf(2),leaf(1),

leaf(3),-leaf(4), ~leaf(5)}.

Therefore, there exists a dynamic structure Il, ..., Il induced by L, where Il =
I ... We next construct IIy,...IIg By rv; — rvs we denote ground rules (3.16) -

47



Texas Tech University, Evgenii Balai, December 2017

(3.20) of IT* below:

random(value_of (1)) + leaf(1). (3.16)
random(value_of(2))  leaf(2). (3.17)
random(value_of (3))  leaf(3). (3.18)
random(value_of(4) : {X : possible_value(X,4)}) « —leaf(4). (3.19)
random(value_of (5) : {X : possible_value(X,5)}) « —leaf(5). (3.20)

By rp;..rpy we denote the rules 3.21 - 3.24 below:

possible_value(X,4) < arc(1,4),value_of (1) = X. (3.21)
possible_value(X,4) < arc(2,4),value_of(2) = X. (3.22)
possible value(X,5) < arc(3,5),value_of(3) = X. (3.23)
possible value(X,5) < arc(4,5),valueof(4) = X. (3.24)

For 1 < i <5, the program II; is the union of:
1. the rules from II,,
2. the rules rvq, ..., rv;,
3. the rules rp; and rps, if i > 2,
4. the rules rps and rpy, if i > 4,

5. other rules of I1¢ whose bodies are falsified by W,

D

. general axioms involving attribute terms of the signature of II;.

We will prove conditions 1-3 of definition 20 hold for every « > 1 and for every possible

world W;_ of II;_,. Clearly, Wy C W,;_1, and W;_; does not contains atoms of level
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0 other than those in W, .

1. We prove condition 1.

(a) ¢ < 3. It is easy to see that the rule

random(value_of (i) < leaf(7) (3.25)

is active in W;_;, and the second random selection rule with value_of(7)
in the head contains a literal —leaf(7) falsified by Wy (and, therefore, by
Wi_1).

(b) ¢ > 3. It can be shown that the rule:

random(value_of (i) : {X : possible_value(X,i)}) < —leaf (i)

is active in W;_;. Indeed, the atoms possible_ value(X, i) depend on only
on attribute terms value(1),value(2) in red(Il), and, therefore, belong to
the signature of W, ;. possible_value(X,i) is true for at least one X.

Indeed, it is easy to show that
e if 1 = 4, then for each of the rules rpq, rps, there is a ground instance
whose body is satisfied by W;_, and,

e if ; =5, then for each of the rules rps, rpy, there is a ground instance

whose body is satisfied by W;_;.
2. We prove condition 2.

(a) ¢ < 3. The rule (3.25) is active in W;_;. The possible outcomes of value(i)
with respect to W;_; are {1,...,6}. IL; U{W,_1} U {« not value(i) = v}

has a unique possible world W;_; U {value(i) = v}.

'We will generalize and prove this result in Lemma 12.
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(b) @ > 3. The possible outcomes of value(i) with respect to W;_; are 1,...,6.
IL; U{W,_1 }U{« not value(i) = v} has a unique possible world containing

W;_1 U {value(6 — i) = v} and atoms formed by attribute possible_value.

3. Condition 3 is vacuously satisfied, since, as we have shown, there exists a random

selection with value_of (i) in the head active in W;_;.

3.3.3 Blood Type Problem

The problem description is based on section 4.1.3 in [Zhu, 2012].

The ABO blood group system distinguishes four types of bloods: A, B, AB and
O. The type of blood of each individual is determined by two genes inherited from
his/her parents (one gene is inherited from each parent). The pair of genes is also
called a genotype. There are three types of genes: a, b and o, and 6 correspond-
ing genotypes: ao,bo,ab,aa,bb,00. The genotypes ao, bo, ab, aa, bb, oo are
distributed in generation 1 with probabilities 0.24, 0.24, 0.18, 0.09, 0.09, 0.16 corre-
spondingly. The corresponding blood type of a person for each combination of inherited

genes (which determines his/her genotype) is given in Table 3.1.

Table 3.1: ABO blood group system

Father’s gene b
Mother’s gene a ©
a A |AB | A
b AB| B | B
o A B O

If an individual A has genes of types X and Y, and an individual B has genes of
types F' and H, their child will have one of the pairs of genes (X,F), (Y,F), (X,H),
(Y,H); where each pair is inherited with probability 0.25.

P-log program II° represents the story:
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%% Blood Type Problem

%% Sorts

#person={mary, todd, john}.

#gene ={g_a,g_b,g_o}.

#genotype = g(gene(X), gene(Y)) : X<=Y.

#bloodtype={b_a,b_b,b_o,b_ab}.

#generation = {1,2}.

%% Attributes

genotype_of: #person -> #genotype.

bloodtype_of: #person -> #bloodtype.

mother_of: #person —> #person.

father_of: #person -> #person.

generation_of: #person -> #generation.

possible_combination: #genotype, #genotype, #genotype -> #boolean.

belongs_to: #gene, #genotype -> #boolean.

%% Rules

% generations
generation_of (john)
generation_of (mary)

generation_of (todd)

% family tree

mother_of (john)=mary.

father_of (john)=todd.
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% blood_type(X)=G : the blood type of person X
% determined by the genes he or she inherits from parents

% as described in table 1

bloodtype_of(X)=b_a :- genotype_of(X) = g(g_a,Y), Y!=g_b.

bloodtype_of (X)=b_b :- genotype_of(X) = g(g_b,Y), Y!=g_a.
bloodtype_of (X)=b_ab :- genotype_of(X) = g(g_a,g_b).

bloodtype_of(X)=b_o :- genotype_of(X) = g(g_o,g_o).

% the genotypes of the parents of a person X in the old generation are

% distributed as it is given in the problem statement

random(genotype_of (P)) :- generation(P) = 1.

pr(genotype_of (X) = g(g_a,g_o) |generation(X) = 1) = 24/100.

pr(genotype_of(X) = g(g_b,g_o) |generation(X) = 1) = 24/100.

pr(genotype_of (X) = g(g_a,g_b) |generation(X) = 1) = 18/100.

pr(genotype_of (X) = g(g_a,g_a) |generation(X) = 1) = 9/100.

pr(genotype_of (X) = g(g_b,g_b) |generation(X) = 1) = 9/100

pr(genotype_of (X) = g(g_b,g_b) |generation(X) = 1) = 16/100.

% the genotypes of a person in the new generation are randomly

/» inherited from his/her parents

random(genotype_of (P) : {G:possible_genotype(P,G)}) :-

generation_of (P) = 2.

possible_genotype(P,G) :- father(P,F),

o2



Texas Tech University, Evgenii Balai, December 2017

mother (P,M),

genotype_of (F) = U,

genotype_of (M) = V,

possible_combination(G,U,V).

/» possible_combination(G,U,V) is true if G can be the genotype of a

% child whose parents have genotypes U and V

possible_combination(g(G1,G2),U,V) :- belongs_to(G1,U),
belongs_to(G2,V).
possible_combination(g(G1,G2),U,V) :- belongs_to(G2,U),
belongs_to(G1,V).

% belongs_to(G,GT) is true if gene G belongs to the pair of genes in
% genotype GT

belongs_to(G,g(G,X)).

belongs_to(G,g(X,G)).

Claim 5. II° is not causally ordered.

Proof. We will prove, by contradiction, a stronger claim:

there does not exists a strict probabilistic leveling (Def. 9) of II”. (3.26)

Suppose there exists a strict probabilistic | | of II°. From the rule:

random(genotype_of (P) : {G : possible_genotype(P,G)}) < generation_of(P) = 2
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By condition 2 of definition 9, for all p € #person, g € #genotype, we have that

|genotype_of (p)| > |possible_genotype(p, g)|. (3.27)

On the other hand, from the

possible_genotype(P, G) < father(P, F),
mother(P, M),
genotype_of (F) = U,
genotype of (M) =V,

possible_combination(G, U, V)

by condition 4 of definition 9 we obtain that for all p € #person, g € #genotype, f €

#person

[possible_genotype(p, g)| > |genotype_of(f)| (3.28)

By replacing p and f in equations (3.27) and (3.28) with the same element of the
sort #person, and g with some element of the sort #genotype we get a contradiction
to (3.26). Therefore, strict probabilistic leveling does not exist for II° and it is not

causally ordered.

Claim 6. The program I1° is dynamically causally ordered.

Proof. Recall that the rule

random(genotype_of (P)) < generation_of (P) =1

is a shorthand for

random(genotype_of (P) : {X : p(X)}) < generation_of (P) =1
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s.t.

{p(G) | G € #genotype} (3.29)

are facts of IT°. II®

base

consists of facts (3.29), the rules:

generation_of(john) = 2

generation_of(mary) = 1

generation_of(todd) = 1

mother_of(john) = mary

father_of(john) = todd

possible_combination(g(G1,G2),U, V) < belongs_to(G1,U), belongs_to(G2,V)
possible_combination(g(G1,G2),U, V) < belongs_to(G2,U), belongs_to(G1,V)
belongs_to(G, g(G, X))

belongs_to(G, g(X, G))

and the general axioms for each of the attribute terms occurring in them. Clearly,

IT? .. has a unique possible world. Let us refer to the possible world as W. Therefore,
there exists a dynamic structure Iy, . .., II3 of II® induced by the leveling

L = genotype_of(mary), genotype_of(todd), genotype_of(john)

where, as it can be shown, [Ty =TI}, .

We next construct Iy, ..., II3. The rules of II; are the union of the rules of Iy,

the rule

random(genotype_of(mary)) < generation_of(mary) =1, (3.30)

some rules whose bodies are falsified by W), and and the general axioms for attribute
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term genotype_of(mary).

The rules of II, are the union of the rules of II; and the rule

random(genotype_of (todd)) < generation_of(todd) = 1 (3.31)

some rules whose bodies are falsified by Wy, and the general axioms for attribute

term genotype_of(todd).

Finally,IT3 contains all the rules of II, where the only rule with genotype_of(john)
in the head whose body is not falsified by Wj is

random(genotype_of (john) : {G : possible_genotype(john,G)}) < (3.32)

generation_of(john) = 2

We will prove conditions 1-3 of definition hold 20 for every 1 < i < 3 for every
possible world W;_; of II;,_;. We will use the facts that 2.

W() - Wifl (333)

and

W;_1 does not contains atoms of level 0 other than those in W) (3.34)

1. We prove condition 1.

(a) © < 2. Let parent be mary if i = 1, and todd if i = 2. It is easy to see that

the rule

random(genotype_of(parent)) < generation_of (parent) =1  (3.35)

2We will generalize and prove this result in 12.
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is active in W;_1, and the body of the second random selection rule that
has genotype_of(parent) in the head has literal generation_of (parent) = 2
falsified by Wy (and, therefore, as it follows from (3.33), by W;_1).

i = 3. It can be shown that the rule (3.32) is active in W;_;. Indeed,

generation_of(john) =2 € Wy C W,_q,

so the body of the rule is satisfied. The attribute terms of the form

possible_genotype(john, G)

depend on only on attribute terms genotype_of(mary), genotype_of(todd)
in red(Il), and, therefore, belong to the signature of W;_;. We next show
that

possible_genotype(john,G) is true in W, for at least one G (3.36)

Since W, C W5, we have that

W, satisfies the bodies of rules (3.30) and (3.31) (3.37)

Since both (3.30) and (3.31) belong to II; by construction, and Ws is a

possible world of Ily, we have that

Wy assigns values to both genotype_of(mary) and genotype_of(todd)
(3.38)

Let m and t be the values of genotype_of(mary) and genotype_of(todd)
in W5 respectively. That is,
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genotype_of (mary) =m € Wy (3.39)

and

genotype_of(todd) =t € Wy (3.40)

From the rules of Il and the fact that W, C W5, we have that there exists

at least one constant g s.t.

possible_combination(g,t,m) € Ws (3.41)

Since the rule 7’

possible_genotype(john, g) < father(john, todd),
mother(john, mary),
genotype_of(todd) = t,
genotype_of (mary) = m,

possible_combination(g,t,m)

belongs to II,. W5 is a possible world of 1ls,

{father(john,todd), mother(john, mary)} C Wy C Wy,

and, by (3.39) and (3.40), and (3.41), W, satisfies the body of . Therefore,
W, satisfies the head possible_genotype(john, g) of r', and

possible_genotype(john, g) € Ws.

Therefore, (3.36) holds.
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2. We prove condition 2.

(a) i < 2. Let parent be mary if i = 1, and todd if i = 2. It is easy
to see that the rule (3.35) is active in W;_;. The possible outcomes of
genotype_of (parent) with respect to W,;_; are all elements of #genotype.
For each v € #genotype, the program has a unique possible world W,

where

i. if i =2, then W = W,_; U {genotype_of (parent) = v}
ii. if i = 3, then W = W,_; U {genotype_of (parent) = v}U
{possible_genotype(john, X) | U,V : genotype_of (todd) = U,
genotype_of (mary) =V, possible_combination(X,U, V) € Wy}

(b) ¢ = 3. Rule (3.32) is active in W5. The possible outcomes of attribute

term genotype_of(john) are

{Y | possible_genotype(john,Y) € Wy}

For each value y € {Y | possible_genotype(john,Y ')}, the program II; U
{Wi_1} U {«+ not value(i) = v} has a unique possible world W;_; U

{genotype_of (parent) = v}.

3. Condition 3 is vacuously satisfied, because the rules (3.30), (3.31) and (3.32)

are active for + = 1,2 and 3 respectively.

3.3.4 Not Dynamically Causally Ordered
In this subsection we show an example of a program which is causally ordered,

but not dynamically causally ordered. Consider the program Ilg:

a,b,h,x,y:#boolean.
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p: #boolean -> #boolean

h. p(true). p(false).
random(x:{X:p(X)}).
random(y:{X:p(X)}) :- x.
a:- not b, x.

b:- not a, x.

a :- not h, y.
- a,y.
(- oa,-y.

Claim 7. Ilg is causally ordered.

Proof. Let ¥4 be the signature of Ilg. Consider the leveling | | which maps attributes

to natural numbers as follows:

o |p(true)| = 0, |p(false)| = 0,]z[ = 1,y = 2,]a| = [2[,[b] = 2, [random(z, p)| =
L,

[truly_random(x)| = 1, |truly_random(y)| = 2, |random(y,p)| = 2, |h| =0
e for every attribute term z of Ilg and boolean z, |obs(z) = y| = 0, |do(z,y)| =0

It is easy to check that | | is strict probabilistic (Def 9).

We now construct the structure IIj, ..., IT, of Ils induced by | |. Lo consists of

literals formed by:

{h,p(true), p(false), random(z,p)}
U {obs(z,y1,y2)|2z € attr(Xe)), va,y2 € {true, false}}

U {do(z,y)|z € attr(Xe)),y € {true, false}}
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L4 is the union of Ly and the literals formed by

{z,random(y, p), truly_random(z)} (3.42)

L, consists of all literals of ¥¢. I}, consists of rules

p(true).
p(false).

and the general axioms of II with all literals occurring in them being from L. II}
consists of the union of the rules of IIj, and the general axioms of Ilg with all literals

occurring in them being from L.
1T, = Il,.
We now check the condition of causally ordered program (Def. 11).
1. Condition 1 is true. ITj has a unique possible world {h, p(true), p(false)}?
2. We check condition 2. We do it separately for ¢ = 1 and ¢ = 2.

(a) ¢ = 1. The atoms = = true and x = false are possible in Wy w.r.t II}.

The program ITf U Wy U {<— not = = true} has a unique possible world:

Wy = {xz, h,p(true), p(false)}.

The program ITf U W, U {<— not © = false} has a unique possible world:

Wy = {=z, h, p(true), p(false)}

3as before, special atoms are omitted
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(b) @ = 2. The program II} has two possible worlds: W; and W5. We check

the condition for each of them separately.

i. Wj. The atoms y = true and y = false are possible in W; w.r.t II,.
The program IT, U W, U {<— not y} has a unique possible world:

{z, h, p(true), p(false),y,b}.

The program IT, U W; U {<- not y = false} has a unique possible

world:

{z, h, p(true), p(false), ~y, b}

ii. W5, The attribute term y is not active in Wy w.r.t II}, thus this

condition is trivially satisfied.
3. We check condition 3. We do it separately for : = 1 and ¢ = 2.

(a) « = 1. Since a is active in Wy w.r.t II;, this condition is trivially satisfied.

(b) i = 2. The program II} has two possible worlds: W; and W,. We check

the condition for each of them separately.

i. Wj. Since z is active in W; w.r.t 15, this condition is trivially satisfied.

ii. Ws. The program II, U W5 has a unique possible world:

{—z, h,p(true), p(false)}

Claim 8. Ilg is not dynamically causally ordered.

Proof. Suppose

I1g is dco (3.43)
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The signature of the base Ily,se, Xpase, consists of attribute terms:

{h,p(true), p(false)}
U {obs(z,y1,y2)|2z € attr(Xe)), va,y2 € {true, false}}

U {do(z,y)|z € attr(3s)),y € {true, false}}

The rules of Il consist of

p(true).
p(false).

and the general axioms of II with all literals occurring in them being from >3y. Clearly,

[Ty has a unique possible world:

Wo = {h, p(true),p(false)}

The program red(Ilg) consists of rules:
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h.

p(true).

p(false).

random(x : {X : p(X)}.

random(y : {X : p(X)} + x

a < not b, x

b < not a,x

—a,y

—a,y

truly_random(x) < random(x, p), not do(z,true),not do(x, false)

truly_random(y) < random(y, p), not do(y, true), not do(y, false)

In 1 (2) we show that Il is not dynamically causally ordered via z,y (via y,z).
Since x,y and y, x are the only two probabilistic levelings of Ilg, this will imply that

I is not dco.

1. We consider probabilistic leveling L; = x,y. The total probabilistic leveling | |;
induced by L; is defined as follows:

o p(true)ly = O,|p(false)ly = 0,]z[y = Llyh = 2,]aly = L[bly = 1,
|random(x,p)|; = 1,|truly_random(x)|; = 1, |truly_random(y)|; = 2,

|Tand0m(y7p>‘1 = 27 ’hh =0

e for every attribute term z of Ilg and boolean z, |obs(z) = yl» = 0,

|do(z,y)|2 =0

Since I, has a unique possible world, there exists a dynamic structure IIJ, I17,

1} induced by L;, where IT} = [Tyy.
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The signature X} of IT} consists of the union of the set of attribute terms in %
and

{a,b,z,random(z,p)}

and the rules of II] consist of:

h

p(true)

p(false)

random(z : {X : p(X)}
a < not b, x

b <+ not a,x

and the general axioms of IT with all literals occurring in them being from 1.

We will show that condition 2 of definition 21 is violated for ¢+ = 1, thus deriving

a contradiction to (3.43). Clearly, the rule

random(x : {X : p(X)})

is active w.r.t W since x is possible in Wy w.r.t ITI{. However, the program

I} U Wy U {<+ not x} has two possible worlds:

WoU{a,z}

and

W() U {b, ZL‘}
which is contradiction to condition 2 of definition 21.
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2. We consider probabilistic leveling Ly =y, x.

We will show that condition 1 of definition 21 is violated for i = 1. Wy is a

possible world of IT}, Tg contains a rule

random(y) < x

however, {z} is neither satisfied nor falsified by Wy, since = does not belong to

EboLse .
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CHAPTER IV
COHERENCY RESULT

In this section we give a sufficient condition of coherency of programs for the new
version of P-log. More precisely, we show that dynamically causally ordered programs

defined in chapter III satisfying an extra condition (unitarity) are coherent.

We start from restating the definitions from [Baral et al., 2009] related to coherent

and unitary programs.

4.1 Coherent Programs
The notion of coherent programs was introduced in [Baral et al., 2009]. Intu-
itively, a program P is coherent if it is logically and probabilistically consistent. The
former means that P has possible worlds. The latter says that causal probabilities,
given by pr-atoms, entail corresponding conditional probabilities defined by the pro-

gram. To provide a better intuition of coherency, we give some examples.

Example 8 (Coherent program).

Consider program II;:

a,b:boolean.

random(a) .
pr(a) = 0.3.
b :- a.

I1; is consistent and it has two possible worlds: W; = {a,b} and Wy = {-a}
with corresponding probabilistic measures 0.3 and 0.7. The probability of a in II is
therefore equal to

Pr,(a) = 0.3/(0.340.7) = 0.3

The probability of a defined by II; matches the probability from the pr-atom, and

the program is coherent.
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Example 9 (Incohrent program).

Consider program Ilg:

a,b:boolean.
random(a) .
pr(a) = 0.3.

b :- a, not -b.

-b :- a, not b.

IIs has three possible worlds: Wy = {a,b}, Wy = {a,—b} and W3 = {—-a} with
corresponding unnormalized probabilistic measures 0.3, 0.3 and 0.7. The probability

of a is therefore equal to:

Pr,(a) = (0.3 +0.3)/(0.3+ 0.3+ 0.7) ~ 0.462

0.462 # 0.3, so Ilg is not coherent. Intuitively, the probabilistic inconsistency of Ilg
is explained by the rules b <— a,not —b, =b <— a,not b which create non-determinism

that is not resulted from random selections.

|

We next define coherent programs formally, starting from some notation. Let II
be an arbitrary program with signature . We will extend ¥ with a fresh attribute
term ap for every set B of e-literals of 3. For a set of e-literals B of X , by obs(B)
we denote a set of two rules:

agp +— B

< not ap
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Intuitively, obs(B) can be viewed as a generalization of observations of single literals.
If a program II is extended with the rules from obs(B), the possible worlds of the new

program will be the possible world of II satisfying B.

Definition 24 (Program coherency).
Let IT be a P-log program and IT" be a program obtained from II by removing activity
records. We will say that II is coherent if:

e P is defined.

e For every selection rule r of the form random(a : {X : p(X)}) + K and every
probability atom of the form pr(a =y | B) = v of 11, if Pr(BU K) is not equal

to 0 then PH/Uobs(B)Uobs(K) (CL = y) =v.

a

Note that the first condition implies consistency of II'. For the examples of coher-

ent programs, please refer to [Baral et al., 2009).

4.2  Unitary Programs

Let IT be a ground P-log program containing random selection rule r of the form
random(a : {X : p(X)}) + K (4.1)

and
prla=y|B)=v (4.2)

be a pr-atom of II.
Let Wy and W5 be possible worlds of II satisfying K from rule (4.1). We say that

W1 and Wy are probabilistically equivalent with respect to r if
1. for all y, Wi = p(y) if and only if W5 = p(y), and

2. for every pr-atom of the form (4.2), W, = B if and only if W, = B.
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A scenario for r is an equivalence class of possible worlds of II satisfying K, under
probabilistic equivalence with respect to r. Let s be a non-empty scenario for rule r

of I, a be an attribute term of II.

We will define the set of possible outcomes of a via r in s, denoted by PO(s,r,a)
to be equal to the set of possible outcomes of a via r in an arbitrary member W of s

(the latter was introduced in section 2.2 and was denoted by PO(W,r,a)).

For a random selection rule r of the form (4.1) and scenario s for r, let at.(s)
denote the set of probability atoms of the form (4.2) whose bodies are satisfied by

every possible world in s.

Definition 25 (Unitary rule).
Rule r of the form (4.1) is unitary in I, or simply unitary, if for every scenario s of

r, one of the following conditions holds:

1. For every y in PO(s,r,a), at,(s) contains a pr-atom of the form (4.2), and,
moreover, the sum of the values of the probabilities assigned by members of

at.(s) is 1; or

2. There is a y in PO(s,r,a) such that at,(s) contains no pr-atom of the form
(4.2), and the sum of the probabilities assigned by the members of at,(s) is less

than or equal to 1.

Definition 26 (Unitary program).

A P-log program is unitary if each of its random selection rules is unitary. O

In what follows, we will refer to the class of dynamically causally ordered unitary
programs as class B, mentioned in the introduction (Chapter I).

For the examples of coherent programs, please refer to [Baral et al., 2009].
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4.3 Coherency Theorem

Theorem 1. Every program from B is coherent.

|

Note that, in the condition 1 of Definition (20), it is necessary to consider pr-atoms

of the form

priei =y | B) =wv (4.3)

for correctness of the theorem. We will next show that an alternative formulation of
Definition 20 that omits this condition makes the theorem incorrect.

We will refer to the instance of the condition 1 when r is of the form (4.3) as
condition A. The following example shows that there is a program which satisfies all
conditions of dynamically causally ordered definitions excluding A, is unitary, but is
not coherent.

Consider the program Ilg:

a,b,c: #boolean.
random(a) .
pr(a | not -b, not b) = 0.3.

random(b) :- -a.

pr(-a | b) = 0.4.

pr(-a | - b) = 0.6.

The program has 3 possible worlds;

W1 = {CL}, W2 = {_\a, b}, W3 = {"CZ, _\b}

with corresponding unnormalized measures:

(W) = 0.3, 4f(W2) = 0.2, 4(W3) = 0.3
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Claim 9. Il satisfies all conditions of a dynamically causally ordered program except,
possibly, A.
O

Proof. Consider the leveling a,b. We will show that Il satisfies all the conditions
of 20, omitting condition A. The dynamic structure Iy — Iy of Iy induced by the

leveling is as follows:
e [ is an empty program with an empty possible world W.

° Hl is

a: #boolean.

random(a) .

e II; coincides with II.

We next check the conditions from 20, not including condition A (that is, we will only

prove condition 1 for rules).

1. We prove condition 1 for rules.

(a) ¢ = 1. Clearly, random(a) is active in W.

(b) @ = 2. The program II; has two possible worlds: W} = {a} and W}? =

{=a}!. We prove the condition for each of them separately.

i. The only rule to consider is

random(b) « —a,

whose body is falsified by W}.

L As before, we are omitting atoms of the form p(true) and p(false) defining the dynamic ranges
in the shorthands random(a) and random(b)
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ii. Again, the only rule to consider is

random(b) < —a,

whose body is satisfied by W2. Clearly, the rule is active in W2.

2. We prove condition 2.

(a) ¢ = 1. The rule random(a) is active in Wy, where true and false are
possible outcomes of a. The programs Wy U II; U {« not a = true} and
WoUIL; U{< not a = false} have unique possible worlds {a = true} and
{a = false} respectively.

(b) @ = 2. The program II; has two possible worlds: W} = {a} and W} =
{ma}.

i. The condition is vacuously satisfied for W}, since the body of the only
random selection rule of Iy containing b in the head is not satisfied
by Wi.

ii. The body of the rule

random(b) < —a

is satisfied by WZ. b has two possible outcomes in W3: true and
false. The program W2UTI,U{< not b} has a unique possible world:
{=a,b}. The program W3 U II, U {<+— not —b} has a unique possible
world: {—a, —b}.

3. We prove condition 3.

(a) ¢ = 1 The condition is trivially satisfied, because W, does not falsify the
body of the rule random(a).

(b) ¢ = 2 The program II; has two possible worlds: W} = {a} and W} = {—a}.

We consider them separately in i. and ii. respectively.
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i. The body of the only random selection rule with b in the head,

random(b) < —a,

is falsified by W. The program ITy U W has a unique possible world:
{—a}

ii. The condition is trivially satisfied, because W does not falsify the
body of the rule

random(b) < —a

Claim 10. Il is unitary.
O

Proof. To show that Il is unitary, by definition 26, we need to show that both of the
random selection rules

r1 = random(a)

and

ro = random(b) < —a

are unitary. The second rule is unitary by condition 2 of definition 25, because at,., (s)
is, clearly, empty, for every scenario s of 7o

We show that the rule r; is unitary. The scenarios for the rule are

s1 = {{a}}

s2 = {{a,b}}
s3 = {{—a, b}}

Note that:
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1. the possible worlds {a}, {—a,b} are not in the same scenario because only one

of them satisfies the body of pr(a | b) = 0.4.

2. the possible worlds {a}, {—a, —b} are not in the same scenario because only one

of them satisfies the body of pr-atom pr(—a | =b) = 0.6.

3. The possible worlds {—a, —b}, {—a, b} are not in the same scenario because only

one of them satisfies pr-atom pr(—a | b) = 0.4.
PO(sy1,11,a) is {true, false}. We have only one pr-atom with a in the head in at,., (s1)
whose body is satisfied by members of s1:

pr(a | not =b,not b) = 0.3

and 0.3 < 1.

For the scenario sy PO(s2,71,a) is {true, false}. We have only one pr-atom in

at,, (s2) whose body is satisfied by members of s,

pr(—a | b) =04
and 0.4 < 1.

For the scenario s3 = {—a,b}, PO(s3,71,a) is {true, false}. We have only one

pr-atom in at, (s3) whose body is satisfied by members of s3:

pr(a | =b) = 0.6

and 0.6 < 1.

Therefore, for every scenario s of random(a), condition 2 of Definition 25 is sat-
isfied. Therefore, random(a) is a unitary rule. Since both of the random selection

rules of Iy are unitary, Ily is unitary.
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Condition 1 from Definition 20 for random selection and regular rules is necessary
to guarantee that the value of attribute a; is decided in every possible world W;. Even
though there might be alternative sufficient conditions for coherency similar to the
one we have and not requiring this condition, we believe this guarantee simplifies the

presentation substantially.

The proof of Theorem 1 is given in appendix A.2. An important intermediate
result of the proof is a formulation of splitting set theorem for P-log, originally intro-
duced in [Lifschitz & Turner, 1994] for logic programs, is given in subsection A.2.2 of

the proof.
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CHAPTER V
ALGORITHMS

5.1 Introduction
We address the question of finding a probability Pr(Q), where @ is a literal. We
will also refer to the literal as a query to II. More complex conditional probabilities

can be easily reduced to this case.

A naive approach to this question suggests the computation of all possible worlds

of a given program. Consider, for instance, the following program II;g:

a, b, £ : #boolean.
random (a).
pr(a) = 0.3

random (b).

pr(b) = 0.6.
f - a.
f - Db.
-f :- not f.

and a query f.
The program has 4 possible worlds :

Wy ={a, f,b}, Wy = {a, f,=b}, W5 = {—a,b, f}, Wy = {—a,~f, b}

whose corresponding measures are:

p(Wy) = 0.18, (W) = 0.12, p(Ws) = 0.42, u(Wy) = 0.28

The probability of f is the sum of the measures of the possible worlds satisfying
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the query:

Pu,, (f) = (W) 4+ u(Wa) + (W) = 0.18 + 0.12 4 0.42 = 0.72

We will design an algorithm that allows to compute the probability of f without
computing all possible worlds of II;y. For program Iy, the algorithm will construct
a tree shown in Figure 5.1, looking for partial assignments satisfying or falsifying
f and representing collections of the program’s possible worlds. The construction
starts from an empty interpretation {}. Then random attribute a is selected! (shown
as a square node a), and two children are added to the node a, each corresponding to
possible outcomes, true and false, of the attribute and their immediate consequences.
In a similar manner, after selecting b, node {—a} is further expanded by attaching

the subtree rooted at b.

Figure 5.1: A tree for Iy

The node {a, f}, however, is not extended further. There are two possible worlds
of I1;¢ which are compatible with the node {a, f}: Wi = {a,b, f} and Wy = {a, b, [},
both assigning value true to f. The so called unnormalized measure of {a, [},

i({a, f}), is equal to the sum of the unnormalized measures of W and Wy (which

!The choice of the attribute actually depends on the heuristic. In this case we are assuming a is
selected.
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coincide with normalize measures, p(17) and pu(Ws) in this case):

ifa, f1) = n(Wh) + p(W2) (5.1)

By definition of u(W;) and p(Ws), we have:

i{a, f}) = p(Wi) + u(Ws)

Wi,a) - P(Wy,b) + P(Ws,a) - P(Wy, —b)
(W1,b

=

,a

P(W1,b) + P(Wy,a) - P(Wy,—b) (since P(Wy,a) = P(Ws,a))

Il
eI~ R« B B v

=

Y

(Wi, a)-

(Wi,a)-

(Wi, a) - (P(Wy,b) + P(Ws, b))
(Wi,a) -1

(Wi, a)

Wl,a

(5.2)

Therefore, the unnormalized measure of node {a, f} is equal to the probability of
a in this node, P({a, f}, a), and, therefore, can be simply read from the corresponding
pr-atom pr(a) = 0.3. Hence, there is no need to extend the node {a, f} further in
order to build a tree which allows to compute the probability of f: the probability

can be computed from the measures of the tree leaves {a, f} and {a,b, f} as follows:

P, (f) = p(Wh) + p(Wa) + p(Ws)

= n({a, f}) + p(Ws) (by (5.1))
=0.340.42 (by (5.2) and the discussion above)
=0.72

Note that the idea of stopping the tree construction in a particular node was
first described in [Zhu, 2012]. We adapt the ideas from there for the new class B

of coherent programs by defining a new type of search space (tree) and refining the
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corresponding conditions. We also address and correct a number of errors found in

[Zhu, 2012].

In the next sections we give more details on the algorithm. In section 5.2 we will
describe a transformation v which maps programs from B containing user-defined

rules of the form

a=y+ B (5.3)

where a is a random attribute term into equivalent programs not containing such
rules.

The transformation allows us to only consider programs from B which do not
contain rules of the form (5.3) with random attribute term in the head. We believe this
transformation allows to simplify the algorithm as well as the proof of its correctness
substantially. According to our observations, programs containing such rules are rare,
so this transformation will not affect most programs at all in practice.

In Section 5.3 we give auxiliary definitions needed for the algorithm and state
propositions necessary for its correctness. Section 5.4 will contain the description of

the algorithm, including pseudocodes and examples.

5.2 Transformation ~

Let IT be a program with signature 3. (II) is defined as follows:
1. The signature of y(II) consists of

(a) all attribute terms of X,

(b) a fresh boolean random attribute term fy,(a) for every action do(a = y)

of I1, and

(c) a fresh boolean attribute term p,(y) for every user-defined rule r of the
form

a=y+ B

80



Texas Tech University, Evgenii Balai, December 2017

such that a is a random attribute term of II.

2. The rules of y(II) are obtained from the rules of II by

(a) for every user-defined rule of II of the form

a=y<+ B

such that a is a random attribute and II contains an action do(a,y’) for

some 7/, adding the rules:

fdo(a) «— B
“fao(a) <= not fgo(a)

obs(—fao(a))

(b) replacing every user-defined r rule of II of the form

a=y<+ B

such that a is a random attribute term of II with the random selection

rule:

random(a : {Y : p.(Y)}) < B

and the fact

Pr(y)-
Proposition 3. Let Il be a program from B. We have:
1. ~(II) is from B, and

2. there is a bijection ¢ from the possible world of I to the possible worlds of ~(II)
such that for every possible world W of II:
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(8) (W) = poy(6(W)), and

(b) W and ¢(W) coincide on the atoms of II.

5.3 Definitions

In this section we define the notions needed for the algorithm. The search space
of the algorithm will be defined by Al-trees, and the algorithm will look for so called
solution trees for a query ) — special subtrees of the search space (section 5.3.3) that
will be used to compute the query probability. The nodes of the search tree will
contain attribute terms and e-interpretations (Section 5.3.1). The tree will be built
by gradually extending subtrees of an Al-tree: selecting a random attribute term and
adding children assigning values to it (such attributes and assignments are defined in
section 5.3.2). Sections 5.3.4 - 5.3.7 will discuss ideas and present notions related to

the algorithm efficiency.

5.3.1 E-interpretations

We found it convenient to consider interpretations consisting of e-literals, rather
than atoms. To define the consistency of such interpretations, we need an auxiliary
definition.

Let II be a program with signature .

Definition 27 (Contrary e-literals).
The e-literals [y and [, of ¥ are called contrary if at least one of the following two

conditions is satisfied:

1. 1 is of the form a = y and [, is of one of the forms:

® aFy,or

e a = y; where y; # y, or
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2. ly is of the form not [y

Definition 28 (Consistent set of e-literals).
A set S of e-literals is called consistent if it does not contain a pair of contrary
e-literals.

a

Moreover, such interpretation will include simple consequences. For instance,
assignment {} will define an e-interpretation containing also e-literals a # 2 and

not a = 2. This property is formalized by the following definition:

Definition 29 (Saturated set of e-literals).

A set S of e-literals is called saturated if it satisfies the following conditions:

—_

. if a = y belongs to S, then for every y; € range(a) \ {y}, a # 11 belongs to S
2. if a = y belongs to S, then not a # y belongs to S
3. if a # y belongs to S, then not a = y belongs to S

4. if not a # y belongs to S, then for every y; € range(a) \ {y}, not a = y;
belongs to S

5. if a is an attribute and there exists y € range(a) such that {not a =y’ | ¢ €
range(a) \ {y}} C S, then not a # y belongs to S

O

For a set I of e-literals, by satr(I) we will denote the smallest superset of I which
is saturated.

We are now ready to define e-interpretations:

Definition 30 (E-interpretation).

An e-interpretation I of X is a consistent saturated set of e-literals of X. O
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In denoting e-interpretations, we will sometimes omit e-literals that can be ob-
tained by saturation. For example, {a} denotes a e-interpretation satr({a}) =
{a,not —a,a # false}. In addition, whenever it is clear from the context, we will
omit e-literals formed by special attribute terms.

We will use shorthand @ = u to denote the set {not a =y | y € range(a)}. For
example, if a is a boolean attribute term, a = u denotes {not a = true,not a = false}.

We next define satisfiability and falsification of program elements w.r.t e-interpre-

tations. Let I be an e-interpretation of 3.

Definition 31 (An e-interpretation satisfying an extended literal).

I satisfies an e-literal [ of X if [ € I.

Definition 32 (An e-interpretation satisfying a set of extended literals).

A set L of e-literals is satisfied by I, if I satisfies every e-literal from L.

Definition 33 (An e-interpretation falsifying an extended literal).
I falsifies an e-literal [ of ¥ if I contains a literal [y such that [, and [ are contrary.

a

Definition 34 (An e-interpretation falsifying a set of extended literals).
A set L of e-literals is falsified by I, if I falsifies some e-literal from L. o

We next define relations between e-interpretations of ¥ and possible worlds of II.

Definition 35 (A possible world compatible with an e-interpretation).

A possible world W of II is compatible with I if W satisfies every e-literal from . O

Definition 36 (A consequence).

Let I, I be e-interpretations of 3. We will say that I is a consequence of I; w.r.t

11 if:

1. Il g [2, and

84



Texas Tech University, Evgenii Balai, December 2017

2. every possible world of II compatible with I is also compatible with Is.

|

Proposition 4. Let [ be an e-interpretation of ¥ and W be a possible world of II
compatible with I. We have:

e if [ satisfies an e-literal [ of 3, then W satisfies [,

o if | falsifies a literal [ of 3, then W does not satisfy (.
O

We next define an unnormalized measure of an e-interpretation, used by the al-

gorithm for computing probabilities:

Definition 37 (E-interpretation’s unnormalized measure).
Let I be an interpretation of ¥ and W4,..., W, be the possible worlds compatible
with I. We will define the unnormalized measure, or simply the measure of I, denoted

by (1), as follows:

5.3.2 Random Attributes Ready in an E-interpretation
The next collection of definitions is related to the selection and assigning values
to attribute terms in an e-interpretation. Such attribute terms are called ready (for

selection). Intuitively, if IT contains a rule

random(a : {X : p(X)}) + B
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such that B is satisfied by an e-interpretation I, and the set {X : p(X)} is “decided”
in I, then a is ready in I. If every rule with a in the head has a body falsified in I,
a is ready as well (in this case, we can claim that a takes no value in possible worlds
compatible with 7).

Definitions 38-41 formalize these concepts.

Definition 38 (Decided attribute term).
An attribute term a is decided in an e-interpretation I of ¥ if a = y € I for some y
in range(a), or a =u C I

|

Let a be a random attribute term of II, r be a random selection rule of the form:

random(a : {X : p(X)) < B, and

I be an e-interpretation of the signature of II such that I satisfies the body of . We
define PO(I,r,a) as:

PO(I,r,a) = {y | I satisfies p(y) and y € range(a)}

Definition 39 (Random attribute term active in an e-interpretation via a rule 7).
A random attribute term a of II is active in an e-interpretation I of X via rule r if

the following conditions are satisfied:
1. a is not decided by I.
2. r is the only rule of II satisfying the following conditions:

(2) the head of 7 s of the form random{a : {X : p(X)})"
(b) I satisfies the body of 7;

(c) every attribute term p(zx), where x € range(a), is decided in I;

Zrecall we view random(a) as a shorthand for random(a : {X : p(X)}), where r is the range of a
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(d) PO(I,r,a) # 0;

(e) for every y € PO(I,r,a), satr(I Ua = y) is consistent.

3. For every probability atom

pra=y| By)=v

in II B, is either falsified or satisfied by I.

Definition 40 (Disabled random attribute term).
A random attribute term a of I is disabled in an e-interpretation I of ¥ if the following

conditions are satisfied:
1. a is not decided by I, and

2. for every random selection rule of the form

random(a : {X : p(X)}) «+ B

B is falsified by 1.

Definition 41 (Ready random attribute term).
A random attribute term a of a program II is ready in an e-interpretation I of ¥ if a

is either active or disabled in I. O

Definition 42 (Possible values of an attribute term ready in an e-interpretation).
Let I be an e-interpretation and a be an attribute term ready in I. We will say that

y is a possible value of a in [ iff:

1. a is active in [ via rule r of I, and y € PO(I,r,a), or
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2. a is disabled in I, and y = u.

5.3.3 Al-trees

Al-trees (where 'A’ stands for attribute term, and "I’ stands for interpretation)
will be used to represent the search space of a family of algorithms computing the
probability of a query of programs from B.

Let IT be a program from B with signature ¥. By int(X) we will denote the set

of e-interpretations of .

Definition 43 (Al-tree).
The Al-tree of 11, parameterized by a partial function fi : int(X) ~ int(X) is a tree

T such that the following conditions are satisfied:

1. Each node of the tree is labeled with a random attribute term of II (also referred

to as an a-node), or an e-interpretation of X (also referred to as an i-node).
2. The root of T' is labeled with fr({}).

3. A node Ns is a child of a node N if at least one of the following two conditions

is satisfied:

(a) Ny is an a-node with label a, N; is an i-node with label I, and a is ready
in 1,

(b) Np is an a-node with label A whose parent is labeled with interpretation
I, fu(I U{A =y}, 1) is defined for every possible value y of A in I , and
N is an i-node with label fr(/U{A = y'},1I), where ¢/ is a possible value
of Ain I.
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By Tu(f) we will denote the Al-tree of II parameterized by f.
Whenever it is clear from the context, we will identify nodes with their labels.
We next define a special class of functions which will normally be used as param-

eters of Al-trees.

Definition 44 (Consequence function).
We will say that a partial function f : int(X) ~ int(X) is a consequence function of

IT if:
1. f({}) is defined, and

2. for I € int(X), if f(I) is defined, then f(/) is a consequence of I w.r.t. II and

no e-literal in f(I) \ I is formed by a random attribute term of II.
O

In what follows we will only consider Al-trees parameterized by consequence func-
tions.
We now describe how, given an Al-tree, the probability of query () can be com-

puted. We will start from some auxiliary definitions.

Definition 45 (Compatible e-interpretation).
An interpretation I of ¥ is compatible if there is a possible world of II compatible

with I. Otherwise, I is incompatible.

Definition 46 (Conclusive e-interpretation).
We will say that an e-interpretation I of ¥ is conclusive with respect to query @) of

IT if @ is decided in I.

Definition 47 (Cut).
Let T'= T (f) be an Al-tree. A tree T, is a cut of T'if T, is a subtree of T" such that:
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1. the root of T, is the root of T,
2. each i-node I of T, has at most one child in 7, and

3. for each a-node a of T,, I is a child of a in T, iff I is a child of a in T
O

Next we define a special class of subtrees of T(f), called solution trees w.r.t @,

which, as we will later show, can be used to compute the probability of ().

Definition 48 (f-solution tree with respect to Q).
A tree T, is an f-solution tree, or just an f-solution, of II with respect to query @ if
there is an Al-tree Tr(f) such that T}, is a cut of Ty (f) and every leaf node of T, is

either incompatible or conclusive with respect to Q). O

Definition 49 (Solution tree w.r.t. Q).
A tree Ty, is a solution tree, or just a solution, of Il w.r.t. @ if Ty is an f-solution of
IT w.r.t. @ for some consequence function f.

|

The following proposition explains how to compute the probability of a query

given a solution tree with respect to Q.

Proposition 5. Given a program II from B, a query () of II and a solution tree .S of
IT with respect to @, let £ be the set of compatible leaves of S, and L be the subset
of £ such that each member of L satisfies (). We have:

1. if Py is defined, then

> in(D)

IEEQ

- > fm(I)

IeLl

Pr(Q) (5.4)

2. otherwise,

> (1) =0 (5.5)

IeL
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|

The efficiently of the search of a solution depends significantly on the procedure
which checks if a node is incompatible. In section 5.3.4 we will define sufficient
conditions on a consequence function which allow to perform these checks in linear
time. Another difficulty of the computation is related to the computation of measure
i1 for compatible leaves of a solution. Section 5.3.5 describes a method for doing this
efficiently. In section 5.3.6 we will describe a special class of solutions which can be
used to compute the probability of a query by doing the incompatibility checks as
described in 5.3.4 and computing the measures using the method from 5.3.5. We
will also discuss the conditions under which there exists such a solution of IT w.r.t Q
there. In addition, in section 5.3.7 we give examples of several consequence functions
that can be used to produce such solutions and discuss their impact on the size of

the solution trees.

5.3.4 Detecting Incompatible Nodes Efficiently

In this section we will define sufficient and necessary conditions for a node of an
Al-tree to be incompatible that can be checked efficiently. We will start from defining
a special class of consequence functions. As before, let IT be a program from class
B with signature 3. The set of e-literals conflicting with activity record do(a = vy),
denoted by conf(do(a =vy)), is

{not do(a = y) = true,not do(a = y) # false,do(a = y) = false,do(a = y) # true}.

The set of e-literals conflicting with an observation obs(l) is

{not obs(l) = true,not obs(l) # false,obs(l) = false, obs(l) # true}.

For an activity record r, conf(r) denotes the set of e-literals conflicting with r.
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Definition 50 (Admissible consequence function).

Let AR be the set of activity records of II. Let IT" be the program IT \ AR. Let
f'int(X) ~ int(X) be a consequence function of II'. We describe partial function
f int(3) ~ int(X) determined by II" and f’. Consider T = {truly_random(a) :
Jy do(a = y) € AR} and let Ly, be the set of literals formed by attribute terms from
T. Let TU be the set of e-literals:

TU ={not 1|1 € L}.

Let ARNoT be the set of e-literals:

ARnor = U conf(rec)

recEAR

We will define f(I) for every interpretation I such that:

1. IﬂLtr:Q)
2. INARnor =0

3. f/(I\ (TU U satr(AR))) is defined,

as follows:
f(I) = satr((f(I\ (TU Usatr(AR)) \ Ly \ ARyor) UTU U AR)
We will say that f is an admissible consequence function w.r.t II induced by f'.

|

Proposition 6. Let f be an admissible consequence function of program II from B.
We have f is a consequence function of II.

a

For a program II, by X' (IT) we will denote the collection of general axioms of IT of

each of the forms:

92



Texas Tech University, Evgenii Balai, December 2017

+—do(a=1y),not a =y
< obs(l),not 1
+ do(a = y),not random(a, py), . ..,not random(a, p,).

Definition 51 (Definite node).

We will say that an e-interpretation I of ¥ is definite (w.r.t II) if
1. [ falsifies the body of every axiom in X'(II), or

2. I satisfies the body of some axiom in X'(II).

Finally, we have the following property for incompatible Al-tree nodes.

Proposition 7. Let f be an admissible consequence function of Il and I be a definite
i-node of Ty (f). I is incompatible iff there exists an axiom in X(II) whose body is

satisfied by I.

5.3.5 Computing Node Measures Efficiently

In order to use Proposition 5 to compute Pr(Q), we need to compute the measures
of compatible leaf nodes efficiently. In this section we will define a special function i*
on e-interpretations, called a candidate measure, which can be computed efficiently,
and show that under certain conditions i*(I) = f(I). The definitions for g* will
mostly repeat the definitions of unnormalized measures fi of possible worlds from the
P-log semantics, with the normal satisfiability being replaced with satisfiability for
e-interpretations.

Let I be an e-interpretation satisfying conditions 4 - 6 as defined below.
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Condition 4 (Unique selection rule for e-interpretations).

If IT contains two rules r; and ry of the forms

random(a : {X : p1(X)) < By

and

random(a : {X : po(X)) < By

then I does not satisfy at least one of the bodies B; and Bs.

Condition 5 (Unique probability assignment for e-interpretations).

If IT contains a random selection rule

random(a(t) : {Y : p(Y)}) + B

along with two different probability atoms

pr(a(t) | By) = vy and pr(a(t) | Bs) = vy

then I does not satisfy at least one of bodies B, B;, and Bs. O

Condition 6 (No probabilities assigned outside of dynamic range for e-interpreta-
tions).

If IT contains a random selection rule

random(a(t) : {Y : p(Y)}) « By

along with probability atom

pr(a(t) =yl By) = v

then if [ satisfies By and B, then [ satisfies p(y).
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For every atom a = y in I such that

y € PO(I,r,a) for some random selection rule r : random(a,p) < B of II

such that B C I, (5.6)

truly_random(a) € I, (5.7)

for every pr-atom pr(a =y, |B) = v of II, either B C I, or B is falsified by I,
(5.8)

if there is a random selection rule random(a,p) < B s.t. B C I,

then for every y € range(a), p(y) is decided in I, (5.9)

we will define the corresponding causal probability P(I,a = y). Whenever possible,
the probability of an atom a = y will be directly assigned by pr-atoms of the program
and denoted by PA(I,a = y). To define probabilities of the remaining atoms we
will use the principle of indifference, as we did for defining probabilities for possible
worlds. The probabilities of those remaining atoms will be denoted by PD(I,a = y).
(PA stands for assigned probability and PD stands for default probability).

More precisely, for each atom a = y in I satisfying conditions (5.6) - (5.9) we

have:

1. Assigned probability:

If IT contains pr(a =y | B) = v, I guarantees B, then

(note that Condition 5 implies that PA(/,a = y) is uniquely defined).
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2. Default probability:

Let Au(I) = {y | PA(I,a = y) is defined}, and y be a member of PO(I,r,a)
such that y & A,(I). Then let

Ba(I)=|{y | y € PO(I,r,a) is possible in I and y & A,(I)}|

PD(I,a=y) = %&,SD

3. Finally, the causal probability P(I,a = y) is defined by:

PA(I,a=vy) ifye A.)
PD(I,a =vy) otherwise.

Definition 52 (E-interpretation’s candidate measure).
Let I be an e-interpretation of [l and D ={a=y € I | P(I,a = y) is defined}. The

candidate measure, if;(I), of I induced by 11 is

i = T Pt.a=y).

a=yeD

|

When the program II is clear from the context we may simply write f/* instead of
iy

Notice that, the intuitive meaning of the candidate measure for e-interpretation
may not be immediately clear. In what follows, we introduce a class of e-interpre-
tations with a useful property: the candidate measures of such e-interpretations are

equal to their corresponding measures.

Definition 53 (Informative e-interpretation).
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An e-interpretation [ of X is informative iff

(1) = 1)

Example 10. Consider the program II;:

a,b:boolean.
random(a) .

pr(a) = 0.3.

The e-interpretation I = {a, random(a), truly_random(a)} is informative. There is a

unique possible world W of II;; compatible with I, and

Clearly, not every e-interpretation is informative.
Example 11. Consider the program II5:

a,b:boolean.
random(a) .
random(b) :- a.

pr(b) = 0.3.

The e-interpretation

I = {=a, random(a), truly_random(a), b, random(b), truly_random (b)}

is not informative. There are no possible worlds compatible with I, so () = 0.
However,

i*(I) = P(=a,I) - P(b,I) = 0.5-0.7 = 0.35.
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O
The following proposition gives sufficient conditions for a node to be informative.

Proposition 8. Let II be a program from B, f be an admissible consequence function

of Il, T (f) be an Al-tree of II and I be an i-node of Ty (f). If
1. I is compatible and definite, and

2. for every random attribute term a decided in I, truly_random(a) is decided in

1

then I is informative (see definition 53).

5.3.6 Efficient Solutions
In this section we will describe a special class of solutions which can be used to
compute the probability of the query efficiently, using the results of the previous two

sections and the formula from Proposition 5.

Definition 54 (Efficient solution).
Let II be a program from B with signature ¥, f a consequence function of II, Q) a

query of IT and S a cut of T (f) that is a solution of IT w.r.t Q. S is efficient iff:
1. f is an admissible consequence function,
2. every leaf of S is definite, and
3. every compatible leaf of S is informative.
O

Suppose S is an efficient solution. Since every leaf is definite, and it is a cut of a
tree parameterized by an admissible consequence function, incompatible leaves can be

efficiently found using the results from Proposition 7. The measure of the informative
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compatible leaves of S can be efficiently computed using the results from Proposition
8, Definition 53 and the formulas for candidate measures.
When searching for a solution, we will look for cuts of an Al-tree parameterized

by an admissible consequence function whose leaves are either:
1. definite and incompatible, or

2. definite, conclusive w.r.t given () and informative (i.e, deciding truly_random(a)

for each decided random attribute term a).

We will refer to such leaves as final w.r.t. Q.
The existence of final solutions in an Al-trees obtained from certain consequence

functions is guaranteed by Proposition 12.

5.3.7 Consequence Functions

The efficiency of the algorithm depends on the number of nodes of Ty;(f) visited
before a solution tree is found. The choice of f largely impacts the efficiency.® Usually,
the larger consequences are computed by f, the less number of nodes in a tree will
be visited. This section discusses the details.

For a given program II with signature X, we will define 3 different admissible con-
sequence functions: f; — f3 whose corresponding Al-trees contain efficient solutions.
Function f; computes a minimal collection of consequence needed for the correctness
of our algorithm. Functions f; and f3 are the refinements of f; which are designed
to compute more consequences. Function f5, defined using f7, allows to obtain larger
consequences than f;. Function f3, defined using fs, allows to compute consequences
of some interpretations for which f5 is undefined.

Before describing the functions, we will introduce some notation and abbrevia-
tions.

By RT(II) we will denote the set of all random attribute terms of II.

3another important factor is the order in which the tree is explored, affected by the heuristics
used to choose an attribute term (see section 5.4)
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Let I be an e-interpretation of II. In what follows we use the following abbrevia-

tions:
e DRTy(I) — the set of random attribute terms of II decided in [I.
e NRTy(I) — the set of non-random attribute terms of IT such that:

— each member of N RT1(I) does not depend on RT(II)\ DRT1;(]) in red(11),

and

— for every member of NRTy(I) of the form random(a,p), a € DRTy(I)
and p(xz) € NRTy(I) for every = € range(a),

— for every member of NRTy(I) of the form truly random(a) we have

random(a,p) € NRTn(I)

for every attribute term of the form random(a,p) of X.

We will sometimes omit II from DRTy(I), NRT(I) when the program is clear from
the context. When listing the attribute terms of NRT'(I), will will sometimes omit

(some) special attribute terms.
Example 12. Consider the program II;3:

a,b,f,h: #boolean.
random(a) .
random(b) .

f:- a.

h:- a,b.

and e-interpretations:

I, = {random(a),a}, and

I, = {random(a), a,random(b), b}
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Clearly, we have:

RT(I13) = {a, b},
DRT(I;) = {a},
DRT(I) = {a,b}.

Attribute term f depends only on a, and h depends on both a and b. The attribute
terms formed by truly_random and random are included only with the corresponding

random attributes. So,

NRT(I,) = {random(a), truly_random(a), f},

NRT(I) = {random(a), truly_random(a), random(b), truly_random(b), h, f}.

|

For a partial interpretation I, by ENC(I) (read “the encoding of I”) we will

denote a collection of rules obtained from [ as follows:

1. for every atom a =y € I, ENC(I) contains fact a = y,
2. for every e-literal not | € I, ENC(I) contains a constraint < [, and

3. for every literal of the form a # y in I, ENC(I) contains two constraints:

—a=y

and

<~ nota=1vyy,...,not a =1y

where range(a) = {y1, ..., yr}
We will define functions f; — f3 below.

1. Given an e-interpretation I, let Il.,,s(I) be a P-log program consisting of:
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e all the declarations of II,
e cvery rule r of red(Il) such that:

— the head of r is not formed by a random attribute term,

— every e-literal occurring in 7 is formed by an attribute term from
NRT(I)UDRT(I),

— ris not an activity record,

r is not of the form

truly_random(a) <random(a,p),

not do(a,v1), . ..,not do(a, yx)

where for some y € {y1,...,y}, do(a,y) € 1L

Rather than defining the function directly, we first define an auxiliary function
f1, a consequence function for the program obtained from II by removing activ-
ity records. For every interpretation such that I1..,s(/) U ENC(I) has a unique

possible world W we have:

fil) =1 U satr(W U U a=u)

a€A

where

A={a|ae NRT(I) and W does not contain atoms formed by a}.

We define f; to be the consequence function of IT induced by f] (see Definition
50).

Example 13. Consider the program II;4

a,b,h,q,g: #boolean.
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random(a) .
random(b) .
g - a.
h :- a.
h :-b.
q:—- a,b.

and two interpretations

I, = {a,random(a), truly_random(a)}

and

I, = {—a,random(a), truly_random(a)}

We will compute fi(1;) and fi(l3).

NRT(I;) = {g}, DRT(I,) = {a}. Hms(I1) contains the rule g < a, general
axioms with no random attribute terms in the head, and the random selection

rule random(a).

ENC(I,) contains rules:*

<— a.
— a # true.

< not a,not —a.

Note that the last 3 rules were obtained from the e-literals: a # false,not a =

false,not a # true, that are present in I; due to the saturation of a.

4Note that there are also rules for e-literals of I; formed by special attribute terms, such as
random(a), however they are omitted here and in the next examples.
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Heons(11) U ENC(1;) has a unique possible world Wy = {a, g},

filly) = fillh) = L U{g}

(modulo e-literals not containing special attribute terms).

NRT(I3), DRT(Iy) and Il ,s(I) are the same as NRT(I;), DRT(I,) and
I ons (1) respectively. ENC(15) contains rules:

—a.
— a.
— a # false.

< not a,not —a.

Meons(I2) U ENC(I3) has a unique possible world Wy = {—a}, and

filly) = fill) =LUg=u

(modulo e-literals not containing special attribute terms)

. To define the second function, fs, we need some definitions. Let nr(II) be the
set of rules of II, whose heads are not formed by random attribute terms and
are not activity records. We will define three functions N : 2¢70() —y 9e-lit(%)
H : 2¢70t()  9¢7lit(X) and [east : int(X) — 2670HE),

e N(L) is the set of e-literals of the form not a = y, such that

— a is a non-random attribute term, and
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— the body of every rule whose head is a = y contains a literal contrary

to some literal from L.
e H(L) = satr(LU{head(r) | r € nr(Il),body(r) C L} UN(L)).
e To define least(I), we first state the following proposition:

Proposition 9. For every e-interpretation I of 3, there exists a fixed point

X of H such that
(a) I C X,
(b) no fixed point of H is a proper subset of X, and

(¢) no other fixed point of H satisfies conditions (a), (b).

We will refer to X satisfying conditions (a) - (c) as the least fized point of
H relevant to I.

We define least(I) to be the least fixed point of H relevant to I.

As in case with f;, we next define an auxiliary function fJ, a consequence

function for II without activity records.

If least([]) is not consistent (we can show that, if this is the case, then no possible

world of IT is compatible with I), or f{(I) is undefined, then f5(I) is undefined,

otherwise

fo(I) = least(fi(1)).
We define f; to be the consequence function of Il induced by f.

Example 14. Consider the program Il;4 and interpretation I; and I, from

example 13. We will compute fo(I1) and fo(ls).

We first compute f5(I;). From example 13, we have

f{(ll) = {(l,g}.
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It can be shown that I+ = {a, g, h} is the least fixed point of H relevant to f; ().
To see that I} is a fixed point, notice that {head(r) | r € rgn(Il), body(r) C
IL.} ={g,h}, and N(I}) = {}. Therefore,

H(I}) = satr(I5 U {head(r) | r € nr(I), body(r) C I} U N(I}))
= satr(Ip U{g,h} U{})

= {a,g, h}

= I}, and
least(f'(I1)) is I. So,

fo(lh) = f5(1h)
= least(f1(I))
=I5

={a,9,h}.

The equalities above are modulo e-literals not formed by special attribute terms.

We now compute fs(l). From Example 13, we have:

f1(Is) = {—a,not g,not —g}

It can be shown that % = {-a,not —g,not —g,not q,not —q} is the least
fixed point of H relevant to fi(I3). To see that I% is a fixed point, notice that
{head(r) | r € nr(Il),body(r) C 12} = {} , and N(I2) = (g=uUg = u). So,
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H(I}) = satr(I% U {head(r) | v € rgn(I1), body(r) C I#} UN(I3))
=satr(lz U{}Uqg=uUg = u)
={a}Ug=uUg=u

= I7, and

least(f](I)) is I%. So,

fo(l2) = f5(12)
= least(f|(I2))
=TI

={a}Ug=uUg=u

The equalities above are modulo e-literals not formed by special attribute terms.

Notice that fi(I1) € fo(l1) and fi(l2) € fa(13), so, fo computes more conse-

quences than f; for these two interpretations. O

. The third function, f3, expands the domain of f,.

In order to define f3, we first define 3 auxiliary functions: G : int(X) x 2¢7##(>) —

2¢7E) e int(X) — 275 and most : int(X) — 2670HE)

e We define G first:

G(I,J) = satr(J U {head(r) | 7 € Ueons (), body™* (r) C J
and body ™~ (r) is not falsified by 1})
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By Gy : 26764(3) 5 9¢7lit(®) we will denote the function obtained from G by

fixing the value of its first argument:

G1(J) = G(I,J).

e To define pc(1), we first state the following proposition:

Proposition 10. For every e-interpretation I of Y, there exists a fixed

point X of G such that:
(a) I C X,
(b) no fixed point of G is a proper subset of X, and

(¢) no other fixed point of G satisfies conditions (a), (b).

We will refer to X satisfying conditions (a) - (c¢) as the least fized point of

G relevant to 1.

We define pc(I) to be the least fixed point X of G relevant to I.

e We next define most:

most(I) = {not a =y | a € NRT(I),y € range(a),a =y & pc(I)}

We define f}(I), an auxiliary consequence function for II with activity records

removed.

If f}(I) is defined, then
f3(1) = f5(1),

otherwise, if I,,, = satr(l Umost(I)) and least(l,,) are both consistent, then

f5(I) = least(I,,)
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In all other cases, f{(I) is undefined. Finally, f3 is defined as the consequence

function of II induced by f.

Example 15. Consider the following program II;5:

a,b,g,h,q: boolean.
random(a) .
random(b) .

g:- not h,a.

h:- not g,a.
q:- a.

:- b,h.

:- -b,h.

and interpretation I3 = {a}. We first show that both fi(I3) and fo(I3) are
undefined. NRT'(I3) = {g,h,q} , DRT(I,) = {a}, Il ons(I1) consists of rules:

g < not h,a.
h < not g, a.

random(a).

and general axioms not shown here. ENC(I;) contains rules:

<— a.
— a # true.

< not a,not —a.
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Heons(11) U ENC(1;) has two possible worlds:

Wl = {a,q,g}

and

Wy ={a,q, h}.
Therefore, fi(I3) and f5(I3) are undefined.

We now compute f(/3). It can be shown that

I} ={a,g,h,q}

is the least fixed point of Gy, relevant to I3. To see that I is a fixed point of

G, notice that

NRT(I3) = {h,g,q}

DRT(I3) = a.

I ons(13) contains rules:

g < not h,a.
h < not g, a.

q + a.

(and, as before, general axioms not shown here.)
The set {head(r) | r € Meons(I3), body™ (r) C I3, body~(r) is not falsified by I3}
is {g. 1, q}. So,
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Gr,(I3) = satr(I3 U {head(r) | r € Hepns(I3), body™ (r) C I}
and body~(r) is not falsified by I3})
= satr(I3 U{g, h,q})
= satr(I})

:[f;

Hence,
pC([g) = IZ%' = {CL,g, h’a q}
Next,
most(l3) = {not a =y | a € NRT(I3) and y € range(a)
and a =y & pc(ls)}
={nota=y|ac{gh,f}andy € range(a)
and a =y & {a,g,h, f}}
pu— {}.
Finally,

I, = satr(I3 U {})
— I
= {a}.
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It can be shown that least(I,,) is {a, f}. Therefore,

fs(In) = f?l,(jm)
= least(I,,)

= {a,q}

(as before, the last equalities are modulo e-literals not formed by special at-
tribute terms). As we have demonstrated, fo([3) is undefined, while f5(I3) is

an interpretation. So, f3 extends the domain of fs.

The following propositions guarantee that the functions we have constructed in-

deed satisfy the intended properties.

Proposition 11. Let II be an arbitrary program from B with signature ». fi, fo
and f3 are admissible consequence functions of II.

a

The existence of an efficient solution with respect to () in an Al-tree parameterized

by fi, f2, f3 is claimed by the following proposition.

Proposition 12. Let II be a program from B, and T is one of the Al-trees in
{Tu{f1), Tu(fe), Tu(f3)}. For every query @ of II, there exists a cut of T which

is an efficient solution of II w.r.t Q.

More Examples.
We will now show how the choice of consequence function affects the size of solution
trees (and, therefore, possibly, the efficiency of the algorithm which searches for such

trees to compute probabilities).
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Example 16. Consider the program II;4 from Example 13. We will consider two
queries: ¢ and h.

An efficient f;- solution of I1y4 w.r.t. h (which is also a solution w.r.t. ¢) is shown in
Figure 5.2. The a-nodes are shown as squares, and the i-nodes are ovals. When writing
an interpretation in i-nodes, we will use a shorthand ly,...,l,,a1 = uy,...,a, = u

to denote the set of literals {ly,...,l,} Ua; =uU---Ua,, = u.

Figure 5.2: fi-solution of Il;4 w.r.t to query h (and q)

For any consequence function f, f-solutions differ by the order in which a-nodes
were selected. In the tree from Figure 5.2, attribute a was selected first. Another
fi-solution can be constructed by selecting b first and adding it to the root. In can
be shown that all f; solutions of II;4 will consist of 10 nodes. However, f; - solutions
w.r.t queries h and ¢ may contain less than 10 nodes. f; solutions w.r.t queries h and

q are shown in Figures 5.3 and 5.4 respectively.

Figure 5.3: fy-solution of II14 w.r.t. h
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DO

Figure 5.4: fy-solution of Ily4 w.r.t. ¢

It is easy to check that all the leaves of the tree on Figure 5.3 (Figure 5.4) are final
w.r.t. corresponding query. II;4 has no actions and observations, and every attribute
is decided in every leaf node. In this case, the size of fo-solution depends on the
attribute term which was selected first. All fs-solutions of IT with b being the child

of the root have 10 nodes, unlike those from Figures 5.3 and 5.4.

Example 17. This example demonstrates the difference between f3 and f,. Consider

program II;5 from Example 15. Figure 5.5 below shows an efficient f3 - solution w.r.t

D

Figure 5.5: f3-solution of Ily5 w.r.t. f

query q.

It can be checked that every fs-solution and f; solution of II;5 w.r.t ¢ has at least
10 nodes, while f3;-solution from Figure 5.5 only has 4 nodes. Even though II;5 has

only one probabilistic causal leveling: V' = [b,a], f3 is able to compute consequences
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even in case the first selected attribute term (a) does not form a prefix of V., while f;

and f, are not able to do that.

5.4 Algorithm Description and Implementation

In this section we will describe an algorithm that computes the probability P(Q)
of query @ of program II from class B. In addition to Il and @), the algorithm will

accept an admissible consequence function f : int(3) — int(32) of II such that:

for an arbitrary query @) of II, there exists an f-solution of II w.r.t )

Examples of such functions for an arbitrary query are given in Section 5.3.7 (functions

fi- f3)
We first describe the main routine. The routine consists of two parts: finding the

f-solution and computing the probability from its leaves.
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Function 1 Probability
Input: II: a program from B with signature X
@: query of 11
f: an admissible consequence function of II s.t. there is an f-solution of II
w.r.t @

Output: A rational number or False, where
e if Py is defined, return P(Q)
e otherwise, return False

Vars: T: a cut of T (f)
P, Py: rational numbers
I: e-interpretation of X

1 P:=0

2 PQ =0

3 % Note that GetSolution(I1, Q, f) returns an efficient f-solution w.r.t Q) due to
the condition on f

4 T := GetSolution(I1, Q, f)

5 for every leaf I of T' s.t. I does not falsify any activity record of II do

6 P:=P+ (1)

7 if [ satisfies () then

8 Pq = Pq + (1)
9 if P =0 then

10 return False

11 else

12 return Py/P

When searching for the solution, we will start from a cut consisting of a single
node containing e-interpretation f({}), and gradually extend the cut until a solution
is found (that is, every interpretation in its leaves is final w.r.t @)). The extension of
the tree is done by selecting a leaf node containing interpretation I and an attribute
term a ready in I and forming descendants containing assignments of possible values
to a.

If the extension of some leaf N is not possible, the search continues from an
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ancestor A of N by removing all A’s current descendants and adding new descendants,
starting with an attribute term ready in A which has not been tried to extend A yet.
In order to avoid skipping some of the solutions, A is chosen to be the closest ancestor
of N which is possible to extend.

In order to keep track of the attribute terms which have not been explored yet
from a given node, we will extend each i-node with a set of such attributes. We will

refer to extended nodes as ei-nodes and to the new trees as candidate trees.

Definition 55 (Ei-node).
Let I be an e-interpretation of > and A be a subset of attribute terms of ¥ ready in

I. We will refer to the pair (1, A) as an ei-node of X.

Definition 56 (Candidate tree).

Let T,.,; be an arbitrary cut of the Al-tree of Il parameterized by f. Let T,..q be
a tree obtained from T, by replacing every i-node I with an ei-node (I, A) of the
signature of II. We will say that T,,,.q is a candidate tree which represents T,,;. For

a candidate tree T' by repr(T) we will denote the tree represented by T'.
We will next define leaves that need to be extended in order to find a solution.
Definition 57 (Open leaf).

Let T be a candidate tree of II. We will say that a leaf node N of T is open if
N = (I, A) is an ei-node such that [ is not final w.r.t Q.

The set of u-terms of 3 is the union of terms of ¥ and {u}.
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Function 2 GetSolution
Input: II: program from B with signature X

Q: query of II
f: admissible consequence function of II
Output: efficient f-solution of II w.r.t @), if such a solution exists
False, otherwise
Vars: T': candidate tree of 11
(A, 1), (A", I} : ei-nodes of X
N : a-nodes of X
a : attribute term of X
y : u-term of X
Y : set of u-terms of X
11:=f({})
2 Let A be the set of attribute terms ready in I
3 Let T be the candidate tree consisting of single node (I, A)
4 while T has an open leaf do
5 Select an open leaf (I, A) of T

6 if A# 0 then

7 Select and delete a from A

8 Let Y be the set of possible values of a in [

9 % note that Y is non-empty, see Def. 42 and Def. 39, clause 2 (d)
10 if there is no y € Y such that f(I Ua = y) is undefined then
11 Create a-node N with label a
12 Make N a child of (I, A)

13 for every y € Y do

14 I':=f(IUa=y)

15 Let A" be the set of attribute terms ready in I’

16 Make (I, A’) a child of N

17 else

18 if there is no ancestor (I’, A’) of (I, A) s.t. A’ # () then
19 return False

20 else

21 Let (I'; A’) be the closest ancestor of (I, A) s.t. A" #(
22 Remove all descendants of (I’, A’ in T

23 return repr(7T)

Selection of attribute term. Different solution trees with respect to a given query

() may have different sizes. The way how an attribute term is selected in line 8 of
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function GetSolution affects the size of the solution tree which is produced, and thus,
possibly, the efficiency of the algorithm. At this point, we will do a random selection
from the set of ready attribute terms.

Implementation. A preliminary implementation of this algorithm for consequence
function f3 is available at https://github.com/iensen/plog2.0/wiki. Using an
appropriate data structure for storing the current candidate, the implementation
only consumes O(Attrs(X)) memory (note that a naive data structure may require
memory exponential in Attrs(X), since the size of candidates trees can be exponential
in terms of Attrs(X)).

The implementation performs better than an existing implementation created
by Dr. Zhu (based on an ASP solver Smodels [Simons et al., 2002]), described in
[Zhu, 2012], on some of the benchmarks, and worse on the others.

As expected, our implementation is faster for programs where the value of the
query can be determined from a partial assignment to a small subset of random
attribute terms of the program. Consider, for example, the program based on the
squirrel problem from [Gelfond & Kahl, 2014)%, where the query depends on a small
number of random attribute terms. Table 5.1 shows the performance of both solvers

for this example.

Table 5.1: Performance on squirrel example

Query Dr.Zhu’s Solver | My Solver
found(1) | 43s 2.2s
found(2) | 44s 2.6s
found(3) | 43s 2.2s
found(4) | 44s 2.3s
found(20) | 41s 4.1s
found(15) | 42s 2.2s

5P-log programs for my and Dr.Zhu'’s solvers can be found at https://github.
com/iensen/plog2.0/blob/master/plogapp/tests/squirrel.plog and https://github.com/
iensen/plog2.0/blob/master/oldplog/Examples/Squirrel/pr.plog respectively.
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However, the following results ¢ for the BlockMap problem from [Zhu, 2012], given
in Table 5.2, show that, in some cases, the proposed optimization does not give an

improvement:

Table 5.2: Performance on block map problem example

Grid Size | Dr. Zhu’s Solver | My Solver
20 x 1 0.387s 0.400s

20 x 2 0.949s 0.881s

20 x 3 2.313s 6.222s

20 x 4 7.649s 37.630s

20 x 5 18.728s 165.162s

In this problem, it is often the case that the solution tree construction does not stop
until all the random attribute terms were selected. While we expect it to be possible
to achieve a better performance of our solver by improving the data structures and
the consequence function, we do not expect a significant advantage over the naive
approach which computes all the possible worlds.

Finally, below are the results for the programs used to implement safety cases for
a recent NASA R&D project, that involve a substantial amount of both logical and
probabilistic reasoning. The first program’ computes the probability of less than 5
components being broken in the system. The performance results for this program

are shown in Table 5.3.

Table 5.3: Performance on components failure example

Dr. Zhu’s Solver | My Solver
17m 44s 1m 36s

6 P-log programs for my and Dr.Zhu’s solvers can be found at https://github.com/iensen/
plog2.0/tree/master/plogapp/tests/weijuns_testsuite/Blocks and https://github.com/
iensen/plog2.0/tree/master/oldplog/Examples/BlockWorld respectively.

"See https://github.com/iensen/plog2.0/blob/master/plogapp/tests/nasa/A4n.plog
and https://github.com/iensen/plog2.0/blob/master/oldplog/Examples/NASA/A4 .plog for
mine and Dr.Zhu’s system respectively.
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The second program® computes the probability of system’s failure given that less

than 5 components of the system are broken. The performance is shown in Table 5.4.

Table 5.4: Performance on system failure example

Dr. Zhu’s Solver | My Solver
3m 41s 1m 39s

In both of the examples, the query can be decided in a node in which enough
components were selected and randomly assigned a failure status.

These results, however, are not conclusive. The implementation is preliminary
and the testing is done on a small number of examples. We believe, however, that
the results are promising and a good implementation will substantially improve the
performance in many interesting cases, and maintain parity with the naive implemen-
tation on others. Such an implementation, however, requires a substantial amount of

work and is beyond the scope of this dissertation.

8See https://github.com/iensen/plog2.0/blob/master/plogapp/tests/nasa/F.plog and
https://github.com/iensen/plog2.0/blob/master/oldplog/Examples/NASA/Fprmod.plog for
mine and Dr.Zhu’s system respectively.
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CHAPTER VI
CONCLUSION AND FUTURE WORK
In this work, we have accomplished the following:

e defined extensions of the language which increase its usability and expressive

power,
e defined a new class of P-log programs, B, and proved their coherency,
e designed an inference algorithm for programs from B and proved its correctness,

e developed a preliminary implementation of the algorithm and showed its ad-

vantages on a number of examples.

Future work may include:

e improving the implementation,

e investigating other possible extensions of the language (e.g., with aggregates)

and adapting the algorithm for them,

e designing an algorithm which computes an approximation to queries’ probabil-
ities (we believe the data structures and other ideas from the current work can

be reused for this purpose).
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APPENDIX: PROOFS

A.1 Proofs of Propositions from Chapters I - III
A.1.1 Proof of Proposition 1

Proposition 1. Every possible world W of a program II satisfies every rule of II O

Proof. Let W be a possible world of II and a = y <— B be the rule of II. Let N be
the subset of B consisting of e-literals having a default negation. If N contains an
e-literal not [ s.t. W does not satisfy not [, then B is not satisfied by W, and, r is
satisfied by W. Otherwise, there is a rule a = y + B’ in I, where B’ = B\ N.

Now there are only two possibilities:

1. W does not satisfy B’. In this case W does not satisfy B, and W satisfies r

2. W satisfies B’. In this case, since W is a possible world of II, it satisfies the
rules of IT", including a = y <~ B’. Therefore, a =y € W, and W satisfy .

A.1.2 Proof of Proposition 2
Lemma 1. Let II be a program, where U is the set of activity records, and Il; be a

program obtained from II by removing a rule b = v < [, B s.t. [ is formed by do(l)

or obs(l), and U does not satisfy . We have Qp, = Q.

Proof. We will consider two cases:

1. Suppose [ is of the form not I’. Then, since U does not satisfy [, we have [’ is
satisfied by U. Let W be a possible world of II. It is easy to check, that, since
W is a possible world of II, it contains U, and, therefore, I’ is satisfied by W.
Then we have [T = TI}V. Thus, clearly, W is the minimal set satisfying IT}",
and, a possible world of II,. The proof of the other direction (Qp, C Q) is
symmetrical (with II and Ily switched).
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2. Suppose [ is a literal. We first prove ; C Qp,. Let W be a possible world of
II. We will prove:
W is a possible world of I, (A1)

By definition of a possible world, we have:
W satisfies 1" (A.2)

We have
Y = (\ )" (A.3)

From (A.2) and (A.3) we have:

W satisfies T13" (A.4)

For the sake of contradiction, suppose there is W’ C W such that:

W' satisfies I1} (A.5)

We have:
n"v =1y u{r}" (A.6)

Clearly, W contains no atoms formed by do and obs other than those in U (or
else, the set obtained from W by removing such atoms would satisfy II"', which
is a contradiction to the minimality of ). Since the body of R contains a literal
not satisfies by U, and W' C W, we have that W’ contains no atoms formed by
do and obs other than those in U, and thus, does not satisfy I. Therefore, if {r}"
is not-empty, it contains a literal in the body not satisfied by W’. Therefore,
W' satisfies II" which is a contradiction to the fact that W is a possible world
of II.
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We now prove Qp, C Qp. Let W be a possible world of II,. Since W does not
satisfy a literal in the body of r, we have that W satisfies {r}"V'. Therefore, W
satisfies I}, U {r}". For the sake of contradiction, suppose there is W' C W
that satisfies IIYV U {r}". Then, W’ satisfies I}V, which is a contradiction to

the fact that W is a possible world of IIs.

|

Lemma 2. Let II be a program, where U is the set of activity records, and I, be a

program obtained from II by replacing a rule b = v < [, B s.t:
e [ is formed by do(l) or obs(l), and
e U satisfies [
with b = v - B. We have Qp, = Q. O

Proof. Let L be the set of e-literals constructed from all attribute terms formed by do
and obs. Since all rules with obs and do in heads have empty bodies, L is a splitting
set of II. We prove:

every possible world of II satisfies [ (A7)

Let W be a possible world of II. Since boty(II) consists of U and constraints, we
have that the only possible for boty (IT) is U. By Lemma 5, W\ U N L = (). That is,
W contains no atoms formed by do and obs other than those from U. Therefore, W

satisfies [, and (A.7) holds. Similarly,

every possible world of II, satisfies (A.8)

Now, there are two possibilities:

1. [ is of the form not I'. By 5, W satisfies not I’. Then we have
" =1y (A.9)
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and,

therefore, W is a possible world of II5. On the other hand, from (A.9) we

also have that every possible world of Il is also a possible world of II.

2. [ is a literal. Let W be a possible world of II. We have I1}/ = ((IT\ {b = v +
I,BHU{b=v+ BHW C IV U {b=v <+ B})". There are two cases:

(a)

W does not satisfy B. In this case,{b = v < B}, and, therefore, IT}V is
satisfied by W. For the sake of contradiction suppose there is W/ C W
such that W’ satisfies I1}V. We have [TV C 11}V U {b = v < [, B} Since
W’ satisfies I1), W’ contains U. Since W’ is a subset of W, it does not

contain atoms formed by do and obs other than those from U.

Therefore,

W' satisfies [ (A.10)

Since W satisfies I1}, and {b = v + B}V C I}V,
W’ satisfies {b =v «+ B})"W (A.11)

From (A.10) and (A.11) we have:

W’ satisfies {b = v + [, B}V (A.12)

Therefore, W’ satisfies 1" C II}V U {b = v < [, B}V, which is a contra-
diction to the fact that W is a possible world of II.

W satisfies B. By (A.7) we have W satisfies [. Therefore, since the rules
b = v < [, B belongs to II, by Proposition 1, we have b = v € W.
Therefore, W satisfies [I" U {b = v + B} and II}V. For the sake of
contradiction, suppose there is W/ C W such that W’ satisfies II}V. By

the reasoning identical to the one from (a) we obtain:

W' satisfies 1 (A.13)
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Since W' satisfies I1YV | it satisfies {b = v < B}". Therefore, from (A.13),
W' satisfies {b = v < [, B}V. Since I C 11}V U {b = v + [, B}V, we
have that W’ satisfies II'"', which is a contradiction to the fact that W is

a possible world of II.

Let W be a possible world of TI}.

We have IV C TI} U {b = v < [, B}. There are two cases:

(a)

W does not satisfy B. In this case,{b = v < [, B}V, and, therefore, 1TV
is satisfied by W. For the sake of contradiction suppose there is W/ C W
such that W’ satisfies IT"V.

We have [T} C TIW U {b = v + B}". Since W’ satisfies 1", W’ contains
U. Since W' is a subset of W, it does not contain atoms formed by do and

obs other than those from U.

Therefore,

W' satisfies [ (A.14)

Since W' satisfies 1", and {b = v < [, B}V C IV,

W’ satisfies {b = v < [, B}V (A.15)

From (A.14) and (A.15) we have:

W' satisfies {b = v + B} (A.16)

From (A.16) and (A.14) we have W satisfies {b = v < [, B}V Therefore,
W’ satisfies IV C II}Y U {b = v «+ [, B}V, which is a contradiction to the

fact that W is a possible world of II.

W satisfies B. By (A.7) we have W satisfies [. Therefore, since the rules
b = v < [,B belongs to II, by Proposition 1, we have b = v € W.
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Therefore, W satisfies [I" U {b = v + B} and II}V. For the sake of
contradiction, suppose there is W/ C W such that W’ satisfies II}. By

the reasoning identical to the one from (a) we obtain:
W' satisfies 1 (A.17)

Since W' satisfies ITY | it satisfies {b = v < B}". Therefore, from (A.17),
W' satisfies {b = v < [, B}V. Since I C II}¥ U {b = v + [, B}V, we
have that W’ satisfies I}V, which is a contradiction to the fact that W is

a possible world of IIs.

Let W be a possible world of II. O

Proposition 2. Let II be a P-log program and U be the set of activity records of
II. There exists a bijection v : Qi — g, such that for every possible world W of II

1. W=¢(W), and

2. (W) = (W)

O

Proof. 1t is sufficient to show that Q = Qy,,, which follows immediately from Lem-

mas 1 and 2. O

A.2  Coherency Theorem Proof
We prove Theorem 1 in 3 steps. In section A.2.1 we describe a translation 7 from
P-log programs into ASP programs and show the relationship between the possible
worlds of a given P-log program II and answer sets of its translation 7(II). Then,
in section A.2.2 we formulate splitting set theorem for P-log originally defined in
[Lifschitz & Turner, 1994] for Answer Set Prolog programs. Finally, in section A.2.3

we prove theorem 1 using the results from sections A.2.1 and A.2.2. The proof refines
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many of the results used in [Baral et al., 2009] to prove the coherency of causally

ordered unitary programs in the original P-log language.

A.2.1 Translation from P-log to ASP

For every P-log program II, not necessarily containing general axioms, with sig-
nature ¥ we define an ASP program 7(II) whose answer sets correspond to possible

worlds of II. More precisely, 7 is defined on elements of II as follows:
1. if f(z) =y is aliteral of &, 7(f(Z) = y) is f(Z,y);

2. if f(z) £y is a literal of X, 7(f(z) # vy) is ~f(Z,y);

3. if risarule of I, 7(r) is an ASP rule obtained from r by replacing all occurrences

of literals in the rule with their translations;
4. if IT is a P-log program with signature 3, 7(II) is an ASP program consisting of

(a) the rules in the set {7(r) | r is a rule of IT}; and

(b) the rules of the form

for each two atoms f(z) = y; and f(Z) = yz of 3 such that y; # ys;

5. if A is a set of atoms of ¥, then 7(A) is the set of ASP literals

{f(Z,y) | f(z) =y € AAUL=f(Z,9) | f(Z) =91 € ANy # y Ay € range(f)}

6. If L is a set of literals of X, then 7(L) is the set of ASP literals:

T{f(@) =y | f(@)=ye LY Uir(f(@) #y) | [(2) #y e L}

Lemma 3. If [ is an interpretation of 3, then [ satisfies a literal [ of X if and only

if 7(I) satisfies 7(I)

131



Texas Tech University, Evgenii Balai, December 2017

2. If [ is of the form f(Z) # y, and [ satisfies [, by definition of satisfiability there
must exists an atom f(Z) = y;, where y; # y, such that [ satisfies f(z) = y;.
Therefore, from part 5 of the definition of 7, 7(I) contains —f(Z,y).

1. if [ is of the form f(z,y) and 7(I) satisfies f(Z,y), then, by construction of 7(1I),
we have f(z) =y € I.

2. If [ is of the form —f(Z,y), and 7(I) satisfies [, by construction of 7(I), I must
contain an atom f(Z) = y; for y; # y. Therefore, by definition of satisfiability,
I satisfies f(z) # y.

|

Lemma 4. Let II be a P-log program not necessarily containing all general axioms.
An interpretation W of II is a possible world of II if and only if 7(W) is an answer

set of 7(II)

Proof.

= Let W be a possible world of II. We prove that 7(W) is an answer set of 7(II).

1) We show that 7(W) is a consistent set of ASP literals. We prove by contradic-
tion. Suppose 7(W) is inconsistent. Thus, there exists an ASP atom f(z,y)
such that 7(W) contains both f(z,y) and —f(z,y). By definition of 7(W), it
implies that I(f(Z)) = y and there exists y; # y such that I(f(Z)) = y1. Thus,

since [ is a mapping by definition, we have a contradiction.
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2) We show that 7(WW) satisfies the rules of the reduct 7(II)"™"). By R, we denote

the rules of 7(II) described in 4.a) of the definition of 7; by R, we denote rules
described in 4.b) of the same definition. Clearly, 7(I1)™™) = ;™) y BT,

(a)

We show that 7(W) satisfies the rules of R;™). Let r be a rule in R}
such that 7(WW) satisfies the body of r. We prove that 7(W) satisfies the
head of r. From lemma 3, the definition of 7 and the definition of R,, we
conclude that there is a rule 7’ in I such that r = 7(+’). By lemma 3 and
the definition of 7(W), W satisfies the body of 7. Since W is a possible
world of II, W satisfies the head of r'. By lemma 3 and the definition of
7(r"), (W) satisfies the head of r.

We show that (W) satisfies the rules of Bj""). Let r be a rule in R}

given below

_'f(f7y1) A f<j>y2)

such that 7(W) satisfies f(Z,y2). We need to show that 7(W) satisfies
~f(Z, ).

By lemma 3, since 7(W) satisfies f(z,y2), W satisfies f(Z) = ya, that, by
definition of 7(W), implies that 7(W) satisfies —f(Z, y).

3) We show that 7(7V) is minimal, that is, there does not exist a set of literals A

such that A satisfies the rules of 7(I)™™) and A is a proper subset of 7(W).

We prove by contradiction. Suppose there is A such that

and

A satisfies all the rules in 7(IT)"("W) (A.19)

A is a proper subset of (1) (A.20)

Since A C 7(W), by construction of 7(W) and the fact that W is an interpre-

tation, A does not contain a pair of atoms f(Z,y1), f(Z,ys) for y; # yo. Thus,
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we can construct interpretation I of 3 such that I maps f(Z) to y if and only

if f(z,y) belongs to A.

In a) we show that I satisfies the rules of II'". In b) we show that I C W, thus,
obtaining a contradiction (by the definition of possible world, W should be a

minimal interpretation satisfying I1").

(a) We prove that I satisfies the rules of II'. Let r be a rule of [T such that
I satisfies the body of r. We need to show that [ satisfies the head of r.
First we prove that A satisfies the body of 7(r). Since r belongs to I, r

does not contain literals preceded by default negation.

e Let [ be a literal of the form f(z,y) belonging to the body of 7(r).
Since [ satisfies the body of r, I(f(Z)) = y. By construction of I, A
satisfies f(Z,y).

e Let [ be a literal of the form —f(z,y) belonging to the body of 7(r).
Since I satisfies the body of r, I(f(z)) = y1, where y; # y. By
construction of I, f(z,y;) belongs to A. Since A satisfies the rules of

7(ID)™™) | including the rule

_'f(jay) — f(:fay1>

Therefore, A satisfies —f(Z,y).

By definition of reduct and from lemma 3 it follows that 7(r) belongs to
7(I1)™ ). Therefore, since A satisfies the body of 7(r), and A satisfies the
rules of 7(I1)™™) it follows that A satisfies the head of 7(r). Therefore,
there exists an ASP literal f(Z,y) in the head of 7(r) satisfied by A. By
construction of I, I satisfies literal f(Z) = y. By definition of 7(r), the
head of r contains the literal f(z) = y. Therefore, I satisfies the head of

r.

(b) We prove that I C W. By construction of I, I contains a literal f(z) =y
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if an only if f(z,y) € A. By definition of 7(W), W contains a literal
f(z) = y if and only if f(z,y) € 7(W). For a set of ASP literals S, by
St we denote the subset of S containing all positive literals of S and by
S~ we denote the subset of S containing all negative literals in S (that is,
literals of the form —f(g)). It is sufficient to show that AT C 7(W)*. We
prove by contradiction

i. Suppose A* is not a proper subset of 7(W)™*

ii. Since A is a proper subset of 7(W), A% is a subset of A and 7(W)™ is

a subset of 7(W), from i. we have
HUSHESRY (A.21)

(and, even more precisely, 7(WW)* = AT)

iii. By definition of 7(W),
HUSEES > (Irange(f (7)) = 1) (A.22)
F@e{f(@)Py:W(f(2)=y}

iv. For each positive ASP literal f(Z,y,) in A and for each y; in range(f)
such that y; # yo, there is rule (A.18) in 7(II). Since A satisfies the
rules of 7(W), in particular, those of the form (A.18), from (A.21)
and the construction of 7(W), it follows that the number of negative

literals in A is bounded below as follows:

A7 = > (Irange(f (7)) = 1) (A.23)

F@e{f(@)Py:W (f(2)=y}

v. By combining equation (A.22) and inequality (A.23), we get

[A7[ = [r(W)7] (A.24)
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vi. From equation (A.21) and inequality (A.24) we have

Al = |AT[+]A7]
= [T(W)"]+[A7]
> (W) |+ (W)
= |7(W)] (A.25)

that contradicts our original assumption (A.20) stating that A is a

proper subset 7(WW).

4) From 1)- 3) it follows that 7(W) is an answer set of 7(II).

< Let A be an answer set of 7(II) and I be an interpretation of II such that
A = 7(I). We prove that [ is a possible world of II. In 5) we show that I satisfies

the rules of II! and in 6) we show the minimality of 1.

5) We prove that I satisfies the rules of II!. Let r be a rule of II such that I
satisfies the body of r. From lemma 3 and the definitions of reduct in P-log and
ASP it follows that the rule 7(r) belongs to 7(I1)#, and moreover, A satisfies
the body of 7(r). Since A is an answer set of 7(II), A satisfies the head of r. By
definitions of 7(r) and 7(/) and lemma 3, this means that I satisfies the head

of r and, therefore r itself.

6) We prove that [ is minimal, that is, there does not exist an interpretation I’
such that I’ satisfies the rules of IIY and I’ C I. We prove by contradiction.
Suppose such I’ exists. In a) we show that 7(I’) satisfies the rules of 7(I1)* and
in b) we show that 7(1") is a proper subset of A, thus, obtaining a contradiction

to the fact that A is an answer set of 7(II).

(a) We prove that 7(I’) satisfies the rules of 7(I1)*. Let 7 be a rule of 7(I)4
such that 7(1") satisfies the body of r. We show that 7(1") satisfies the head
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of r. From lemma 3 and the definition of 7 and the definition of reducts
in ASP and P-log it follows that IT! contains a rule 7’ such that r = 7(r').
From 3 we have that I’ satisfies the body of 7’. Since I’ satisfies the rules
of TI7, I satisfies the head of 7'. Therefore, from lemma 3 it follows that

7(1") satisfies the head of r = 7(r’), and, therefore, the rule r itself.

(b) We prove that 7(I’) is a proper subset of A = 7(/). By definition of I’
I'clr (A.26)
Thus, by definition of 7,
7(I')* is a proper subset of 7(I)" (A.27)
From (A.27) it follows immediately
() < |7 (1)7] (A.28)
By definition of 7(I) and 7(I"), we have

() = |J {~f@ =)y € range(f(@) Ay £y} (A.29)

f(@)=yel

()" = |J =@ =y)ly € range(f(@) Ay £y} (A30)
From (A.26), (A.29) and (A.30) it follows that
(I~ Cr(I)” (A.31)

From (A.27) and (A.31) and the fact that 7(I) = 7(I)*U7(I)” and 7(I") =
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T(I"NTUT(I")” we get

7(I') is a proper subset of 7(I) (A.32)

a

Proposition 13. Let II be a P-log program and Wy, W5 be two possible worlds of
IT. It is not true that Wy C Wh.

Proof. We prove by contradiction. Let W; and W5 be two possible world of a program
IT such that

Wy C Ws (A.33)
By Lemma 4,
7(W1) and 7(Ws) are answer sets of 7(II). (A.34)
By definition of T,

W) =wiu | {f@) #wly € range(f(2)) Ay # y} (A.35)

f(@)=yeWs
TW2) =WaU ) {f(@) # by € range(£(@) Ay # y} (A.36)

f(@)=yeWs

From (A.33), (A.35) and (A.36) it follows that

(W) G 7(W2) (A.37)

(A.37) and (A.34) contradict the theorem about minimality of answer sets of ASP
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programs (see Lemma 1 in [Gelfond & Lifschitz, 1991b]).

A.2.2 Splitting Set Theorem For P-log

In this section we present the P-log version of the original Splitting Set Theorem
from [Lifschitz & Turner, 1994]. The adoption requires change in the definition of
splitting set (see Definition 61). Other definitions follow [Lifschitz & Turner, 1994]
and are presented for completeness.

Let II be a program with signature ¥, and X and U be sets of literals of ¥. As
in [Lifschitz & Turner, 1994], we will define the bottom and the top of a program II
with respect to X and U, denoted by by (II) and ey (IT'\ by (P), X) correspondingly.

For a rule r of the form

[« ly,...,l,not lj41,...,n0t I, (A.38)

where [y, ..., 1, are literals, we will introduce notations:

pos(r) ={ly,...,lx}

neg(r) = {lix1, ..., ln}
head(r) =1
lit(r) = head(r) U pos(r) Uneg(r)

Definition 58 (Bottom w.r.t. U).
The bottom of IT w.r.t U, denoted by by (I1), is a program such that:

1. by(Il) = {r | r € I and lit(r) C U}

2. the signature of by (I1) consists of all attribute terms of ¥ which form literals

from U
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|

We next define Top. For rule r such that pos(r) N U is satisfied by X and every
literal from (neg(r) N U) is not satisfied by X, we define Ry(r) to be the rule such
that:

head(Ry (r)) = head(r), pos(Ry(r)) = pos(r) \ U,neg(Ry(r)) = neg(r) \ U
Definition 59 (Top w.r.t. X and U).
The top of IT w.r.t X and U, denoted by ey (I, X), is a program such that:
1. the rules of ey (11, X) are

{Ry(r) | r € I and pos(r) N U is satisfied by X and every e-literal

from {not [ | | € neg(r) N U} is not satisfied by X}

2. the signature of ey (I, X) consists of all attribute terms of ¥ which do not form

a literal in U.

We borrow the definition of a solution to II w.r.t U:

Definition 60 (Solution to II w.r.t U).
Let IT be a P-log program. A solution to II w.r.t U is a pair (X,Y) of sets of literals
such that:

1. X is possible world of by (IT)
2. Y is a possible world of ey (IT'\ by (I1), X)

3. X UY is consistent
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We will next define a splitting set for P-log programs:

Definition 61 (Splitting set).
A splitting set for a P-log program II is any set U of literals of II's signature such
that,

1. for every rule r of IT if head(r) € U, then pos(r) Uneg(r) C U,

2. if a literal formed by attribute term f(Z) belongs to U, then all the literals of
Y. formed by f(z) belong to U.

Finally, we state the splitting set theorem for P-log:

Theorem 2. [Splitting Set Theorem]
Let U be a splitting set for a program II. A set A of literals is a possible world of II

if and only if A = X UY for some solution (X,Y’) to II with respect to U.
O

Note that the condition 2 from Definition 61, absent from the original definition
of splitting set, is necessary for the correctness of the theorem. For instance, consider

the program:

#s: {1,2%}.
p: #boolean.
f: #s.

p:- £ !I=1.
f =2

If condition 2 is not used, U = {p, f # 1} would be a splitting set of II. However,
the theorem then wouldn’t hold for U. The program has only one possible world
{f = 2}. However, there does not exists a solution (X,Y) with respect to U, such
that A = X U U, because, the program by (II), which contains only one rule
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p:— not £ !=1.

has exactly one possible world {p}, and, therefore, X UY must contain p for any

solution (X,Y") of II with respect to U.

Proof for theorem 2.

In 1 we show that 7(U) is a splitting set (as defined in [Lifschitz & Turner, 1994])
for the ASP program 7(II). In 2 we show 7(by(Il)) = b;@)(7(II)). In 3 we show
ex@y (T(I) \ by (7(I1)), X') = 7(ev(I1 \ by (I1), X)). In 4 we use the results from 1-3
to prove that if A a possible world of II, then A = X UY for some solution (X,Y") to
IT with respect to U. In 5 we use the results from 1-3 to prove that if A= X UY for
some solution (X, Y’) to I with respect to U, then A is a possible world of II.

1. We show that 7(U) is a splitting set (as defined in [Lifschitz & Turner, 1994])
for the program 7(II). Let r be a rule of 7(IT) such that:

the head of r is included into 7(U) (A.39)

We need to show that all the literals occurring in the body of r are included

into 7(U). We consider two possible cases:

(a) there exists r’ of II such that » = 7(r). In this case, by construction of
7(r") and clause 1 of Definition 61 we have that every literal occurring in
pos(r) Uneg(r) is included into U. Thus, by definition of 7(U) and from

r = 7(r'), every literal from the body of r is included into 7(U).

(b) r is of the form —f(x,y1) « f(x,y) where y; # y. In this case, by
construction of 7(U) from (A.39) we have that f(z) # y; € U. Therefore,
by clause 2) of definition 61 we have that f(z) = y € U. By definition
of 7(f(z) = y) and 7(U) we have that f(z,y) € 7(U). Therefore, every
literal in the body of r belongs to 7(U).
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2. We prove:

7(by (1)) = by (7(I1)) (A.40)

We prove (A.40) in two directions:

7(bu (1)) € by (7(10)) (A.41)

br(w(r(I1)) € 7(by (I1)) (A.42)

We start from (A.41). Suppose 7 is a a rule such that

r € 7(by (1)) (A.43)

There are two possible cases:

e 1 is a translation of a rule of by (II). In this case, since by (II) C I1, r is a

translation of a rule in II. Therefore,

r belongs to 7(IT) (A.44)

Also, since every literal occurring in every rule in by (II) is from U, and r

is a translation of a rule in by (II), we have that:

every literal occurring in r is from 7(U) (A.45)

From (A.45) and (A.44) we have

r € by (v(ID)) (A.46)
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Therefore, (A.41) holds.

e 1 is of the form —f(Z,y;) « f(Z,y2) In this case, by definition of 7 from
(A.43) we have f(Z) = yo and f(Z) = y; are atoms of by (II), which means
U contains literals [y and [ formed by f(Z) = y; and f(Z) = y, respectively.
Since U is a splitting set, by condition 2 we have that U contains atoms
f(z) = y1 and f(Z) = yo. Therefore, 7(U) contains literals —f(z,y;) and
[(@,92), 7 € bry(7(II)), and (A.41) holds.

We next show (A.42). Suppose r is a a rule such that

re b-r(U) (T(H)) (A.47)

There are two possible cases:

e 1 is a translation of some rule 7’ of II. In this case, from (A.47) we have
that all literals from r are from 7(U). Therefore, lit(r") C U, r' € by(II)
and r € 7(by(II)). Therefore, (A.42) holds.

e 1 is of the form —f(Z,y1) < f(Z,y2). By construction of b, (7(II)) we

have that:
—f(z,y1) € T(U) (A.48)
f(z,y2) € 7(U) (A.49)
and
r € 7(II) (A.50)

From (A.48) and (A.49) we have:

all the literals of ¥ formed by f(Z) belong to U (A.51)
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From (A.51) we have that

f(z) belongs to the signature of by (I1) (A.52)

Therefore, by definition of 7(II), we have r € 7(by(II). Therefore, (A.42)
holds.

From (A.41) and (A.42) we have (A.40).

3. We show that for every possible world X of by (II):

&) (T(I) \ bry (7(I1)), 7(X)) = 7(ex (IT\ by (IT), X)) (A.53)

We prove (A.53) in two directions:

ex()(T(ID) \ br ) (7(I1)), 7(X)) € 7(ew (11 by (IT), X)) (A.54)

T(ev(IT\ by (I1), X)) € €7 (T(I1) \ br(ry (T (I1)), 7(X)) (A.55)

We start from (A.54). Let r be a rule s.t.

r € ex)(T(ID) \ bruy (7(ID)), 7(X)) (A.56)

By construction of e,y (7(II) \ by@)(7(II)), 7(X)) we have that r = R, (r'),

where

v € (1) (A.57)

' & by (7(I1)) (A.58)
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pos(ryN7(U) C 7(X) (A.59)
neg(r'YNT(U)N7(X) =10 (A.60)

From (A.58) we have:
r’ contains a literal which is not from 7(U) (A.61)

There are only two possibilities:

o 1/ = 7(r") for some rule 7’ from II. From (A.59) and (c) by lemma 3 we

pos(r") N U is satisfied by X (A.62)

From (A.60) and (c) by lemma 3 we have:

every literal in {not [ | I € neg(r") N U} is not satisfied by X  (A.63)

From (A.61) we have:

lit(r") contains a literal which is not in U (A.64)

Therefore,

" & by (1) (A.65)

From (A.62),(A.63) and (A.65) we have:

146



Texas Tech University, Evgenii Balai, December 2017

Ry (r") € ey(IT\ by (I1), X) (A.66)

Therefore,

7(Ry(r")) € 7(ey(IT \ by (1), X)) (A.67)

Since " = 7(r"), by construction of R and by Lemma 3 we have:

T(Ry(r")) = Ry (r') (A.68)

From (A.67) and (A.68) we have:

R (') € T{eg(IT\ by (I1), X)) (A.69)

Therefore, since r = R (1), we have:

r € 7(ey(IT\ by(II), X)) (A.70)

Therefore, in this case, (A.54) holds.

o 1’ is of the form

_'f(fayl) — f(§:>y2)

where y; # yo and

f(z) is an attribute term of ¥ (A.71)

From (A.61) by clause 2 of the definition of the splitting set we have:

no literal formed by f(z) belongs to U (A.72)
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From (A.71) and (A.72) by Definition 59 we have:

f(z) belongs to the signature of ey (I1'\ by (I1), X) (A.73)

From (A.72) we have:
Ryan(r)=1"=r (A.74)

From (A.73) we have:

r' e 1(ey(IT\ by (1), X)) (A.75)

From (A.75) and (A.74) we have:

r € 1(ey(IT\ by (II), X)) (A.76)
Therefore, in this case, (A.54) holds.

We next prove (A.55).

Let r be a rule s.t.

r € 7(eg(IT\ by(II), X)) (A.77)

There are only two possibilities:

o r = 7(r') for some 1’ € ey(Il \ by(I), X). By construction of ey (IT \
by (IT), X)), we have that there is r” such that:

eIl (A.78)

r" = Ry(r") (A.79)
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and:
" & by (11) (A.80)
pos(r") N U is satisfied by X (A.81)
every literal from neg(r”) N U is not satisfied by X (A.82)
From (A.80) we have:
lit(r") contains a literal not from U (A.83)

From (A.83), clause 2 of the splitting set definition and the construction

of 7 we have:

lit(T(r")) contains a literal not from 7(U) (A.84)

Therefore,

(") & brw)(7(11)) (A.85)

From (A.81) and Lemma 3 we have:

pos(7(r")) N 7(U) is satisfied by 7(X) (A.86)

From (A.82) and Lemma 3 we have:

every literal from neg(7(r")) N 7(U) is not satisfied by 7(X)  (A.87)

From (A.78) we have:
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7(r") € 7(I) (A.88)

From (A.85), (A.86), (A.87) and (A.88) we have:

Rey(7(r")) € €2y (T (1) \ br (o) (7(11)), 7(X)) (A.89)

By construction of R and by Lemma 3 we have:

T(Ry(r")) = Ry (7(r")) (A.90)

From (A.89) and (A.90) we have:

T(Ru(r")) € exw)(T(I) \ b (7(I1)), (X)) (A.91)

From (A.79) and (A.91) we have:

7(r') € e (T(ID) \ brny (7(IT)), 7(X)) (A.92)

From the fact that » = 7(r') and (A.92) we have:

r € ex)(T(I1) \ bruy (7(I1)), (X)) (A.93)

Therefore, in this case, (A.55) holds.

e 7 is of the form

—f(Z, 1) + f(Z,92)

for some y; # ys.
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From (A.77) by construction of 7(ey(II'\ by (II), X)) we have:

f(z) =y; and f(Z) = y, are atoms of the signature of ey (II \ by (1), X)

(A.94)
Therefore, by clause 2 of Definition 59, we have:
f(z) =y, and f(Z) = y, are atoms of ¥ (A.95)
and
no literals of U are formed by f(Z) (A.96)
Therefore,

7(U) contains no literals of the forms f(z,y) or =f(z,y) (A.97)

Since neg(r) = {}, we have:

every literal in {not [ |l € neg(r)N7(U)} is not satisfied by 7(X) (A.98)

From (A.97) we have pos(r) N 7(U) = (), therefore:

every literal in pos(r) N 7(U) is satisfied by 7(X) (A.99)

From (A.95) we have:
r e 7(II) (A.100)

From (A.97) we have:
r & by (7(II)) (A.101)
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From (A.100), (A.101), (A.99), (A.98) we have:

Rey(r) € exy(T(ID) \ by (7(I0)), 7(X)) (A.102)

From (A.97) we have:

Ro(r) =1 (A.103)

From (A.103) and (A.102) we have:

r € ey (T(ID) \ br ) (7(I1)), 7(X)) (A.104)
Therefore, in this case, (A.55) holds.
From (A.54) and (A.55) we have (A.53).
. — we show that if A a possible world of II, then A = X UY for some solution

(X,Y) to Il with respect to U.

Let A be a possible world of II. By lemma 4 we have that 7(A) is an answer
set of 7(II). By splitting set theorem from [Lifschitz & Turner, 1994] we have
that 7(A) = X' UY"’ for some solution (X', Y”) to 7(II) with respect to 7(U).
Let ¥ be the signature of II. We will construct two sets of atoms of ¥, X and
Y, such that

o X'=7(X)

o YV =7(Y)

(X,Y) is a solution to II with respect to U

e XUY =A.

In (a) we construct X. In (b) we construct Y. In (c¢) we show X' = 7(X). In

(d) we show Y' = 7(Y). In (e) we show (X,Y’) is a solution to I with respect
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to U. In (f) we show X UY = A.

(a)

We construct X. First, from construction of 7(II) if follows that

if f(Z,y) occurs as an atom in 7(II) then f(z) =y is an atom of ¥

(A.105)

Since X' is an answer set of the program b, (7(Il)), it can only contain
literals which occur in the head of the rules of the program b, (7(II)),
and, by definition of b (7(II)),

all literals in X’ occur in 7(IT) (A.106)

Let X be the set defined as follows:

X={f@)=y| f(z,y) e X'} (A.107)

From (A.105) and (A.106) we have that X is a set of atoms of X.

We construct Y. Using arguments similar to the ones in (a), we can show
that if f(x,y) € Y/, then f(z) = y is an atom for ¥. Then the set Y,

defined as follows

Y={f(@) =yl f(z,y) €Y'}, (A.108)

is a set of atoms of X.

We show that X’ = 7(X). Since X’ is an answer set of the program
brw)(T(II)), X' is consistent. Therefore, it is sufficient to show that for

every atom f(Z) = y such that

f(z)=yeX (A.109)
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in X,
{(=f@ ) ln#yt €X' (A.110)

By construction of 7(II), for every literal f(Z) # y; where y; # y, 7(II)

contains a rule r: =f(z,y1) < f(Z,y)

We prove that
r belongs to b, (7(I1)) (A.111)

Since X' is an answer set of b,)7(II), and X' contains f(Z,y), f(Z,y) €
7(U) . By definition of 7(U), 7(U) should also include —f(Z,y;). Thus,
7(U) contains both 7(f(z) = y) and 7(f(Z) # y1) and, by construction of
brw)(T(II)), we have (A.111)

Since X' is an answer set of b, 7(II), from (A.111) we have:

X' satisfies r (A.112)

From (A.109) and (A.107) we have that X' satisfies the body of . There-
fore, from (A.112) we have X’ also satisfies the head of r, which is = f(z, y1).
Therefore, (A.110) holds.

We show that Y’ = 7(Y). Since Y’ is an answer set of e, (7(II) \
brw)(T(I)), X'), Y’ is consistent. Therefore, it is is sufficient to show

that for every atom f(z) = y such that

f@)=yeY (A.113)

we have

{(=f@ ) [n#yt Y (A.114)

By construction of 7(II), for every literal f(z) # y1 of 3 where y; # v,
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there is a rule r

_'f(jvyl) A f(j7y)

such that
r € 7(II) (A.115)

We prove that
r € exuy(T(I) \ bru (7(1D)), X') (A.116)

From the results on page 5 of [Lifschitz & Turner, 1994|, we have:

Y'nr(U)=10 (A.117)

From (A.117), (A.113) and (A.108) we have:

fz,y) ¢ 7(U) (A.118)
From (A.118) by construction of b, (7(IT)) we have:
r & b (7(ID)) (A.119)
From (A.119) and (A.115) we have:
r € 7(I0) \ by (7(I1)) (A.120)

From (A.120) and (A.118) by definition of top we have (A.116).

Since Y is an answer set of e ) (7(II) \ b-(7(I1)), X'), from (A.116) we
have:

Y’ satisfies r (A.121)

From (A.113) and (A.108) we have that Y’ satisfies the body of r. There-
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fore, from (A.121) we have Y also satisfies the head of the rule, which is
—f(Z,y1). Therefore, (A.114) holds.

(e) We show that (X,Y’) is a solution to IT with respect to U. We prove the

clauses 1-3 of Definition 60 in i - iii respectively.

i. We show that X is a possible world of by (II). By construction,
X' is an answer set of b, (7(II)) (A.122)

From (c), the fact that X’ is an answer set of b ) (7(II)), A.40 by
lemma 4 we have that X is a possible world of by (II).

ii. We show that Y is a possible world of ey (IT'\ by (I1), X).
Recall that:

Y" is an answer set of ey (7(I) \ by (7(I)), X') (A.123)

From (A.123), (d), and (A.436) by Lemma 4 we have that Y is a
possible world of ey (IT\ by (I1), X).

ili. We prove X UY is consistent. Recall that 7(A) = X’UY" for a possible
world A of II. From (c) and (d) we have that X UY consists of all
positive literals which are members of X’ UY’, which is precisely A.

Since A is a possible world, A is consistent, as well as X UY'.

(f) In 2.e).iii we have already shown that A= X UY.

By theorem 4 and the fact that if Y contains an atom f(x,y), it also contains
atoms f(z,y;) for every y; # y, there exists Y’ such that Y = 7(Y”) and Y is
a possible world of ey (IT \ by (P), X).

.« we show that if A = X UY for some solution (X, Y") to IT with respect to U,

then A is a possible world of II.
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By 1, 7(U) is a splitting set of 7(II). We prove that (7(X),7(Y)) is a solu-

tion to 7(II) with respect to 7(U). In (a) we show that 7(X) is a possible
world of by)(7(II). In (b) we show 7(Y') is a possible world of e,)(7(II) \

brw)(T(I1)), X’). In (c) we show 7(X) U 7(Y") is consistent.

(a) We show that

7(X) is a possible world of b (7(II))

Since (X,Y) is a solution of II w.r.t. U, we have

X is a possible world of by (I1)

Therefore by Lemma 4 we have:

7(X) is a possible world of 7(by (IT))

From (A.40) and (A.126) we have (A.124)

(b) We show that

7(Y') is a possible world of e, (7(II) \ brw)(7(II)), 7(X))

Since (X,Y") is a solution of II w.r.t. U, we have:

Y is a possible world of ey (7(I1) \ by (7(I1)), X)

Therefore by Lemma 4 we have:

7(Y) is a possible world of 7(ey (7(I1) \ by (7(I1)), X))
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From (A.436) and (A.129) we have (A.127)

(¢) Since (X,Y) is a solution of IT w.r.t. U, X UY is consistent. Therefore, by
construction, 7(X) U 7(Y) is consistent (it consists of atoms from X and

Y and all negative literals of the form f = y for every atom f = y; where

Yy # Y1)
O

The original paper also contains an analogy of the following claim that we will

use in the proof of Theorem 1.

Lemma 5. Let U be a splitting set for a program II. If A is a possible world of IT such
that A = X UY for some solution (X,Y) to II with respect to U, then Y N U = ().
O

Proof. Since Y is a possible world of ey (1T \ by (I1), X), and, by clause 2 of Definition
59, the signature of ey (IT \ by (II), X') does not contain literals from U, Y does not
contain literals from U. Therefore, Y NU = . O

A.2.3 Proof of Theorem 1

In this section we will prove the theorem:
Theorem 1.
Every program from B is coherent.

O

The outline of the proof is the same as that of Theorem 1 from [Baral et al., 2009],
which says that a program from a different class introduced there is coherent. First,
[Baral et al., 2009] introduces the notion of a tableau representing a program and
shows that programs considered there can be represented by such tableaux. The
second part of the proof consists of the theorem which states that every program
which can be represented by a tableau is coherent. The definition of a tableaux

and the corresponding theorem about coherency in our proof is very close to that
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in [Baral et al., 2009]. The only changes are those related to our refinement of the
semantics of the original P-log. However, proof of the first part requires a substantial

amount of work and new insights, given in lemmas 8 - 27 below.

Definition 62 (Unitary Tree).
Let T be a tree in which every arc is labeled with a real number in [0,1]. We say T'

is unitary if the labels of the arcs leaving each node add up to 1.

Figure A.1 gives an example of a unitary tree.

Figure A.1: Unitary tree T

Definition 63 (pr(n)).
Let T be a tree with labeled nodes and n be a node of T'. By pr(n) we denote the

set of labels of nodes lying on the path from the root of T" to n, including the label
of n and the label of the root.
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Example 18. Consider the tree 7' from Figure A.1. If n is the node labeled (13),
then pr(n) = {1, 3,8,13}.

Definition 64 (Path value).

Let T be a tree in which every arc is labeled with a number in [0,1]. The path value

of a node n of T, denoted by pvr(n), is defined as the product of the labels of the

arcs in the path to n from the root. (Note that the path value of the root of 7" is 1.)
O

When the tree T' is obvious from the context we will simply write pv(n).

Example 19. Consider the tree T' from Figure A.1. If n is the node labeled with 8§,
then pv(n) = 0.3 x 0.3 = 0.09.

Lemma 6. [Property of Unitary Trees]
Let T be a unitary tree and n be a node of T'. Then the sum of the path values of all
the leaf nodes descended from n (including n if n is a leaf) is the path value of n.

|
The proof of Lemma 6 can be found in [Baral et al., 2009].

Definition 65 (A set of literals compatible with an e-literal).

A set S of literals of II is II-compatible with an e-literal [ of II if there exists a possible
world of II satisfying SU{l}. Otherwise S is II-incompatible with . S is II-compatible
with a set B of e-literals of ¥ if there exists a possible world of II satisfying S U B;

otherwise S is II-incompatible with B. O

Definition 66 (A set of literals guaranteeing an e-literal).
A set S of literals is said to II-guarantee an e-literal [ if S and [ are II-compatible
and every possible world of II satisfying S also satisfies [; S II-guarantees a set B of

e-literals if S I[I-guarantees every member of B. O
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Definition 67 (Ready to branch).
Let T be a tree whose nodes are labeled with atoms of > and r be a rule of II of the

form

random(a(t) : {X : p(X)}) «+ K.

where K can be empty. A node n of T is ready to branch on a(t) via r relative to 11

if
1. pr(n) contains no literal of the form a(t) = y for any v,
2. pr(n) H-guarantees K,

3. for every pr-atom of the form pr(a(t) = y | B) = v in I, either py(n) II-

guarantees B or is II-incompatible with B, and

4. for every y € range(a), pr(n) either Il-guarantees p(y) or is Il-incompatible
with p(y) and moreover there is at least one y € range(a) such that pp(n)

[I-guarantees p(y).

If IT is obvious from the context we may simply say that n is ready to branch on a()
via 7.

a

Proposition 14. Suppose n is ready to branch on a(¢) via some rule r of II, and
a(t) = y is Il-compatible with pr(n); and let W, and Wy be possible worlds of TI-
compatible with pr(n). Then P(Wy,a(t) = y) = P(Wa, a(t) = y).

O

Proof. Suppose n is ready to branch on a(t) via some rule r of II, and a(t) = y is
[I-compatible with pr(n); and let W and W5 be possible worlds of 1T compatible with
pr(n).

Case 1: Suppose a(t) = y has an assigned probability in W;. Then there is a
pr-atom pr(a(t) = y | B) = v of II such that W satisfies B. Since W also satisfies

161



Texas Tech University, Evgenii Balai, December 2017

pr(n), B is II-compatible with pr(n). It follows from the definition of ready-to-branch
that pr(n) Il-guarantees B. Since W satisfies pr(n) it must also satisfy B and so
P(Wa,a(t) =y) = v.

Case 2: Suppose a(t) = y does not have an assigned probability in ;. Case 1
shows that the assigned probabilities for values of a(f) in Wi and W, are precisely the
same; so a(t) = y has a default probability in both worlds. We need only show that
the possible values of a(t) are the same in W; and W,. Suppose then that for some
z, a(t) = z is possible in Wi. Then W; satisfies p(z). Hence since W satisfies pr(n),
we have that pr(n) is [I-compatible with p(z). By definition of ready-to-branch, it
follows that pr(n) II-guarantees p(z). Now since W satisfies pr(n) it must also satisfy

p(z) and hence a(t) = z is possible in W5. The other direction is the same. O

Suppose n is ready to branch on a(f) via some rule r of II, and a(t) = y is II-
compatible with pr(n), and W is a possible world of II compatible pr(n). We may
refer to the P(W,a(t) = y) as v(n,a(t),y). Though the latter notation does not

mention W, it is well defined by proposition 14.

Example 20. [Ready to branch]

Consider the following version of the dice example. Lets refer to it as I1i4

#dice = {d1,d2}.

#score = 1..6.

#person = {mike, john}.

roll: #dice -> #score.

owner: #dice -> #person.

owner (d1) = mike.

owner (d2) = john.

even(D) :- roll(D)=Y, Y mod 2 = 0.
-even(D) :- not even(D).

random(roll(D)).

162



Texas Tech University, Evgenii Balai, December 2017

pr(roll(D)=Y | owner(D) = john) = 1/6.
pr(roll(D)=6 | owner(D) = mike) = 1/4.
pr(roll(D)=Y | Y != 6, owner(D) = mike) = 3/20.

Now consider a tree T of Figure A.2 '. Let us refer to the root of this tree as nq,

Figure A.2: Ty: The tree corresponding to the dice P-log program Il;¢

the node roll(dy) = 1 as ng, and the node roll(ds) = 2 connected to ny as ng. Then
pr,(n1) = {true}, pr,(na) = {true,roll(dy) = 1}, and pr,(ng) = {true,roll(d,) =
L,roll(dy) = 2}. The set {true} of literals Il;g-guarantees {owner(d;) = mike,
owner(ds) = john} and is Ijg-incompatible with {owner(d;) = john, owner(ds) =
mike}. Hence n; and the attribute roll(d;) satisfy condition 3 of definition 67. Sim-
ilarly for roll(dy). Other conditions of the definition hold vacuously and therefore n;
is ready to branch on roll(D) via random(roll(D)) relative to I1;5 for D € {d;,ds}.
It is also easy to see that ns is ready to branch on roll(dy) via random(roll(ds)), and

that ng is not ready to branch on any attribute of Ilg.

Definition 68 (Expanding a node).
In case n is ready to branch on a(t) via some rule of II, the II-expansion of T at n by

a(t) is a tree obtained from T' as follows: for each y such that py(n) is II-compatible

!The root is labeled with true, which can be viewed, for instance, as a true arithmetic atom 1 = 1
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with a(t) = y, add an arc leaving n, labeled with v(n, a(t),y), and terminating in a

node labeled with a(t) = y. We say that n branches on a(t).

Definition 69 (Expansions of a tree).

A zero-step Il-expansion of T is T. A one-step I1-expansion of T is an expansion of
T at one of its leaves by some attribute term a(t). For n > 1, an n-step I1-ezpansion
of T is a one-step Il-expansion of an (n — 1)-step Il-expansion of T'. A II-expansion
of T is an n-step II-expansion of T" for some non-negative integer n.

|

For instance, the tree consisting of the top two layers of tree T from Figure A.2

is a Il-expansion of one node tree n; by roll(d;).

Definition 70 (Seed).

A seed is a tree with a single node labeled true.

Definition 71 (Tableau).
A tableau of II is a Il-expansion of a seed which is maximal with respect to the subtree

relation.

For instance, a tree T of Figure A.2 is a tableau of ITyg.

Definition 72 (Node representing a possible world).
Suppose T is a tableau of II. A possible world W of 1I is represented by a leaf node
n of T"if W is the set of atoms II-guaranteed by pr(n).

For instance, a node ns of T represents a possible world

{owner(dy, mike), owner(dy, john),roll(dy, 1), roll(dy, 2), ~even(dy), even(ds)}.
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Definition 73 (Tree representing a program).
If every possible world of II is represented by exactly one leaf node of T', and every
leaf node of T represents exactly one possible world of II, then we say 1" represents

II. O
It is easy to check that the tree T5 represents Il,.

Definition 74 (Probabilistic soundness).

Suppose Il is a P-log program and 7' is a tableau representing II, such that R is a
mapping from the possible worlds of II to the leaf nodes of T" which represent them.
If for every possible world W of II we have

por(R(W)) = (W)

i.e. the path value in T' of R(W) is equal to the normalized measure of W, then we

say that the representation of II by T is probabilistically sound. O

The following lemma gives conditions sufficient for the coherency of P-log pro-
grams. It will later be shown that all unitary, dynamically causally ordered programs

satisfy the hypothesis of this theorem, establishing Theorem 1.

Lemma 7 (Coherency Condition).
Let II be a program, and II’ be a program obtained from Il by removing activity
records. If there exists a unitary tableau T representing II', and this representation

is probabilistically sound, then P is defined, and for every pair of rules

random(a(t) : {X : p(X)}) + K. (A.130)

and

pr(a(t) =y | B) = v. (A.131)
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of II" such that Pp/(B U K) > 0 we have

PritoByue(ry (a(t) = y) = v

Hence 11 is coherent.

a

Proof. Since there exists a unitary tableau representing IT’, by lemma 6 and Definition
74 we have that there exists at least one possible world with a non-zero measure.
Therefore, Py is defined.

For any set S of literals, let l[gar(S) (pronounced “L-gar” for “leaves guarantee-
ing”) be the set of leaves n of T' such that pr(n) II'-guarantees S.

Let i denote the normalized measure on possible worlds induced by IT'.

Let €2 be the set of possible worlds of I[I' Uo(B) U o(K). Since Py (BUK) > 0 we

have

- Z{W CWeQ A alf)=y € W} p(W)
PrvuoByue(ry(a(t) = y) = ' —
Z{W : WeQ} u(W)

(A.132)

Now, let

a= Z pv(n)

n€lgar(BUKU{a(t)=y)}

=Y )

n€lgar(BUK)
Since T is a probabilistically sound representation of II’, the right-hand side of (A.132)
can be written as o/f. So we will be done if we can show that o/5 = v.

We first claim

Every n € lgar(B U K) has a unique ancestor ga(n) which branches on a(t)

via rule (A.130).
(A.133)
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If existence failed for some leaf n then n would be ready to branch on a(#) which
contradicts maximality of the tree. Uniqueness follows from Condition 1 of Definition
67.

Next, we claim the following:
For every n € lgar(B U K), pr(ga(n)) II'-guarantees B U K. (A.134)

Let n € lgar(B U K). Since ga(n) branches on a(t), ga(n) must be ready to branch
on a(t) via a rule of II. So by clause 3 of Definition 67, ga(n) either II'-guarantees
B or is [I'-incompatible with B. But pr(ga(n)) C pr(n), and pr(n) II'-guarantees B,
so pr(ga(n)) cannot be II'-incompatible with B. Hence pr(ga(n)) II'-guarantees B.
It also follows from clause 2 of Definition 67 that pr(ga(n)) II'-guarantees K.

From (A.134), it follows easily that

If n € lgar(B U K), every leaf descended from of ga(n) belongs to lgar(B U K).
(A.135)
Let
A ={ga(n):n €lgar(BUK)}

In light of (A.133) and (A.135), we have
lgar(B U K) is precisely the set of leaves descended from nodes in A.  (A.136)

Therefore,

8= 3 pu(n)

n is a leaf descended from some aca

Moreover, by construction of 7', no leaf may have more than one ancestor in A, and

hence

=3 > po(n)

a€A 4 is a leaf descended from «
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Now, by Lemma 6 on unitary trees, since 71" is unitary,

B=">pv(a)

acA

This way of writing 3 will help us complete the proof. Now for a. Recall the definition

of a:

a = Z pv(n)

n€lgar(BUKU{a(t)=y})

Denote the index set of this sum by lgar(B, K,y). Let
A, = {n: parent(n) € A, the label of n is a(t) = y}

Since lgar(B, K, y) is a subset of lgar(B U K), (A.136) implies that lgar(B, K,y) is

precisely the set of nodes descended from nodes in A,. Hence

a= Z pu(n')
n’ is a leaf descended from some nea,

Again, no leaf may descend from more than one node of A,, and so by the lemma on

unitary trees,

a= Z Z pu(n') = Z pv(n) (A.137)

n€dy 4 is a leaf descended from n neAy

Finally, we claim that every node n in A has a unique child in A,, which we will label
ychild(n). The existence and uniqueness follow from (A.134), along with Condition
3 of Section 2.2.3, and the fact that every node in A branches on a(t) via rule A.130.
Thus from (A.137) we obtain

a= va(ychild(n))

neA
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Note that if n € A, the arc from n to ychild(n) is labeled with v. Now we have:

PrrGobs(B)uobs(i) (@(t) = ¥)

— /B
=" polychild(n))/ " pu(n)

neA neA

= pu(n) 0/ Y poln)

neA neA

= .

Lemma 8. [Tableau for programs from B]

Suppose II is a program from B and U is the set of activity records in II; then there
exists a tableau 7" of I \ U which represents II \ U such that the representation of
IT\ U by T is probabilistically sound.

O

Proof. Let @ = ay...,,a, be a probabilistic leveling of IT s.t. II is dynamically
causally ordered via v and Tly, . .., I be the dynamic structure of IT\ U induced by
a. Let Wy be the possible world of Ilj.

Consider a sequence Ty, ..., T} of trees where Tj is a tree with one node, ng,
labeled by true, and T; is obtained from T;_; by expanding every leaf of T;_; which
is ready to branch on a;(¢;) via any rule relative to II; by this term. Let T' = Ty.
We will show that T), is a tableau of II which represents II and the representation is
probabilistically sound.

Our proof will unfold as a sequence of lemmas: Let ¥; be the signature of 1I; for
every i € {0..k}, and L; be the set of all e-literals that can be formed by attribute

terms from the signature of II;. O
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Lemma 9. Let II be a P-log program with signature ¥, A be a set of attribute terms
of 3, L be the set of all e-literals of ¥ formed by attribute terms from A. Suppose
there exists a set of atoms Wy, C L such that every possible world W of I, W, C W
and (W\W,)NL = 0. Let R C II be a subset of rules of IT such that for every r € R,
the body of r contains an e-literal from L which is not satisfied by W. We have:

QOn = Qg (A.138)

|

Proof. In 1 we will prove Q C Qmpg. In 2 we will prove Qg C Q. (A.138) follows

immediately from 1 and 2.

1. We prove
O C O (A.139)

Let W € Qp be a possible world of II. We will show

W € Qm g (A.140)

Consider the reduct II' = (IT'\ R)". To show (A.140), in 1.1 we will show W

satisfies the rules of (IT\ R)". In 1.2 we will prove W is minimal such set.

1.1 We show W satisfies the rules of (IT \ R)". Since W € Qp, W satisfies
Y. Since (IT\ R)" C I, W satisfied the rules of (IT\ R)".

1.2 For the sake of contradiction, suppose there exists W’ C W such that W’
satisfies (IT\ R)"W. We will show that

W' satisfies T1" (A.141)

W’ satisfies the subset (IT\ R)" of IT". Now suppose r € R". Let r* be
the rule of IT which produced r in II'"'. By construction of R, the body of
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r* contains an e-literal [ formed by an attribute term from A not satisfied
by Wy. Since W, € W and (W \ W) N L = 0, L is the set of all e-
literals formed by attribute terms from A, the body of r* contains [ which
is not satisfied by W. [ cannot have default negation (or else, the rule r
shouldn’t belong to the reduct R"). Therefore, [ belongs to the body of r.
Since W' C W, and all the literals in the body of r do not contain default

negation, [ is not satisfied by W’. Therefore, W’ satisfies r.

2. We prove
Qmr C On (A.142)

Let W € Qm g be a possible world of II \ R. We will show

W e Qp (A.143)

Consider the reduct II' = (I)". To show (A.143), in 2.1 we will show W

satisfies the rules of (II)". In 2.2 we will prove W is minimal such set.

2.1 Since W € Qpp\ g, it satisfies the rules of (IT\ R)". The further reasoning

is similar to 1.2.

2.2 For the sake of contradiction suppose there exists W’ C W which satisfies
(INY. Since (IT\ R)W C (IN", W’ also satisfies (IT \ R)", which is a
contradiction to the fact that W is a possible world of (IT'\ R).

|

Lemma 10. Let IT be a program with signature > such that the base of II has a

unique possible world. We have €,.cqqry = Q1. O

Proof. Let L{ be the set of literals of X each of which does not depend on an a random

attribute term of II. L{ is a splitting set of II. therefore, by splitting set theorem,
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for every possible world W of II we have Wj C W and (W \ W}) N Ly = 0. By
construction of red(Il), II = red(I1) U R, where the body of every rule in R contains
a e-literal from Lj not satisfied by W{. Then the lemma follows trivially from lemma

9. O
Lemma 11. Let 0 < ¢ < k be an integer. .41,y = . O

1

Proof. Since by (IL;) = by, (IT), bz, (I1;) is the base of IT which has a unique possible

world W{. Then the lemma follows immediately from Lemma 10. O
Lemma 12. Let 0 < i < k be an integer. Let W; be a possible world of IT;. We have:
1. Wy CW;
2. W\ Wo)NLy=0

Proof. Let Lj be the set of literals from II's base signature, and W] be the answer

set of II’s base. By Lemma 11

Qred(l_[i) = QHZ- (A144)

Therefore, W; € ,.qqr). The lemma follows from the fact that Ly is a splitting set
of red(Il;), and red(Ily) = by, (red(Il;)), and Lemma 11.
O

Lemma 13. Consider integers n, m such that 0 < n < m < k. If W,, is a possible
world of IT,,,, then there exists a unique possible world W,, of I1,, such that W,, C W,,,,
and (W, \W,)N L, = 0.

O

Proof. In the first part of the proof we show the existence of W,,. We start from two

special cases.

e (Case 1. n =m. The claim clearly holds, we can have W,, = W,,.
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e (ase 2. n = 0. That is, we prove that if W,, is a possible world of the program
IL,,, then there exists a unique possible world W} of the program II; such that

(W \ Wo) N Lo = 0.

From the definition of a dynamically causally ordered program, Il has a unique
possible world Wy. Therefore, from Lemma (12) every possible world A,, of the
program II,,, can be written as Wy UY", for some Y such that Y N Ly = 0.

The proof is by double induction on n,m.

1. (Base case n =m = 0) The case follows immediately from Case 1.

2. (Inductive Hypothesis) Let h and j be two integers in the range {0..k} such that
h > 7> 0. Let d and g be a pair of integers such that

d<j,

and

d+g<h+j.

For every possible world Wy of the program II; there exists a possible world W,
of the program II; such that W, = W, U U,, where U,N L, = {)

3. (Inductive Step) We prove that for every possible world W}, of the program II,
there exists a possible world W; of the program II; such that W, = W; U U;
where U; N L; = 0. Let W; be the set Wh|Lj we prove that W; is a possible
world of I1,. In a) we show that W, satisfies the rules of H?’j and in b) we show

that W; is minimal.

(a) We show that W; satisfies the rules of H}/Vj . Let 7 be a rule of H}/Vj such
that the body of r is satisfied by W;. We prove that the head of r is
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satisfied by W;. Let 7" be the rule of II; from which r was obtained during
the computation of H?/j . Since W}, \ W, does not contain literals from L;,
and the rules of the program II; is a subset of the rules of the program
I1,, 7" belongs to the rules of II, and the reduct IT"* will contain the rule
r. Since W; C W),, W), satisfies the body of r. Therefore, Since W}, is an
answer set of I, the head of r is included into W). Since r belongs to
H;Vj, its head must belong to L;. Since W; = Wj|r,, the head of r also
belongs to W;. This means that W; satisfies the head of .

e show that W; 1s minimal. at 1s, there does not exist an interpretation
b) We sh hat W; is minimal. That is, there d t exi i tati
W of II; such that
WJ’ cw; (A.145)

and W} satisfies the rules of H;/Vj . We prove by contradiction. Suppose

such an interpretation exists. Let’s define U; and W as follows:

Ui =W, \ W, (A.146)
W, =WiuU; (A.147)

From (A.146) we have:
U;nW; =0 (A.148)

From (A.148) and (A.145) we have:
Un Wi =0 (A.149)
From (A.145) - (A.149) we have:

Wy, C Wy (A.150)
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We show that W/ satisfies the rules of HhWh, thus, obtaining a contradiction

to the fact that W), is a possible world of II,. Let r be a rule of HhWh such

that W, satisfies the body of . We prove that W} satisfies the head of .

Let ' be the rule of I1;, from which r was obtained during the computation

W, . .
of II,"*. We consider two possible cases.

i.

ii.

" is a rule of II;. In this case  must belong to H;/Vj . Since W satisfies
the rules of H;/Vj , and it satisfies the body of r, it must satisfy the head

of r.

" is not a rule of IT;. We show that W), satisfies the body of 7. First,
since 7 belongs to the reduct I, {not I | I € neg(r)} must be satisfied
by W},. Since W} satisfies the body of r, which is precisely pos(r), and
W, C W, W), satisfies pos(r) too. This means

W), satisfies the body of 7’/ (A.151)

Let us denote the head of ' by ly. Since W), is a possible world of IIj,
from (A.151) we have
W), satisfies [y (A.152)

We consider two cases:

A. Iy is a member of L;. We first prove that [/, must be of one of the
forms random(a,,p) or a, = y for some random attribute term
aq, where ¢ < j. We prove by contradiction. Suppose [ is either
formed by a random attribute term a,, where r > j, or it is formed
by a non-random attribute term random(a,,p), where r > j, or
it is formed by a non-random attribute term b whose attribute is
not random. The first two cases are clearly impossible, because
L; contains only attribute terms ay, ..., a; and random(as, p) for

0 < s <7, and [y belongs to L;. Consider the latter case, where [,
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is formed by non-random attribute term b whose attribute is not
random. We show that, in this case, the level of attribute term
b in IT must exceed j, thus, obtaining a contradiction to the fact

that [y is a member of L;.

e We show by contradiction that the rule " belongs to red(IT).
Suppose that 7’ does not belong to red(Il). This implies that
there is an extended literal el in the body of 7’ formed by an
atom in the signature of Iy such that W} does not satisfy el.
By case #2, we get that the possible world W), can be written
as Wy UU’, where U' N Ly = (). Therefore, W), does not satisfy
the literal el, which contradicts A.151.

e We show that the level of body(r’) in II must exceed j. Suppose
the level of body(r’) does not exceed j. In this case, if both b
and body(r') have level < j, the rule " must belong to II;, which
contradicts our previous assumption. Thus, since ' belongs to

red(Il), b must have a level > j.

Thus, we are left with the two cases when

ly is either formed by a, or is of the form random(a,, p)
(A.153)
for random attribute term a, € {a; ..., a;}. By inductive hypoth-
esis, there exists a possible world W,_; of the program II,_; such
that
Wy =W, UU,q, (A.154)

and

Up1N Ly =10 (A.155)
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Since " does not belong to II;,

r’ contains at least one literal which does not belong to Lj;.
(A.156)
Since ¢ < 7,

C L (A.157)

q

From (A.156) and (A.157) it follows that

r' contains at least one literal which does not belong to L,

(A.158)
Since the head of 7’ is formed by a,, from (A.158) it follows that

the body of 7' contains a literal which does not belong to L,

(A.159)
From (A.159) it follows that

W,—1 does not satisfy the body of 7. (A.160)

Therefore, by clause 1 of Definition 20 from (A.160) it follows that

we have only of the two cases:

e W,_; falsifies the body of /
which means that the body of ' contains an extended literal
ely—1 from the signature of I1,_; such that W,_; does not satisfy
it. From (A.154) and (A.155) it follows that W}, does not satisfy
el,—1, and, therefore, it does not satisfy the body(r'). Therefore,

we have a contradiction to (A.151).

e 1’ is a general axiom, which is, given that it’s head is either
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random(ag, p) or a,, must be of the form:
a, =y < random(ay, p),not a; = yi,...,not a, = yr (A.161)

In this case, the level of all attribute terms in 7’ is ¢ < j, and,
therefore, the rule " must belong to II;. Contradiction to the
main assumption in ii.
B. Iy is not a member of L;. In this case, since, by (A.152), W}
satisfies [y and W), = W; U U;, and all the literals in WW; belong to
Lj, lp belongs to U;. Since Wy = WU U;, Wj satisfies lq.

In the second part of the proof we show the uniqueness of W;. Suppose there exist

two different possible worlds le and I/Vj2 of II; such that

Wy, =W;uU; (A.162)
Wy, =W?UuU? (A.163)
U'nL;=10 (A.164)
UrnL;=10 (A.165)

Since L; contains all the literals that can be constructed from the signature of II;,

from equations (A.162) and (A.164) it follows that
W} =Wz, (A.166)
Similarly, from equations (A.163) and (A.165) it follows that

W2 =Wz, (A.167)
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From equations (A.166) and (A.167) it follows that W} = W?. This contradicts our
original assumption that I/le and T/Vj2 are two different possible world of II;.

O

Lemma 14. Let IT be a program with a possible world W. The program ITUW has

a unique possible world W.

Proof. Since W is a possible world of II, W satisfies II'". Therefore, W satisfies
(MuWHW =TI uWwW =TI UW. W is minimal, because, by Proposition 1, every
possible world of IT" U W must include W.

W is the only possible world of IT U W, because, by Proposition 1, every possible
world of IT U W must include W, and, by Proposition 13, no possible world which
includes W and is different from W can exist.

|

Lemma 15. Let i € {0..k—1} be an integer and V' be a possible world of II;. Let II' be
a program from the set {II, 1, UV U{« not a;11 = y}, ;11 UV U{a;41 =y}, ;1 UV}
For every possible world W of II', Wy C W and W \ Wy N Lo = 0.

O

Proof. Let L{ be the set of literals from the base S of II', and W} be the answer set
of S. We first show
Qred(H’) = QH’ (A168)

Since by, (I1}) = bot ; (I1;) UWg, by, (IT;) has a unique possible world Wy. Therefore,
by splitting set theorem, for every possible world W of II, we have W] C W and
(W A\ W{)N Ly = 0. By construction of red(Il;), I = red(Il}) U R, where the body
of every rule in R contains a e-literal from Lj not satisfied by W{. (A.168) follows
immediately from lemma 9.

Clearly, Ly is a splitting set of red(Il;), and by, (red(I1})) = red(Ily) U Wy, and
Lemma 11. By lemma (11), W, is a possible world of red(Ily). By Lemma 14, W

is a possible world of red(Ily) U Wy. Therefore, by splitting set theorem, for every
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possible W of red(Il}) we have Wy C W and W \ Wy N Ly. Therefore, by (A.168),

the lemma holds. O

Lemma 16. % Let ¢ € {0..k — 1} be an integer and V' be a possible world of II;. Let
IT" be a program from the set {II,;; UV U {«+ not a;11 = y}, ;s UV U{a;s1 =
y}, ;4.1 UV}, For every possible world W of IT'; W\ V' does not contain literals from
L;.

O
Proof. We define X as follows:
X =WA\V), (A.169)
We show:
W\ X satisfies the rules of I}V, (A.170)

Let r be a rule of II}Y,. We consider 2 cases:

1. Suppose the head of 7 is not a literal of X. If the body of r is satisfied by W'\ X,
it is also satisfied by W, thus, since W satisfies the rules of HZVH, it contains the

head of r. Since the head of r does not belong to X, W\ X satisfies head of r.

2. Suppose the head of r is formed by a literal from X. We need to show that, if
the body of r is satisfied by W \ X, the head of r is also satisfied by W \ X.

We consider two cases:

(a) the head of r is of the form a; = y, or of the form random(a;,p), for a
random attribute term a;, where 7 <i. By Lemma 13, there must exists

a possible world V;_; of II;,_; such that

ViaCV (A.171)

2the lemma is more general than it is required for this proof of coherency, however we will use it
in section A.3 for another proof
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and

(VAVi)NLjy =0 (A.172)

Let 7’ be the rule of II;;; from which r was obtained during the compu-

tation of the reduct HK/H By definition of dynamically causally ordered

program, there are three cases:

1.

ii.

V1 satisfies the body of 7/ (A.173)

and

all the literals occurring in r’ are in L;_ (A.174)

Since j <14, Lj—; € L;, we have

r’ belongs to II; (A.175)

From (A.171), (A.172), (A.173) and (A.174) we have that V satisfies
the body of 7.

Since V' is a possible world of II; from (A.175) we have V' contains the
head of 7" (and r, since the heads of r and ' are the same). Since
VC(W\X), (W\ X) also contains the head of r

V1 falsifies the body of 7. Because (V \ V;_1)NL;_y =0, V falsifies
the body of /. That is, there exists an e-literal [ belonging to the body
of " such that [ € L;_; and V' does not satisty [. Because (W \ X) \
V)N L; =0, and L;—y C L;, we have that (W \ X)\ V)N L;—; =0.
Therefore, since V falsifies body(r'), W\ X falsifies body(r’). If | does
not contain default negation, this contradicts our original assumption
that the body of r is satisfied by W\ X. Suppose now | = not l', where
' € Lj_y. Since V does not satisfy [, V satisfies I'. Since V' C W (in
all 3 cases) , W satisfies I'. Therefore, W does not satisfy . This
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111.

contradicts the fact that r from the reduct II}}; is obtained from 7.

r’ is a general axiom of the form
a; =y < random(a;,p),not a; =yi,...,not a; = yy
and r is of the form
a; =y < random(a;,p)

Since W \ X satisfies the body of r, and all the literals of L; from

W\ X are contained in V', we have
random(a;,p) € V (A.176)

Since V. C W, random(a;, p) € W. Since r belongs to the reduct I}V,
{a; =vy1,....;a; =yg} NW =0. Since VC W,

{aj=vy1,...;a; =y} NV =10 (A.177)

Since v’ € II; (all the literals are clearly in L; C L;), and V' is a possible
world of II;, from (A.176) and (A.177) we have a; =y € V. Since X
does not contain literals from V, and VC W, a; =y € W\ X.

(b) the head of r is formed by a non-random attribute term nr, whose attribute

is not random, and whose level in IT is < i. Let 7’ be the rule of HXVH from

which r was obtained. We consider two cases:

i.

r" does not belong to red(Il). In this case the body of 7' contains an
e-literal [ € Ly such that |a| = 0 and W, does not satisfy [.
By Lemma 15 we have:

Wy C W (A.178)
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(WAWo) N Lo =10 (A.179)

From (A.179) we have (W \ X))\ Wy) N Ly = (). Therefore, since W
does not satisfy [ and | € Ly, W\ X also does not satisfy [, which
contradicts the fact that W\ X satisfies the body of r.

ii. " belongs to red(Il) The body of " must consist of literals in L;
(otherwise, the head of r will not belong to L;, which contradicts the
fact 1 € X). Since (W \ X) \ V does not contain literals from L;,
and (W \ X) satisfies the body of r, V satisfies the body of r. Since
r belongs to the reduct Hﬁl, W satisfies all extended literals of the
body of ' preceded by default negation. Since V' C WV also satisfies
all extended literals of the body of r’ preceded by default negation.
This means that V satisfies the body of /. Since all the literals in »/
are members of L;, v’ must belong to II;. Since V is a possible world
of I1;, it must satisfy r’, thus, the head of r/, which is the same as the
head of 7, must belong to V. Since V. C W \ X, and V satisfies the
head of r, W \ X satisfies the head of .

To conclude the proof, we consider the 3 possible values of IT' from the lemma sepa-

rately and show X = ():

1. Suppose W is the possible world of II;,; UV. We need to show that X = (). For
the sake of contradiction suppose X # (). We have previously shown that W'\ X
satisfies the rules of II'Y,. Since V'C W\ X, W \ X satisfies V. Therefore,
W\ X satisfies the rules of IT}'Y; UV", which contradicts the fact that W is a
possible world of IT;,,; UV .

2. Suppose W is the possible world of I1;,; UV U {4 not a;11 = y}. We show that
X = (). For the sake of contradiction suppose X # (). We previously showed
that W \ X satisfies the rules of II'Y,. Since V. C W \ X, W \ X satisfies
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V. Since W is a possible world of II;1; UV U {< not a;+1 = y}, W contains
a;11 = y. Therefore, (IT;1; UV U{« not a;; 1 = y})"V = (I1;;; UV )W . Therefore,
(W \ X) C W satisfies all the rules of (IT;;; UV U {< not a;y; = y})", which
contradicts the fact that W is a possible world of (II; 1 ; UV U{< not a;11 = y}).

. Suppose W is the possible world of II,;; UV U {a;41 = y}. We show that

X = (. For the sake of contradiction suppose X # (). We previously showed
that W \ X satisfies the rules of IIY,. Since V.C W \ X, W \ X satisfies V.
Since W is a possible world of I,y UV U{a;4+1 = y}, W satisfies a;11 = y. Since
aiy1 € Liy1 \ L;, and X consists of literals from L;, W \ X satisfies a;11 = v.
Therefore, W\ X satisfies (IT;11 UV U{a;y1 = y})", which contradicts the fact
that W is a possible world of (II;;; UV U{a;41 =y}) .

|

Lemma 17. Let ¢ be an integer in the range {0..k — 1} and V' be a possible world of

IT;.

if no random selection rule with a;,; is active in V', then every possible world

of Il;11 UV is a possible world of II;,

. if there is a random selection rule of the form

random(a;y1,p) < B (A.180)

active in V', and p(y) € V, then every possible world of IT; UV U{< not a;;1 =
y}, is a possible world of TI;,;.

|

Proof. Let Il.,; denote the program II;,; UV in case 1 and and the program II;;; U

V U {« not a;;1 = y} in case 2. Let W be a possible world of Il.,;. We show that

W is a possible world of II;;;. We first show that W satisfies the rules of HK’H, and

then we show that W is minimal.
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1. We show that W satisfies the rules of IV, Let r be a rule of IV, such that W
satisfies the body of r. We need to show that W satisfies the head of r. Since

W is a possible world of II,,, it satisfies the rules of II,, which include the

ext)

W
rules in IT; ;.

2. We show that W is minimal. That is, there does not exist an interpretation W’
such that W’ satisfies the rules of IT}Y | and W’ C W. We prove by contradiction.
Suppose such W’ exists. We show that W’ satisfies the rules of IT"”

ort, ODbtaining

a contradiction to the fact that W is a possible world of Il.,;. By definition, W’
satisfies the rules of Hﬁfl. Therefore, since, in the second case of the Lemma

{« not a;;1 =y} =0, we just need to show that

W’ satisfies VW (A.181)

Since V' is a collection of facts, we just need to show that V' C W’. We prove

by contradiction.

Suppose there is an atom a = y of II such that

a=yeV (A.182)
and

a=y g W (A.183)
Let us define V' to be:

Vi =W, (A.184)

From (A.183) and (A.184) we have:
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a=ygV'

By lemma 16 we have

W\ V does not contain literals from L;

Therefore, since V' is a possible world of II;, we have:

V=W

L;

Since W' C W, from (A.187) and (A.184) we have:

V'CV

From (A.188), (A.182) and (A.185) we have:

VgV

We next show

V' satisfies the rules of 11V

From (A.186) we have:

1% W
Hz’ C HiJrl

(A.185)

(A.186)

(A.187)

(A.188)

(A.189)

(A.190)

(A.191)

Let 7 be a member of I} such that V’ satisfies the body of r. We show that V’

satisfies the head of r. From (A.184) we have that the body of r is satisfied by

W'
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Since W’ satisfies the rules of IV, from (A.191) W’ satisfies the head of r.
Since r is a member of 1Y, head(r) € L;. Therefore, from (A.184), V' sat-
isfies head(r). Therefore, (A.190) holds, and, considering (A.188), we have a

contradiction.
O
Lemma 18. For every i € {0,...,k} and every leaf node n of T; program II; has a
unique possible world W satisfying pr, (n). O

Proof. We use induction on i. The case where ¢ = 0 follows from Condition 1 of
Definition 17 of dynamically causally ordered program. Assume that the lemma
holds for 7+ — 1 and consider a leaf node n of T;. By construction of T, there exists
a leaf node m of T;_; which is either the parent of n or equal to n. By inductive

hypothesis there is a unique possible world V' of II;_; containing pr, ,(m) \ {true}.

(i) First we will show that every possible world W of II; containing pr,_,(m) also
contains V. By lemma 13, set V' = W/, is a possible world of II;_;. Obviously,
pr,_,(m) \ {true} C V'. By inductive hypothesis, V' = V', and hence V. C W'.

Now let us consider two cases.

(ii) For every random selection r rule of II of the form

random(a; : {X : p(X)}) <+ K (A.192)

V falsifies K. We will show that in this case m is not ready to branch on a; w.r.t II;.
It is sufficient to show that for every random selection rule of the form (A.192), V is
not II;-compatible with K. Since V falsifies K, there exists an e-literal [ € K such
that:

V' does not satisfy [ (A.193)
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le L (A.194)

Let us show by contradiction. Suppose there exists a possible world W of II; such

that

W satisfies V U K (A.195)

By lemma 13 we have:

(WAV)NL; =0 (A.196)

From (A.193) , (A.194) and (A.196) we have:

W does not satisfy [ (A.197)

Therefore, since [ € K, we have a contradiction to (A.195). Therefore, m is not
ready to branch on a; w.r.t II;, and, by construction of T;, m = n. By condition 3 of
Definition 20, we have V UII;_; has exactly one possible world, W. By lemma 17, W
is a possible world of II;. Obviously, W contains V' and hence pr,_,(m). Since n =m
this implies that W contains pz,(n).

Uniqueness follows immediately from (i) and Condition (3) of Definition 20.

(iii) There is a random selection rule 7 of the form (A.192) active in V.

We will show that m is ready to branch on a; via rule r relative to II.

Condition (1) of the definition of “ready to branch” (Definition 67) follows imme-
diately from construction of T;_;.

To prove Condition (2) we need to show that pr,_,(m) Il;-guarantees K. Since
r is active in V, by Condition 1 of Definition 19 and Condition 2 of Definition 20
we have that there exists yo such that p(yo) € V and V U Il has a possible world

containing a = g, say, Wy. Since r is active in V,

V satisfies K (A.198)
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Therefore, by lemma 16, Wy satisfies K. Since V' contains pr,_, (m), Wy also contains

pr._, (m). Therefore,

V is II;-compatible with K (A.199)

Now consider a possible world W of II; which contains pr,_, (m). By (i) we have that
V' C W. Since V satisfies K so does W (by lemma 13, (W \V)NL;_; = (). Condition
(2) of the definition of ready to branch is satisfied.

To prove condition (3) consider pr(a; = y | B) = v from II; such that B is II;-
compatible with pr,_, (m). Il;-compatibility implies that there is a possible world Wy
of I1; which contains both, pr,_,(m) and B. By (i) we have that V' C Wj. By Lemma
13 we have that (W \ V)N L;_; = 0. From condition (1) of 20 it follows that either
V satisfies B or V falsifies B. If V falsifies B, then W, does not satisfy B. Hence, V'
satisfies B. Since for every possible world W’ of II; containing pr. ,(m) we have that
W' contains V' and, by Lemma 13 (W \ V)N L;_1 = 0, we have that W' satisfies B
which proves condition (3) of the definition.

To prove Condition (4) we consider yo € range(a;) such that p(yy) € V (The
existence of such yy is proven at the beginning of (iii)). We show that pr, ,(m) II;-
guarantees p(yo). Condition (2) of Definition 20 guarantees that II; has possible world,
say W, containing V. By construction, p(y,) € V and hence p(yo) and pr, , (m) are II;
compatible. From (i) we have that pr,_, (m) Il;-guarantees p(y). Similar argument
shows that if py,_, (m) is II;-compatible with p(y) then p(y) is also II;-guaranteed by
pri_, (m).

We can now conclude that m is ready to branch on a; via rule r relative to II;,;.
This implies that a leaf node n of T} is obtained from m by expanding it by an atom
a; = y.

By Condition (2) of Definition 20, program V UIIL; U {«— not a; = yo} has exactly
one possible world, W. By lemma 17 we have that W is a possible world of II;.

Clearly W contains pr,(n). Uniqueness follows immediately from (i) and Condition
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(2) of Definition 20.
O

Lemma 19. For all ¢ € {0..k}, every possible world of II; satisfies pr,(n) for some

unique leaf node n of Tj. O

Proof. We use induction on 7. The case where ¢+ = 0 is immediate. Assume that the
lemma holds for ¢ — 1, and consider a possible world W of II;. By Lemma 13, II;_;
has a possible world V' such that:

VCw (A.200)

By the inductive hypothesis there is a unique leaf node m of T;_; such that V' contains
pr._,(m). Consider two cases.

(a) For every random selection rule

random(a; : {X : p(X)}) + K (A.202)

K is falsified by V. In part ii of the proof of Lemma 18 we have shown that in
this case m is not ready to branch on a;. This means that m is a leaf of T; and
pr,_,(m) = pr,(m). Let n = m. Since V' C W we have that pr,(n) C W. To show
uniqueness suppose 1’ is a leaf node of T} such that pr,(n’) C W, and n’ is not equal to
n. By construction of 7T; there is some j and some y; # y, such that a; = y; € pr,(n)

and a; = y» € pr,(n). Since W is an interpretation, it is impossible.

(b) There is a random selection rule r of the form

random(a; : {X : p(X)}) <+ K (A.203)
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active in V. Since r is active in V', we have

V satisfies K (A.204)

and, therefore

every literal from K isin L; ; (A.205)

From (A.204), (A.205), (A.200) and (A.201) we have:

W satisfies K (A.206)

From clause 2 of Definition 19 and the fact that a; € L; we have:

Since W is a possible world of 1I;, it must satisfies r together with a general axiom

from II;:

a; =y | ... | @i = Ym < random(a; : {X : p(X)})

—a; =Y, not p(Y)

Therefore, since W satisfies the body of r, there exists y € range(a) such that

a=yeW (A.208)

and

ply) e W (A.209)

Since r is active in V, by clause 2 of Definition 19 we must have p(y) € L;_;. From
(A.209) and (A.201) we have:
py) eV (A.210)
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Repeating the argument from part (iii) of the proof of Lemma 18 we can show that
m is ready to branch on a; via r relative to II;. Since pr._,(m) CV C W, pr,_,(m)
is II;-compatible with p(y). Thus, there is a leaf node n of T; which is a son of m
labeled with a; = y. It is easy to see that W contains pr, (n). The proof of uniqueness
is similar to that used in (a).

a

Lemma 20. Let 7,5 be integers s.t. 0 < ¢ < j < k. For every leaf node n of T; 1,
every set B of extended literals of L;, and we have py._,(n) is II;-compatible with B

iff pr, ,(n) is II;-compatible with B.

Proof. —

Suppose that pr,_,(n) is II;-compatible with B. This means that there is a possible
world V' of II; which satisfies pr,_, (n) and B. By Lemma 19, there exists a unique leaf
node n' of T; such that pr,(n’) \ {true} C V. Consider a leaf node m of T} belonging
to a path containing node n’ of T;. By Lemma 18, II; has a unique possible world
W containing pr;(m). By lemma 13 W = V' U U where V' is a possible world of
IT; and U N L; = (. This implies that V' contains pr,(n'), and hence, by Lemma 18
V' = V. Since V satisfies B and U N L; = () we have that W also satisfies B. Since
pr,_,(n) CV C W, we have pr, ,(n) is II;-compatible with B.

.
Let W be a possible world of II; satisfying pr, ,(n) and B. By Lemma 13, we have
that W = V U U where V is a possible world of II; and U N L; = (). Since B and
pr._, (n) belong to the language of L; we have that B and p7,_,(n) are satisfied by V'
and hence pr._,(n) is II;-compatible with B.

O

Lemma 21. Let 4,5 be integers such that 0 < ¢ < 7 < k. For every leaf node n

of T;_y, every set B of extended literals of L;, we have pr,_,(n) Il;-guarantees B iff
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pr,_, (n) Il;-guarantees B. O

Proof. —

Let us assume that pr,_,(n) Il;-guarantees B. This implies that py_,(n) is II;-
compatible with B, and hence, by Lemma 20 pr, ,(n) is II;-compatible with B. Now
let W be a possible world of II; satisfying pr,(n). By Lemma 13 W = V UU where V/
is a possible world of II; and U N L; = (). This implies that V satisfies pr,_,(n). Since
pr,_, (n) I;-guarantees B we also have that V satisfies B. Finally, since U N L; = ()

we can conclude that W satisfies B.

<_
Suppose now that prp, ,(n) Il;-guarantees B. This implies that py, ,(n) is II;-com-
patible with B. Now let V' be a possible world of II; containing pr, ,(n). By Lemma

19, there exists a unique leaf node n’ of T; such that
V satisfies pr, (n') (A.211)

To show that V' satisfies B let us consider a leaf node m of a path of T} con-
taining n'. By Lemma 18 II; has a unique possible world W satisfying pr,(m). By
construction,

W satisfies pr,(n') (A.212)

By Lemma 13, W = V' U U where V' is a possible world of II; and U N L; = (.

Since pr,(n') is in L;, we have:

V' satisfies pr,(n') (A.213)

From (A.211) and (A.213) we by Lemma 18 we have:
V=V (A.214)

Since pr,_, (n)\{true} CV =V’ C W, we have W satisfies pr,_, (n). Therefore, since
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pr,_, (n) Il;-guarantees B, W satisfies B. Since B belongs to the language of L; it is
satisfied by V’. Therefore, from V' =V we have that V satisfies B and we conclude
pr,_, (n) Il;-guarantees B.

|

Lemma 22. Let 7, j be integers such that 0 < i < j < k. Every leaf node n of T;_1,
n is ready to branch on term a; relative to II; iff n is ready to branch on a; relative

to Hj. O

Proof. —

Suppose n is ready to branch on a; via rule r

random(a; : {X : p(X)}) <+ K (A.215)

relative to II;. We show that n is ready to branch on a; via r relative to II;. We prove

the conditions 1-4 of the definition:

1. Condition 1 follows immediately from the fact that n is ready to branch on a;

relative to II;.

2. We prove condition 2:

pr,_, (n) Il;-guarantees K (A.216)

By lemma 18, there is a unique possible world W;_; of II,_; such that

W, satisfies pr,_, (n) (A.217)
We prove that
r is active in W,;_; (A.218)

We prove by contradiction. Suppose r is not active in W;_;. By condition
1 of 20 we have W,_; falsifies K. That is, there is a literal [ € L;_; such
that W;_; does not satisfy [. Then, by conditions 2-3 of 20 and Lemma 17
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we have that II; has a possible world W; containing W,; ;. By Lemma 13,
W;\ W;_1 N L;_y = 0. Therefore, W; does not satisfy [, and, therefore, K.
This, given that pr,_,(n) \ {true} C W;_; C W; contradicts the fact n is ready
to branch on a; via r relative to II;. Therefore, (A.218) holds. Therefore, the
literals occurring in the body of r are from L;_;, and by lemma (21) we conclude

(A.216).

. We prove condition 3. Let pr(a; =y | B) = v be a pr-atom from II;. We show
that

pr,_,(n) either II;-guarantees B or is II;-incompatible with B (A.219)

Since n is ready to branch on a; via rule r relative to II;, we have 3 cases:

(a) pr(a; = y | B) = v is a pr-atom from II;, and B is Il;-guaranteed by
pr,_,(n). Using the arguments similar to the ones from 2, we can obtain

B € L,_4, and conclude by lemma (21) that p;, ,(n) II;-guarantees B

(b) pr(a; =y | B) = v is a pr-atom from II;, and B is II;-incompatible with
pr,_, (n). That is,

every possible world W; or II; satisfying pr,_,(n) does not satisfy B
(A.220)
By lemma 18, there is a unique possible world W;_; of II;_; such that

W;_4 satisfies pr._, (n) (A.221)

We prove

Wi—l falsifies B (A222)

195



Texas Tech University, Evgenii Balai, December 2017

For the sake of contradiction, suppose (A.222) is false. By condition 1 of
definition (20) we have:
W;_1 satisfies B (A.223)

By 20 and lemma (17) we have that II; has a possible world W; containing
W;_y. Since B is in L;, by lemma (13) we have

W; satisfies B (A.224)

Since pr,_, (n)\{true} C W;_; C W;, we have a contradiction from (A.224)
and (A.220).

Therefore, (A.222) holds. Now let W; be a possible world of II; satisfying
pr,_,(n). By lemma (13), There is a possible W/, of IT;_; such that W/_; C
Wj and

Wy nWy)N L =0 (A.225)

Since pr,_,(n) is in L;_1, we have pr,_ (n) € W/ ;. Therefore, By lemma
18
W, =W, (A.226)

7

From (A.226), (A.222), (A.225) we have that W; does not satisty B. There-
fore, pr, ,(n) is II;-incompatible with B

pr(a; =y | B) = v does not belong to II;. That is,

B contains an e-literal [

1 ¢ L, (A.227)

By lemma 18, there is a unique possible world W;_; of II;_; such that

W;_1 satisfies pr,_,(n) (A.228)
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Since B has [ s.t. (A.227), W;_; cannot satisfy B. Therefore by condition
1 of definition (20),
W;_; falsifies B (A.229)

Similarly to 2, given (A.229), we can show that every possible world
W; satistying pr, ,(n) does not satisfy B, which implies pr, ,(n) is II;-
incompatible with B

4. We prove condition 4. By lemma 18, there is a unique possible world W, _; of
II;_; such that:
W;_y satisfies pr._,(n) (A.230)

As in 1, we can show that r is active in W;_;. Therefore, by condition 2 of 19,
we have that every atom p(y) s.t. y € range(a;) belongs to L; 1. Therefore,
condition 4 immediately follows from the fact n is ready to branch on a; via

rule r relative to II; and lemmas (20), (21).

Now suppose n is ready to branch on a; via rule r

random(a; : {X : p(X)}) <+ K (A.231)

relative to II;. We show that n is ready to branch on a; via r relative to II;. We prove

the conditions 1-4 of the definition:

1. Condition 1 follows immediately from the fact that n is ready to branch on a;

relative to II,.

2. We prove Condition 2:

pr,_, (n) Il;-guarantees K (A.232)
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By lemma 18, there is a unique possible world W;_; of II;_; such that

W;_ satisfies pr,_, (n) (A.233)

We prove that
r is active in W;_4 (A.234)

We prove by contradiction. Suppose r is not active in W;_;. By condition
1 of 20 we have W;_; falsifies K. That is, there is a literal [ € L;_; such
that W;_; does not satisfy [. Then, by conditions 2-3 of 20 and Lemma 17
we have that II; has a possible world W; containing W;_;. By Lemma 13,
W; \ Wiy N Li—y = (. Therefore, W, does not satisfy [, and, therefore, K.
This, given that pr, ,(n) \ {true} C W;_; C W; contradicts the fact n is ready
to branch on a; via r relative to II;. Therefore, (A.234) holds. Therefore, the
literals occurring in the body of r are from L; 1, and by lemma (21) we conclude

(A.232).

. We prove condition 3. Let pr(a; =y | B) = v be a pr-atom from II;. We show
that

pr,_,(n) either II;-guarantees B or is Il;-incompatible with B (A.235)

Since n is ready to branch on a; via rule r relative to I, we have 2 cases:

(a) B is Il;-guaranteed by pz, ,(n). Using the arguments similar to the ones
from 2, we can obtain B € L, 1, and conclude by Lemma 21 that pr,_, (n)

II;-guarantees B

(b) B is Il;-incompatible with py, | (n). That is,
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every possible world W; or Il; satistying pr. ,(n) does not satisfy B
(A.236)
By lemma 18, there is a unique possible world W;_; of II;_; such that

Wy satisfies pr,_, (n) (A.237)

We prove

W;_, falsifies B (A.238)

For the sake of contradiction, suppose (A.222) is false. By condition 1 of
definition (20) we have:
W;_1 satisfies B (A.239)

By 20 and lemma (17) we have that II; has a possible world W; containing
W;_y. Since B is in L;, by lemma (13) we have
W; satisfies B (A.240)

Since pr,_, (n)\{true} C W;_; C W;, we have a contradiction from (A.240)
and (A.236).

Therefore, (A.238) holds. Now let W; be a possible world of II; satisfying
pr,_,(n). By lemma (13), There is a possible W/_; of I1;_; such that W/_, C
W; and

W nW)NLioy=10 (A.241)

Since pr,_,(n) is in L;_1, we have pr,_ (n) € W/ ;. Therefore, By lemma
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18
W‘Ll = Wifl (A242)

From (A.242), (A.238), (A.2251) we have that W; does not satisfy B.
Therefore, pr,_,(n) is Il;-incompatible with B

4. As in 1, we can show that r is active in W;_;. Therefore, by condition 2 of 19,
we have that every atom p(y) s.t. y € range(a;) belongs to L; 1. Therefore,
condition 4 immediately follows from the fact n is ready to branch on a; via

rule 7 relative to II; and lemmas (20), (21).

Lemma 23. 7' = T}, is a tableau for 11\ U = 1.
O

Proof. Follows immediately from the construction of the 7”s and II’s, the definition

of a tableau, and Lemmas 22 and 20. O

Lemma 24. T = T} represents II\ U = I.
O

Proof. Let W be a possible world of II. By Lemma 19 W contains pr(n) for some
unique leaf node n of T. By Lemma 18, W is the set of literals II-guaranteed by pr(n),
and hence W is represented by n. Suppose now that n’ is a node of T representing W.
Then pr(n') Il-guarantees W which implies that W contains pr,, (n’). By Lemma 19
this means that n = n/, and hence we proved that every answer set of II is represented
by exactly one leaf node of T

Now let n be a leaf node of T. By Lemma 18 II has a unique possible world W

containing pr(n). It is easy to see that W is the set of literals represented by n. O O
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Lemma 25. Suppose T is a tableau representing II. If n is a node of T" which is
ready to branch on a(t) via r, then all possible worlds of II compatible with pr(n)
are probabilistically equivalent with respect to 7.

|

Proof. This is immediate from Conditions (3) and (4) of the definition of ready-to-

branch.

Notation: If n is a node of T' which is ready to branch on a(f) via r, the Lemma
25 guarantees that there is a unique scenario for r containing all possible worlds
compatible with pr(n). We will refer to this scenario as the scenario determined by

n.

Lemma 26. T' =T, is unitary

|

Proof. We need to show that for every node n of T, the sum of the labels of the arcs
leaving n is 1. Let n be a node and let s be the scenario determined by n. s satisfies
(1) or (2) of the Definition 25. In case (1) is satisfied, the definition of v(n, a(t),y),
along with the construction of the labels of arcs of T, guarantee that the sum of the
labels of the arcs leaving n is 1. In case (2) is satisfied, the conclusion follows from

the same considerations, along with the definition of PD(W,a(t) = y). O
Lemma 27. T'= T, is a probabilistically sound representation of 1T\ U.

Proof. Let R be a mapping from the possible worlds of IT \ U to the leaf nodes of T'
which represent them. We need to show that for every possible world W of IT\ U we

have

vr(R(W)) = p(W). (A.243)

By definition of u, we have:
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_ (W)
p(W) = S cormen AT (A.244)
where
W)= 1[ PW.a=y) (A.245)

W(a)=y
where the product is taken over atoms for which P(W,a = y) is defined.

By lemma 26, 7' is a unitary tree. Therefore, by lemma 6 we have that the sum of
path values of it’s leaves is 1. Therefore, it is sufficient to show that for every possible
world W of II\

ur(ROW)) = (W), (A.246)

To prove A.246, it is sufficient to show that for every possible world W of IT\ U (1)
pr(R(W)) contains an atom a = y if and only if a = y € W and P(W,a = y) is
defined, (2) if n is a node in the path P of T from its root to R(W') which branches
on a, then the probability assigned to the arc which goes from n to its child in P,
v(n,a,y) is equal to P(W,a = y).

1) = We first show that if p7(R(W)) contains an atom a = y, then P(W,a = y)
is defined and W(a) = y.

By definition of P(W,a = y), it is defined if and only if there exists a rule of II
of the form

random(a : {X : p(X)}) + K (A.247)

such that W satisfies K, truly_random(a) and p(y).

By definition of 7', if a = y belongs to pr(R(W)), there must exist a node n in
the path from the root of T' to R(W) such that n branches on a via some rule r
of the form (A.247) of II. This means that pr(n) I\ U-guarantees K and p(y).
By construction pr(R(W)) contains pp(N), thus, pr(R(W)) II \ U-guarantees
the body of  and p(y). Since R(W) represents W, W must contain all positive
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literals in pr(R(W)). Therefore, W satisfies both K and p(y). From rule A.247
it follows that W satisfies random(a : {X : p(X)}), and, since IT \ U does not

contain activity records, W satisfies truly_random(a).

By definition of a tableau representing a program, pp(R(W)) I\ U-guarantees
W. By lemma 19 and minimality of possible worlds, W contains pr(R(W)).
This, W(a) = y.

< We show that if P(W,a = y) is defined, and W (a) = y, then pr(R(W))
contains an atom a = y. We prove by contradiction. Suppose pr(R(W)) does

not contain an atom a = y. There are two possible cases:

(a) pr(R(W)) contains an atom a = y;, where y; # y. By definition of a tree
representing a possible world, pr(R(W)) II \ U-guarantees W. By lemma

19 and minimality of possible worlds (proposition 13), we have that

W satisfies pr(R(W)) (A.248)

Therefore, W (a) contains both a = y; and a = y, which is impossible by

definition of an interpretation.

(b) pr(R(W)) contains no literal of the form a = y; for any y;. In this case,
using minimality of possible worlds, it is easy to see that R(W) is ready

to branch on a, which contradicts the definition of a tableau.

2) We show that if n is a node in the path P of T from its root to R(W') which
branches on a, then the probability assigned to the arc which goes from n to
its child in P, v(n,a,y), is equal to P(W,a = y). By definition of v(n,a,y) ,
we only need to show that W is IT \ U-compatible with pr(n). Since W is a
possible world of IT'\ U, it is sufficient to show that W contains pr(n) \ {true}.
From A.248 we have that W contains pr(R(W)) \ {true}. Since n is a node
on the path P from the root of 7' to R(W), pr(R(W)) contains pr(n) \ {true}.
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Therefore, W contains pr(n) \ {true}.

|

Therefore, as shown by Lemmas 24, 27, and 26, T' is a unitary probabilistically
sound representation of IT'\ U, that concludes the proof of Lemma 8.

We are now ready to prove the main theorem.

Theorem 1

Every dynamically causally ordered, unitary program is coherent.

Proof. Suppose II is dynamically causally ordered and U be the set of activity records
of II. Proposition 8 tells us that I1\ U is represented by some tableau 7. Lemmas 26
and 27 tells us that the tree is unitary and that the representation is probabilistically

sound correspondingly. Thus, by Lemma 7 II is coherent. |

A.3  Algorithm Correctness Proof
A.3.1 Proof of Proposition 3
Lemma 28. Let II be a program with signature 3. Suppose II contains a rule
a = y + B such that a is a random attribute and II contains an action do(a,y/)
belongs to II. Let II" be a program with signature of ~(II), obtained from II by
adding the rules:

fdo(a) «— B

= fao(a) < not fa.(a)

of y(IT). Let ¢) be a mapping from the possible worlds of IT such that for each possible
world W of II:

(W) =W U{faw(a) | B is satisfied by W} U {—fs(a) | B is not satisfied by W}.

204



Texas Tech University, Evgenii Balai, December 2017

1 is a bijection from Qg to Q.

a

Proof. In 1. we will prove that ¢ is a function from Qp to Q. In 2 we will show
that ¢ is surjective. In 3 we will prove that 1 is injective. 1-3 together imply that ¥

is a bijection from 2 to Q.

1. Let W be a possible world of II. We will prove that (W) is a possible world
of IT'. Let L be the set of literals from X. L is a splitting set of II'. boty(Il') is
I, thus W is a possible world of bot,(II"). Y = {fa4o(a) | B is satisfied by W} U
{—fa(a) | B is not satisfied by W} is a possible world of ey, (IT", W'). Therefore,
(W) =W UY is a possible world of IT'.

2. Let W’ be a possible world of II'. Let L be the set of literals from Y. L is a
splitting set of II'. By splitting set theorem, W/ = W UY", where W is a possible
world of TI. It is easy to see that (W) = W’. Thus, ¢ is surjective.

3. Let W and W5 be two distinct possible worlds of I1. By definition of v, 1»(W)\
W does not include atoms from . Therefore, since W; and W5 are different,

w(Wh) and ¢ (Ws) differ on at least one atom from X.

|

Lemma 29. Let II be a program not containing activity records with signature X.
Suppose II contains a rule a = y <— B such that a is a random attribute and II. Let
[T, be a program with signature of (II), obtained from II by replacing a = y < B
with:

random(a,p,) < B

pr(y)
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of y(IT). Let ¢ be a mapping from the possible worlds of IT such that for each possible
world W of 11

Y(W) =W U {random(a,p,) | B is satisfied by W}

U{p:(v)}
U {truly_random(a) | B is satisfied by W}

¥ is a bijection from Qp to Q.

|

Proof. In 1. we will prove that 1 is a function from Qp to Q. In 2 we will show

that v is surjective. In 3 we will prove that 1 is injective. 1-3 together imply that

is a bijection from Qp to Q.

1. Let W be a possible world of IT we will show that /(W) is a possible world of
II,. In 1.1 we will show that (W) satisfies the rules of Hg)(W) In 1.2 we will
prove that ¢(W) is minimal.

1.1 Since no e-literals with default negation in the bodies of rules of Il are

formed by random(a, p,), p-(y), or truly_random(a), We have:

0™ =\ {a =y « BY"
U {random(a,p,) + B}

U{p:(y)}

U {truly_random(a) < random(a,p,)}

U{a = y1 < random(a,p,),not a = ys,...,not a = yx}
U{a = yx < random(a,p,),not a =ys,...,not a = yx_1}
U {« a =Y, random(a,p.),not p.(Y)} (A.249)
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1.2

where range(a) = {y1, ..., yr}
Since random(a,p,) is in (W) if W satisfies B:

{random(a, p,) < B}" is satisfies by ¢(W) (A.250)

By construction of ¢(W):

pe(y) € (W) (A.251)

Since the bodies of rules of Il,, except possibly the rule
truly_random(a) < random(a, p,)

satisfied by (W), do not contain e-literals formed by random(a, p,), p-(y)

and truly_random(a), and W satisfies IV, we have:

(W) satisfies (IT'\ {a =y « B}H)Y (A.252)

If random(a,p,) & (W), then the other rules are satisfied. Otherwise,
B is satisfied by W, and, therefore, a = y € W, which also implies that
the other rules are satisfied. Therefore, from (A.249), (A.250), (A.251) we
have that (W) satisfies H;MW).

We show (W) is minimal. For the sake of contradiction, suppose there is

W' such that:

W' C (W) (A.253)
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and W' satisfies H;MW). Consider the set W defined as follows:

W =W\ {p(y)}
\ {random(a,p,) | B is satisfied by W}

\ {truly_random(a) | B is satisfied by W,

truly_random(a) ¢ W} (A.254)

In 1.2.1 we will show

W" W (A.255)

In 1.2.2 we will prove W” satisfies the rules of II'" | obtaining a contradic-

tion to the fact that W is a possible world of II".

1.2.1 By construction, W” C W. For the sake of contradiction, suppose
wW'=w (A.256)

There are two possibilities:

(a) B is satisfied by W. In this case W’ and (W) coincide on the
atoms different from p,(y), random(a,p,) and truly_random(a).
Therefore, since W’ satisfies the rules of H;MW), it must contain
pr(y), random(a,p,) and truly random(a). Therefore, we have
W' = (W), which is a contradiction to (A.253).

(b) B is not satisfied by W. In this case (W) = W U {p.(y)}. Since
W' satisfies the rules of H;/’(W), it contains p,(y). Therefore, from

(A.253) there exists an atom a different from p,(y) such that:

ad W' (A.257)
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and
a € (W) (A.258)
By construction of W":
ag W’ (A.259)
By construction of :
acW (A.260)

From (A.260) and (A.259) we have:
W W (A.261)

which clearly contradicts (A.256).

1.2.2 Since W' satisfies H;MW), by (A.249) we have W satisfies all the rules of
1" except possibly {a =y + B}". By construction of W”  W" also
satisfies all those rules. We now prove W” satisfies {a = y < B}W. If
{a =y + B}" is empty, the case is trivially true. Therefore, we can

consider:

{a =y« B}V is {a =y + B’} for some set of literals B’ (A.262)
If B’ is not satisfied by W”, then the rule a = y < B’ is satisfied by

w”.
Suppose now that

B’ is satisfied by W” (A.263)

Since B’ does not contain literals formed by any of the attributes from
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{pr, random, truly_random}, from (A.254) we have:
W' satisfies B (A.264)
Since W satisfies I from (A.249) we have:
{random(a, p,) < B}" is satisfied by W’ (A.265)
From (A.262) and (A.265) we have:
random(a, p,) < B’ is satisfied by W' (A.266)
From (A.266) and (A.263):

random(a, p,) € W' (A.267)

W)

Therefore, since W' satisfies the rules Hg} , we must have a = y €

W'. Therefore,since a is a random attribute term, W” satisfies a = y

and the rule a = y + B'.

2. We prove that v is surjective. Let W be a possible world of II5. We can show
that the set of atoms:

W =W\ {p(y)}
\ {random(a,p,)}

\ {truly_random(a) | random(a, p,)

is the only atom of the form random(a,p’) in W} (A.268)

is a possible world of of II.

3. We prove that v is injective. Consider two distinct possible worlds W; and W5 of
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I1. Since random(a, p,) and p,(y) are not in X, we have that if (W;) # (W),
then Wy = Wy U {truly_random(a)} (up to symmetry), which is impossible by

minimality of possible worlds.
O

Lemma 30. Let II be a program with signature ¥ from B. Let AR be the set of
activity records in y(II). red(~(II) \ AR) is defined.

Proof. red(v(I1) \ AR) is defined iff red(y(IT) \ AR)pase has a unique possible world.
By construction, red(y(II) \ AR)pqase consists of Iy, U R, where R a collection of the

pairs rules of the forms:

fdo(a) «~— B

= fao(a) < not fg,(a)

We have that lit(X) is a splitting set of (v(II)\ AR)pase, With bot ;s ((7(II)\AR)pase) =
Iyqse, having a unique possible world W and e;;(x) (IT, W) consists of the pairs of rules

of the form:

de(a)
= fao(a) < not fz,(a)

Clearly, ej¢s)(II, W) V has a unique possible world, and, therefore, by splitting set
theorem W UV is the unique possible world of (y(II) \ AR). O

Lemma 31. Let IT be a program, U be the set of activity records of II, and II" be
obtained from II by removing U. Let W’ be a possible world of II" such that:

1. for every action do(a = y) of II, W satisfies a = y and random(a, p) for some p.

2. for every observation obs(l) of I, W satisfies [
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Let W be the set of atoms defined as follows:

W = W'\ {truly_random(a) | do(a,y) € II for some y} UU (A.269)

W is a possible world of II.

a

Proof. In 1 we show W satisfies the rules of II'" and in 2 we show W is a minimal

such set.

1. Since truly_random does not occur in the bodies of rules, we have
n" =@ \R)uU
Where R is the collection of the rules of the form

truly_random(a) < random(a)

such that do(a,y) € II for some y.

Since U is in W by construction, we only need to show that
W satisfies the rules from II'"" \ R. (A.270)

Clearly, from (A.269), W satisfies all rules of II'"" \ R that do not contain
occurrences of do, obs and truly_random. The possible forms of the remaining

rules are considered below:

(a) < obs(l) such that [ ¢ W’. These rules are satisfied by W by condition 2

from the lemma, and the construction of W.

(b) truly_random(a) < random(a,p) such that do(a,y) ¢ II for every .
Suppose random(a,p) belongs to W. We need to show truly_random(a)
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belongs to W. We have random(a,p) € W', and hence, since II' does
not contain actions or observations, and W' is a possible world of II',
truly_random(a) € W'. Since do(a,y) & II for every y, truly_-random(a)

belongs to W by construction.

(¢) « do(a,y) such that a = y ¢ W’ These rules are satisfied by W by

condition 1 from the lemma, and the construction of W.

(d) < do(a,y), where there is no p such that random(a,p) belongs to W.
These rules are satisfied by condition 1 from the lemma, and the construc-

tion of W.
Therefore, (A.270) holds and W satisfies the rules of TT"

. We prove that W is minimal. Suppose there exists V' C W such that V satisfies
the rules of II". Consider the set

V' = (V\U) U {truly_random(a) | random(a,p) € W' for some p} (A.271)

On the other hand, from (A.269) we have:

W' = (W \ U) U {truly_random(a) | random(a,p) € W’ for some p} (A.272)
We show
Vi C W (A.273)

Since U C IT", and both W and V satisfy the rules of 1" \ R, we have U C V
and U C W. Therefore,
(V\U) S (W\U) (A.274)

We need to show that there exists atom [ such that (A.275) - (A.278) below
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hold.
lew (A.275)
gV (A.276)
L¢U (A.277)
[ & {truly_random(a) | random(a,p) € W' for some p} (A.278)

From (A.274) we have that there exits an [’ such that | = I satisfies (A.275) -
(A.277). If I’ also satisfies (A.278) — we found /. Suppose

' = truly_random(a) (A.279)

and for some p

random(a,p) € W' (A.280)

Since I" € W, from (A.269), II does not contain actions of the form do(a,y).

Therefore, the rule
truly_random(a) < random(a, p)

belongs to Y. Since V satisfies the rule of T, and (A.276) holds for [ = I,
we have: random(a,p) ¢ V. From (A.280) we have random(a,p) € W. Thus,
[ = random(a, p) satisfies conditions (A.275) - (A.278) and (A.273) holds.

We will prove that
V' satisfies the rules of TI'""’ (A.281)

214



Texas Tech University, Evgenii Balai, December 2017

We have:
' =" \UUR (A.282)

where R consists of rules of the form

truly_random(a) < random(a, p) (A.283)

such that do(a = y) € II for some y.

Since V satisfies the rules of TI", V' satisfies every rule of II" \ U which do
not contain literals formed by obs, do and truly_random. We now show that V'

satisfies the remaining rules of 1" \ U. We consider their possible forms:

(a) < obs(l). Since W’ is a possible world of II, it does not contain atoms

formed by obs. Thus, by (A.273) we have obs(l) ¢ V.

(b) truly_random(a) < random(a, p) such that do(a,y) ¢ II for every y. Sup-
pose
random(a,p) € V' (A.284)

We need to show

truly_random(a) € V' (A.285)

From (A.284), (A.271), (A.272) we have:

random(a,p) € W’ (A.286)

Therefore, by (A.271) we have (A.285).

(c) < do(a,y). Since W’ is a possible world of II, it does not contain atoms

formed by do. Thus, by (A.273) we have do(a,y) ¢ V'.
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Therefore, V' satisfies the rules of II" \ U. We now show that V' satisfies the
rules of R. Suppose r is a rule of the form (A.283) such that do(a = y) € IL
If V' satisfies random/(a, p), then, by construction random(a,p) € W', and by
(A.271), truly_random(a) € V'. Therefore, (A.281) holds, and from (A.273) we
have a contradiction to the fact that W’ is a possible world of II'. Therefore,

W is a minimal set satisfying the rules of II".

Proposition 3. Let Il be a program from B. We have:
1. ~(II) is from B

2. there is a bijection ¢ from the possible world of TI to the possible worlds of ~(IT)
such that for every possible world W of II:

(a) pa(W) = Mv(H)(gb(W))v and

(b) W and ¢(W) coincide on the atoms of II.

Proof. We first prove:
~(II) is from B (A.287)

Let AR; be the set of activity records in Il and AR, be the set of activity records
in y(II). Let ay,...,a, be a probabilistic leveling of IT \ AR; satisfying conditions
1-3 from Definition 20. Clearly, a4, ...,a, is a probabilistic leveling of v(II) \ ARs.
Let Iy, . .., II,, be the dynamic structure of IT\ ARy, and II2,... T2 be the dynamic
structure of y(II) \ AR,. From lemmas 28 and 29 it follows that there is a bijection
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t; from the possible worlds of II; and the possible worlds of IT%:

Vi(W) = W U{fs(a) | there exists a rule a =y « B s.t. W = B, a
is a random attribute term, and do(a,y’) € II for some y'}
U{=fi(a) | thereisarulea =y <+ Bs.ta
is a random attribute term do(a,y) € II for some 3 and W [~ B}
U {random(a,p,) | there exists arule a =y < Bs.t. W = B and a
is a random attribute term}
U{p-(y) | there exists arule a =y < B s.t. a

is a random attribute term}

Since for every possible world W of II;, W and (W) do not differ on the atoms of
¥, conditions 1-3 of definition 21 are satisfied, so (II) is from B.

Let us define ¢ as follows:

o(W) =W U{~fs(a)| thereis arulea=y <+ Bs.t. a
is a random attribute term, and do(a,y’) € II for some y' € range(a)}
U {random(a,p,) | there exists arule a =y < B s.t. W |= B and a
is a random attribute term}
U{p,(y) | there exists a rule a =y < B s.t. a

is a random attribute term}

U {obs(—=fao(a))}

It follows from Lemma 31 and the definition of v, that ¢ is a bijection from 2y

to Q. Clearly, for every W € Qp, ¢(W) coincides with W on the atoms of 3,
prn(W) = iy (9(W)).
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A.3.2 Proof of Proposition 4

Proposition 4 Let II be a program with signature . Let I be an e-interpretation

of ¥ and W be a possible world of II compatible with I. We have:

e if [ satisfies an e-literal [ of X, then W satisfies [,

e if [ falsifies a literal [ of X, then W does not satisfy [

|

Proof. The first part of the claim: if I satisfies [, then W satisfies [ follows immediately
from the definition of a compatible possible world.
We next show that if I falsifies W, then W does not satisfy [. We next consider

all 4 possible forms of [:

1. lis a = y. I contains a literal contrary to [, which can be of one of the forms:
(a) a # y. Then, W satisfies a # y, a = y; € W for y; # y, therefore, since
W cannot assign two values to a, W does not satisfy [.

(b) a =y, for some y; # y. Then, W satisfies a = y1, a = y; € W. Therefore,

since W cannot assign two values to a, W does not satisfy [.

(¢) mot a =1y. Since W satisfies not a =y, a =y & W.
2. lis a # y. I contains a literal contrary to [, which can be of one of the forms:

(a) a = y. We have W satisfies a = y. Since W is an interpretation, for no

y1 #y a =1y, € W. Therefore, W does not satisfy a # y.

(b) not a # y. Since W satisfies not a # y, W does not satisfy a # y.

3. lis not a = y. Since [ falsifies [, I contains a = y. By Definition 35, W satisfies
a = y. Therefore, W does not satisfy [.
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4. [ is not a # y. . Since [ falsifies [, I contains a # y. Therefore, W satisfies
a # y, and W does not satisfy [.

A.3.3 Proof of Proposition 5

Before proving Proposition 5, we prove some auxiliary lemmas.

Lemma 32. Let II be a program with signature > and I be an e-interpretation of
Y. which satisfies (falsifies) a set of extended literals B. Every possible world W of
IT compatible with I satisfies (does not satisfy) B.

Proof. This follows immediately from Lemma 4 and Definitions 32 and 34.

|

Lemma 33. Let II be a program with signature . Let I be an e-interpretation of

Y. We have:

1. If random attribute term a of ¥ is active in I via a rule r of II, then every
possible world of Il compatible with I assigns a value to II from the set of

possible values of a in I;

2. If random attribute term a if ¥ is disabled in I, then every possible world of II

compatible with I does not assign a value to a.

Proof. 1. Let a be a random attribute term of II which is active in [ via a rule

random(a : {X : p(X)}) < B (A.288)

of 1.
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Let Y be the set of possible values of a in I. Let W be a possible world of 1I

compatible with 7. We will show

JyeYa=yeW (A.289)

By clause 2.a) of Definition 10 we have:

B is satisfied by [ (A.290)

By Lemma 32, from (A.290) and the fact that W is compatible with I we have

B is satisfied by W (A.291)

Since the rule (A.288) belongs to II, from (A.291) by Proposition 1 we have:

random(a : {X : p(X)}) is satisfied by W (A.292)

From (A.292), the fact that axiom 2.6 belongs to II by proposition 1 we have:

W assigns some value y to a (A.293)

Since II contains axiom (1.3), from (A.292) and (A.293) we have:

ply) €W (A.294)

Therefore, we just need to show that p(y) € I (which would imply that y is a
possible value of a in I). Since a is active via r, by clause 2 (c) of Definition 39
we have that [ either falsifies or satisfies p(y) from (A.294) and Proposition (4)
we have p(y) € I. Therefore, (A.289) holds.
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2. Let a be a random attribute term of Il which is disabled in I. By definition of

a disabled attribute term we have: that for every rule of the form

random(a : {X : p(X)}) < B

B is falsified by I.
Let W be a possible world of II compatible with I. We need to show:

no atom of the form a =y’ belongs to W (A.295)

By lemma 32 from (a) and (b) we have for every rule of the form

random(a : {X : p(X)}) «+ B

B is not satisfied by W.

From (c¢) by minimality of possible worlds we have:

W does not contain atoms of the form random(a : {X : p(X)}) (A.296)

Therefore, we have:

(e) the body of every axiom of the form:

a =1y < random(a: {X : p(X)}),not a =vys,...,not a =y

is not satisfied by W

From (c) - (e) by minimality of possible worlds we have (A.295).
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Lemma 34. Let T (f) be an Al-tree of Il and C be a cut of T(f). For every

possible world of II, there exists a unique leaf L of I such that W is compatible with

L

|

Proof. Let W be a possible world of IT. We prove by (strong) induction on the number

of i-nodes of C' that, for any positive n and for any cut of size n or less, there exists

a unique leaf I of C such that W is compatible with I.

Base Case

Ind. Hyp.

Ind. Step

n = 1 In this case C' consists of a single node f({}). Since W is compatible

with {}, and f is a consequence of II, we have that W is compatible with f({}).

Let k£ > 1 be an integer. Suppose for any cut C' of size less than k, there exists

a unique leaf I of C such that W is compatible with I.

We show that for any cut C' of size k there exists a unique leaf I of C' such that
W is compatible with I. Let L be a leaf node of C such that the distance from
L to the root of C'is maximal. Since k > 1, L is not a root. Let A be the parent
of L, and M be the parent of A. Since L is a leaf node such that the distance

from L to the root of C' is maximal, we have:

no child of A has children (A.297)

Let C' be the cut obtained from C' by removing A and all its children. By

inductive hypothesis:

there exists a unique leaf N of C’ s.t. W is compatible with N (A.298)

We consider two possibilities:

1. N # M. Then, since N is unique, W is not compatible with M. Therefore,
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since all the children are supersets of M, W is not compatible with any of
them. Thus, N is the unique leaf node of C' such that W is compatible
with N.

2. N = M. In this case W is not compatible with any of the leafs of C' which
are not descendants of A. We will show that W is compatible with exactly
one child of A. Since, by construction of an Al-tree, A is ready in M, there

are two cases:

(a) A is disabled in M. By Lemma 33, W does not assign a value to A,

W is compatible with satr(a = ) (A.299)

By construction of T(f), A has exactly one child f(M U {a = u}).
From (A.298), W is compatible with M. Therefore, from (A.299) we
have that W is compatible with M U{a = u}. Since f is a consequence

function of IT, W is compatible with f(M U {a = u}).

(b) Ais active in M. By Lemma 33,

A=yeW (A.300)

for some y from the set of possible values of A in N. By construction
Tr(f), each child of A assigns a distinct value to a. Clearly, W is not
compatible with all the children of A which assign a value to A different
from y. Therefore, it is sufficient to show that W is compatible with
f(MU{a=y}. From (A.298), W is compatible with M. Therefore,
from (A.300) we have that W is compatible with M U{a = y}. Since f
is a consequence function of I, W is compatible with f(M U{a = y}).

|

Proposition 5 Given a program II from B, a query @ of Il and a solution tree S of
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IT with respect to @, let £ be the set of compatible leaves of S, and L be the subset
of £ such that each member of L satisfies (). We have:

1. if Py is defined, then

> in(D)

IGEQ

Y i)

IeL

Pr(Q) (A.301)

2. otherwise,

> im(I)=0 (A.302)

IeLl

g

Proof. Let Q = {Wy,...,W,} be the set of all possible worlds of II, and Q% be the
set of all possible worlds of II in each of which () is true. And for an e-interpretation
I, let Q be the subset of possible worlds of IT compatible with 1.

Recall that the probability Pr(Q) is defined iff

> (W) #0 (A.303)
weQ

Let L be a set of literals each of which is decided (falsified or satisfied) in every
member of £. By Ly we denote the subset of L consisting of all elements of £
satisfying L. Also, by €2, we denote the subset () satisfying every member of L.

We start from showing:

S =" aw) (A.304)

IeLly, WeQy,

By Definition 37 we have:

S =3 (X @) (A.305)

IeLy IeLy, “wenl
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We next show that for two distinct I, I, € L :
QN2 =10 (A.306)

Let N be the lowest common ancestor of I; and [5 in S. By construction, N is
an a-node, and there exists two different terms N = y; € Iy and N = yy € [,. By
definition of a compatible possible world (Def. 35), every possible world compatible
with both I; and I has to satisfy both N = y; and N = g5, which is impossible.
Therefore, (A.306) holds.

From (A.305) and (A.306) we have:

o= > uw) (A.307)
We next show:

o= (A.308)

IeLy
Indeed, suppose W € |J Tew, Qf. That is, W is compatible with I which satisfies L.
This, clearly, means that W satisfies L, and, therefore W € Q.

On the other hand, suppose W € ;. That is, W is a possible world which satisfies

L. By Lemma 34, there exists a unique member V € L such that W is compatible
with V. That is,
WeqQY (A.309)

Since L is satisfied by W | L is decided by every member of £, and W is compatible
with L, by Proposition 4, V satisfies L. That is,

Verl, (A.310)

From (A.309) and (A.310) we have W € J;.,, ©'. Therefore, (A.308) holds.
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From (A.308) and (A.307) we have (A.304).

We now consider both cases from the proposition.

1. P is defined. In this case, let us define Py and Py as follows:

Po= Y (i(I)) (A.311)
TeEW(qy
and
Py= > (il)) (A.312)
IeWy

From (A.311) and (A.304) for L = {Q} we have:

Po= Y ww) (A.313)

WEQ{Q}

From (A.312) and (A.304) for L = {} we have:

Py =Y (W) (A.314)

weQ

From (A.311) - (A.314) we have:

IEW{Q} WGQ{Q}

Po/Py =" U0 _pg) (A1)
> () > W)
IEW{} wWeQ
2. Py is undefined. That is, In this case we have:
> wWw)y=0 (A.316)

weQ

By (A.304) for L = {} we have:
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ST Al = 3 alw) (A.317)
IeL S

WeQ

From (A.316) and (A.317) we have:

> Iy =0 (A.318)

IeLl

A.3.4 Proof of Proposition 6

Before proving the proposition, we prove some auxiliary lemmas.

Lemma 35. Let I be an interpretation of signature ¥, and L be the set of e-literals

of ¥, and [ € satr(L). We have:
1. if [ is of the form a =y, then [ € L
2. if [ is of the form a # y, then [ € L, or a = y; € satr(L) for some y; # y.

3. if [ is of the form not a = y, then [ € L, or a # y € satr(L) or not a # y; €
satr(L) for some y; # y

4. if [ is of the form not a # y, then | € L, or a = y € satr(L), or {not a =

Y1 | y1 € range(a) \ {y}} C satr(L)

O
Proof. To prove 1, suppose [ is a =y and a = y ¢ L. In this case the set satr(L) \
is saturated and contains L, which is a contradiction. To prove 2-4, suppose | &€ L. If

none of the other conditions hold, we can, again, check easily that the set satr(L) \ [

is saturated and contains L, which is a contradiction.
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Lemma 36. Let I be an interpretation of signature ¥ and L be a set of e-literals of

Y. If I satisfies L, then [ satisfies every literal from satr(L)

O
Proof. Suppose
I satisfies L (A.319)
Let [ be an arbitrary e-literal from satr(L). We need to show
I satisfies (A.320)

We will show that I satisfies [. We consider all four possible forms of an e-literal in

satr(L):

1. l'is a = y. In this case by clause 1 of Lemma 35 [ € L, and we have that [

satisfies [.
2. [ is a # y. The only possibilities are:

(a) I € L. From (A.319) we have (A.320)
(b) I & L. By clause 2 of Lemma 35 we must have a = y; € satr(L) for some
y1 # y. By 1 we have a = y; € I. Therefore, a # y is satisfied by I.

3. lis not a = y. The only possibilities are:

(a) I € L. From (A.319) we have (A.320)
(b) I ¢ L. By clause 3 of Lemma 35, we have only two possibilities:

i. a # y € satr(L). In this case by 2 we have that I satisfies a # y.
Therefore, a = y; € I for some y; # y. Therefore, a = y & [
(otherwise, I would be inconsistent). Therefore, I satisfies .

ii. not a # y; € satr(L) for some y; # y. By clause 4 of Lemma 35, either
a =1y € satr(L), or {not a = ys | y» € range(a) \ {y1}} C satr(L)
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In the first case by 1 we have a = y; € I and [ is satisfied by I.
In the second we prove by contradiction. Suppose I does not satisfy

nota = y. This means a =y € I. Since [ satisfies L, we must have

atyé&L (A.321)
and
not a # 1y, € L for every y;, € range(a) \ {y} (A.322)
a =1y, & L for every y, € range(a) \ {y} (A.323)
nota=1y ¢ L (A.324)

Let L, be the set of e-literals formed by a in L, and S, be the set
of e-literals formed by a in satr(L). Clearly, S, is saturated. From
(A.321) - (A.324) we have that all the e-literals formed by a in L are
subset of satr(a = y). But then S/, = S, N satr(a = y) is a subset of
Sa (since S, contains not a = y). By lemma (38), S’ is saturated. But
then the set satr(L)\ S, U (satr(a = y) N .S,)) is smaller than satr(L)

is saturated, and contains L, which is a contradiction.

4. 1 is not a # y.

Again, there are two possibilities: The only possibilities are:

(a) [ € L. From (A.319) we have (A.320)

(b) I ¢ L. We must have a = y € satr(I) or {not a = y; | y1 € range(a) \
{y}} C satr(L) (otherwise, satr(I) \ [ is saturated). We consider both

cases separately.

i. a =y € satr(L) by 1 we have a = y € I. Therefore, since [ is an
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interpretation, a # y is not satisfied by I. Thus, [ is satisfied by 1.

ii. {not a =y, | y1 € range(a) \ {y}} C satr(L). By 3 we have that
I satisfies {not a =y | y1 € range(a) \ {y}}. Therefore, I N {a =
y1 | 1 € range(a) \ {y}} = 0. Therefore, I does not satisfy a # v,

and [ satisfies [.

a

Lemma 37. Let II be a program, U be the set of activity records of II, and II' be
obtained from II by removing U. Let W be a possible world of II. Let W’ be the set

of atoms

W' =W\ U U {truly_random(a) | 3p,y : random(a,p) € W and do(a,y) € 11}
(A.325)
We have W' is a possible world of II'.
O

Proof. Since the bodies of rules of II' do not contain occurrences of literals with

default negation formed by obs and truly_random, we have:
' =" UR\U (A.326)
Where R is the collection of the rules of the form

truly_random(a) < random(a, p)

such that
do(a,y) € II for some y (A.327)

In 1 we show that W’ satisfies the rules of II'"". In 2 we show that no proper subset

of W’ satisfies the rules of TI'V".
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1. We show that W’ satisfies the rules of II'"". From (A.326), it is sufficient to
show that W’ satisfies the rules of TV UR\ U. Let r be a rule from [T UR\ U.
Suppose the body of r is satisfied by W’. We need to show that

the head of r is satisfied by W’ (A.328)

Since the bodies of rules of II U R do not contain e-literals formed by attribute

truly_random, from (A.325) we have:
the body of r is satisfied by W (A.329)

Since r belongs to II" U R\ U, r also belongs to II' U R.

We know have two cases:

(a) 7 is a rule from IT". Since W is a possible world of TI, from (A.329) we
have that
the head of r is satisfied by W (A.330)

Since IT" \ U does not contain literals formed by do and obs in the heads of

rules and r belongs to II" \ U , from (A.330) and (A.325) we have (A.328).

(b) r is truly-random(a) <— random(a,p) and r belongs to R. From (A.327),
(A.329) and (A.325) we have truly_random(a) € W'. Therefore, (A.328)
holds.

2. We show that no proper subset of W’ satisfies the rules of II''"". For the sake

of contradiction, suppose there is V’ such that:
vV cw! (A.331)

and

V' satisfies the rules of IT"""" (A.332)
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Consider the set of atoms V defined as follows:

V = V' \ {truly_random(a) | 3p,y : random(a,p) € W and do(a,y) € I} UU

(A.333)

In (a) we will show:
Vew (A.334)

In (b) we will show:
V satisfies the rules of I (A.335)

thus obtaining a contradiction to the fact that W is a possible world of II.
(a) We show that (A.334) holds. From (A.325) we have:
W =W'UU\ {truly_random(a) | Ip,y : random(a,p) € W, do(a,y) € 11}

(A.336)

Since W is a possible world of II', U N W' = (). Therefore, it is sufficient

to show:

V' \ {truly random(a) | 3p,y : random(a,p) € W and do(a,y) € 11}
(A.337)

C W'\ {truly_random(a) | Ip,y : random(a,p) € W and do(a,y) € 11}

From (A.331) we have:

V' \ {truly random(a) | 3p,y : random(a,p) € W and do(a,y) € 11}
(A.338)

C W'\ {truly_random(a) | 3p,y : random(a,p) € W and do(a,y) € 11}

We need to show that there exists atom [ such that (A.339) - (A.341) below
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hold.
le W’ (A.339)

A% (A.340)

I & {truly_random(a) | Ip,y : random(a,p) € W and do(a,y) € 11}
(A.341)
From (A.331) we have that there exists an I’ such that | = [’ satisfies
(A.339) - (A.340). If I’ also satisfies (A.341) — we found [. Suppose

' = truly_random(a) (A.342)

and there exists p such that
random(a,p) € W (A.343)

and

do(a,y) € II for some y (A.344)

Since W' contains no atoms formed by do, the rule
truly_random(a) < random(a, p)

belongs to II'". Therefore, from (A.332) and the fact that [ = [’ satisfies
(A.340), we have:
random(a,p) € V' (A.345)

From (A.343) and (A.325) we have random(a,p) € W’'. Hence, | =
random(a, p) satisfies conditions (A.339) - (A.341) and (A.337) holds.
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(b) We show that (A.335) holds. From (A.333) we have:
V satisfies U (A.346)
From (A.332) and (A.326) we have:

V' satisfies IV U R\ U (A.347)

Therefore, since II does not contain e-literals formed by truly_random in

the bodies of rules, from (A.333) we have:

V satisfies every rule from II" U R\ U

whose head is not formed by truly_random

(A.348)
Now let  be a rule from II" U R\ U of the form
truly_random(a) < random(a,p’) (A.349)
Suppose
random(a,p’) € V (A.350)
From (A.333) we have:
random(a,p’) € V' (A.351)

Therefore, from the fact that » € [T U R\ U and (A.347) we have:

truly_random(a) € V' (A.352)
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The only two possible cases are:

i.

ii.

r belongs to II', by definition of the reduct we have:

there is no y such that do(a,y) € W

Since W is a possible world of I, we have:

there is no y such that do(a,y) € 11

Therefore, from (A.352) by (A.333) we have:

truly_random(a) € V

Therefore, V' satisfies r

r belongs to R. By construction of R we have

do(a,y) € II for some y

From (A.325), (A.351) and (A.331) we have

random(a,p’) € W

From (A.333), (A.357) and (A.356) we have we have:

truly_random(a) € V

Therefore, V' satisfies r.
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Therefore,

V satisfies every rule from II" \ U whose head

is of the form truly_random(a) (A.359)

From (A.348) and (A.359) we have:

V satisfies every rule from I \ U (A.360)
From (A.360) and (A.346) we have (A.335).
O

Lemma 38. Let S; and S5 be two saturated sets of e-literals of X. The set S; N Sy
is saturated.

|

Proof. Let Y be the set S;NS,. In 1, we prove condition 1. In 2, we prove condition
5 from the definition. The conditions 2-4 are very similar to 1 in their structure. So,

the proofs will be similar as well, and we will omit them here.

1. Let a = y be a member of Y. We need to show that

Yy, € range(a) \ {y}, a # y1 belongs to Y (A.361)

Since Y = 51N S; and a =y € Y, we have that

a=yes (A.362)

and

a=y€cSb, (A.363)
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From (A.423), (A.362) and (A.363) we have:

Yy, € range(a) \ {y}, a # y1 belongs to S; (A.364)

Yy, € range(a) \ {y}, a # y1 belongs to Sy (A.365)

From (A.364) and (A.365) and the fact that Y = S; N S, we have (A.361).

. We prove condition 5 for Y. Suppose a is an attribute with range(a) =

{y1,...,yx} and there is y € {y1,...,yx} such that

{fnota=9y"1v € {y,....u} {yH}CY (A.366)

We need to show

nota#yey (A.367)

Since Y = 51 N S, from (A.366) we have:

{nota=y" |y € {y,...,u} {yH)} S S (A.368)

and

{nota=y" |y € {y, -} {yh)} €5 (A.369)

From (A.423), (A.368) and (A.369) we have:

not a #y € Sy (A.370)
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not a #y € Sy (A.371)

From (A.370) (A.371), since Y = S; NSy we have (A.367).
O

Lemma 39. Let A and B be two sets of e-literals of ¥ such that A C B. We have
satr(A) C satr(B).
O

Proof. For the sake of contradiction, suppose satr(A) € satr(B). Consider the set
X = satr(A) N satr(B). We have X C satr(A) and A C X. By lemma 38, X =
satr(A) N satr(B) is saturated. Therefore, we have a contradiction to the fact that

satr(A) is the smallest superset of A which is saturated. O

Lemma 40. Let A and B be two sets of e-literals. We have AUsatr(B) C satr(AUB).
O

Proof. Let [ be a literal from A U satr(B). If | € AU B, the truth of the lemma
follows immediately. Suppose [ ¢ AU B. Then we have [ € satr(B). By Lemma 39
we have [ € satr(AU B).

O

Lemma 41. Let II be a program. Let TU be the set of e-literals: Let TU be the set

of e-literals:

TU = {not [ | l is formed by truly_random(a) and do(a = y) € II for some y}

Let W be a possible world of II. W satisfies TU.
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Proof. Let [ be an e-literal from TU formed by truly random(a). Since W is a
possible world of II, the only rule with truly_random(a) in the head is:

truly_random(a) < random(a), not do(a,yi), ...,not do(a, yx)

and we have do(a,y) € II for some y € {yi,...,yx}, we have that IT" has no rules
with truly_random(a) in the head. Therefore, by minimality of possible worlds, the

atom truly_random(a) does not belong to W. Therefore, W satisfies [. O

For an e-literal [, by atf(l) we will denote the attribute term used to form [. For

a set of e-literals I, by atf(I) we will denote the set of attribute terms:

atf(I) ={atf(l) | 1 € I}

Lemma 42. Let A and B be two sets of e-literals of 3, such that at f(A)Nat f(B) = (.
We have:

satr(A) U satr(B) = satr(AU B) (A.372)

O

Proof. From Lemma 40 we have satr(A) U B C satr(A U B) and satr(B) U A C
satr(A U B). Therefore satr(A) U satr(B) C satr(A U B). We next show

satr(AU B) C satr(A) U satr(B) (A.373)

For the sake of contradiction, suppose there exits an e-literal such that:

[ € satr(AU B) (A.374)

but
[ & satr(A) U satr(B) (A.375)
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Let a = atf(l). We must have that a € atf(A) or a € atf(B) (otherwise, the set
obtained from satr(A U B) by removing all e-literals formed by a is saturated, is

smaller than satr(A U B), and contains both A and B). Without loss of generality,

a € atf(A) (A.376)

Let L4 be the set of e-literals in satr(A) formed by a. Let Lap be the set of e-literals
in satr(AU B) formed by a.

From (A.374) and (A.375) and the fact that [ is formed by a we have that L' = LN
Lap € Lap. By lemma (38), L' is saturated. But then we have satr(AUB)\ LapUL’

is saturated and contains A and B, which is a contradiction.

Lemma 43. Let A be a set of atoms of ¥. satr(A) is consistent.

Proof. 1t is easy to see that no interpretation can satisfy two inconsistent e-literals.
Consider the interpretation I consisting of atoms in A. Clearly, I satisfies A. By

lemma 36, I satisfies satr(A), therefore it is consistent. g

Proposition 6. Let f be an admissible consequence function of program II from B.
We have f is a consequence function of II.

a

Proof. We prove both conditions of Definition (44) in 1 and 2 respectively. As in the
definition (50), we define set of literals

Ly = {l | l is formed by truly_random(a) and do(a = y) € II for some y}

set, of e-literals:

TU ={notl |l € Ly}

AR, the set of activity records of II and and ARyor be defined as in Definition 50.
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1. We show that f({}) is defined. Let f’ be the consequence function of II'. By
condition 1 of definition (44) , we have that

f'({}) is defined (A.377)
Since I = {}, we have:
IN Ly ={} (A.378)
and
I'NARyor = {} (A.379)
I contains no literals formed by random attribute terms (A.380)

From (A.377) - (A.380) by definition (50) we have that f({}) is defined.

2. We show that if f(/) is defined, then f(I) is a consequence of I w.r.t IT (Def-
inition 36). In (a) we show that f(I) is consistent (note that it is saturated
by construction). In (b) and (c¢) we prove both conditions of Definition 36

respectively.

(a) We show that f([) is consistent. Let X be the subset of set of e-literals
from f'(I'\ (TU Usatr(AR))) not containing attribute terms from TU and
AR, and Z = f'(I\ (TU U satr(AR))) N (TU U satr(AR)).
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We have:

f(I) = satr((f'(I\ (TU U satr(AR))) \ Ly \ ARyor) UTU U AR)
(A.381)

=satr(XUZUTU U AR)
C satr(X UTU U satr(AR)) (by Lemma (39))
= satr(X) U satr(TU) U satr(AR) (by Lemma (42))

= X UTU Usatr(AR)(X and TU are saturated by construction)

It is easy to check see that X U TU U satr(AR) is consistent: atf(X),
atf(TU) and atf(AR) are pairwise disjoint, X is a subset of an inter-
pretation, TU contains only literals preceded by default negation, and
satr(AR) is consistent by lemma 43. Therefore, since, by (A.381), f(I) is
a subset of X UTU U satr(AR), it is consistent.

(b) We show that I C f(I). Since f’ is a consequence function, we have

I\ (TU Usatr(AR)) C f'(I\ (TU U satr(AR))) (A.382)

Since f(I) is defined, we have I N Ly, = () and I N ARxor = 0. Therefore,

I\ (TU Usatr(AR)) C f'(I\ (TU U satr(AR))) \ Ly \ ARyor (A.383)
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Therefore,

I =1\ (TU Usatr(AR)) UTU U satr(AR)

C f'((I\ (TU Usatr(AR))) \ Ly \ ARyor) UTU U satr(AR)
(by (A.383))

C satr((f'(I'\ (TU U satr(AR)))\ Ly, \ ARyor) UTU U AR)

(by Lemma 40 )
= f{)

(c) We show that f(I) is a consequence of I w.r.t II. Let W be a possible
world of II. compatible with I. We need to show that W is compatible
with f(7). Let II' be a program obtained from II by removing AR. By

Lemma (37), the set of atoms

W' =W\ U U {truly_random(a) |3p,y : random(a,p) € W, do(a,y) € 11}

(A.384)
is a possible world of IT'.
We will show that
W' is compatible with I\ (TU U satr(AR)) (A.385)

By construction, W’ satisfies every e-literal [ of I\ (TU Usatr(AR)) which
is not formed by do(a) such that do(a) € II, obs(a) such that obs(a) € II or
one of the attribute terms from {truly_random(a) |3p,y : random(a,p) €

W and do(a,y) € I} . We consider the remaining forms of [ in i-ii below.

i. for f € {obs,do}, [ is formed by f(I) and f(I) € II. Since [ € I, and
W is a possible world of II compatible with I we have that W satisfies
[. Therefore, [ must belong to satr(AR) (or else, satr(AR) contains
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an e-literal contrary to [, and [ is not satisfied by W).

ii. [ is formed by a member of

{truly_random(a) |3p,y : random(a,p) € W and do(a,y) € I1}

Since [ does not belong to TU, | € L;,.. However, since I N L, = ) we

cannot have [ € 1.

Therefore, (A.385) holds. Since f’ is a consequence function of II', we have:

W' satisfies f'(I\ (TU U satr(AR)) (A.386)

By Lemma 41, we have:

W satisfies TU (A.387)

We next show

W satisfies f'(I \ (TU U satr(AR)) \ L \ ARyor (A.388)

By construction, W satisfies every e-literal { of f'(I \ (TU U satr(AR)) \
Ly \ ARnor which is not formed by do(a) such that do(a) € II, obs(a)

such that obs(a) € II or one of the attribute terms from

{truly_random(a) |3p,y : random(a,p) € W and do(a,y) € I1}.

We consider the remaining forms of [ in i-ii below.

i. for f € {obs,do}, | is formed by f(I), and f(I) € II. From (A.388)
we have W' satisfies [. Since W' is an answer set of II' that doesn’t
contain actions or observations, [ must have default negation. Since

I ¢ ARnor, we only have two possibilities:

A. [ is of the form not f(l) = false. Since W contains f(l), it does
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not satisfy f(l) = false, and satisfies .

B. 1 is of the form not f(I) # true. Since W contains f({), it does
not satisfy f(l) # true, and satisfies [.

ii. [ is formed by a member of

{truly_random(a) | 3p,y : random(a,p) € W and do(a,y) € I1}.

Since [ & Ly, we must have [ € TU. By (A.387), we have W satisfies
l.
Therefore, (A.388) holds.

Since W is a possible world of II containing facts AR we have:

W satisfies AR (A.389)

From (A.389) , (A.388) and (A.387) we have:

(W satisfies f'(I\ (TU U satr(AR))\ Ly \ ARnor) UARUTU (A.390)

From (A.390) by Lemma 36 we have that W is compatible with f([).

Finally, we show that no attribute term in f(I)\ I is formed by a random
attribute term of II. Clearly, since AR, TU, L., ARyor do not contain
e-literals formed by random attribute terms, it is sufficient to show that no
e-literal from f'(I\ (TU U satr(AR)) \ I is formed by a random attribute
term.

Since f’ is a consequence function, no literal from f'(I\ (TU Usatr(AR))\
(I \ (TU U satr(AR))) is formed by a random attribute term. Therefore,
since AR, TU do not contain e-literals formed by random attribute terms,

we have that no e-literal from f'(I \ (TU U satr(AR)) \ I is formed by a
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random attribute term.

A.3.5 Proof of Proposition 7

We start from introducing some notation and definitions. Let Il be a program
from B with signature 3, f be a consequence function of II, T (f) be an Al-tree of
II, and I be an i-node of T (f). By Ratomsn(I) we will denote the set of atoms of
X

{a =y |a=y €I and ais a random attribute term of II}

Definition 75 (Reachable sequence).
Let [ = Iy,...,I, be a non-empty sequence of e-interpretations of 3. We will say

that Iy, ..., I, is reachable w.r.t. II iff:
1. Iy is a consequence of {} w.r.t II.

2. For every i € {1..n}, there exists a unique random attribute term a ready in
such that I; is a consequence of satr(l;_1 Ua = y) for some possible value y of

a in I;_1. We will refer to a as rdif f;(I;)

3. For every i € {1..n}, every e-literal in I; \ I;_; formed by a random attribute

term of II is formed by rdif f;(I;).

We will say that I is reachable via a consequence function f of 11 if for every i € {1..n},

I, = f(I; Ua = y) for a and y satisfying conditions from 2.

Definition 76 (Reachable e-interpretation).
Let II be a program with signature ¥. Let I be an e-interpretation of ¥. We will
say that I is reachable w.r.t program II if there exists a reachable sequence Iy, ..., I,

such that I, = I. We will refer to Iy, ..., I, as a corresponding sequence for I. For
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a consequence function f of II, we will say that [ is reachable via f iff Iy, ..., I, is
reachable via f.

O

We will often omit the program from the consideration if it is clear from the
context. For a reachable sequence I = Iy, Iy,...,I, by ats(ly, I1,...,I,) we will

denote the sequence a; = vy, ..., a, =y, such that:
for every i € {1.n},a; = dif f;(1;) and a; = y; C I

Lemma 44. Let A be a set of attribute terms of ¥, L4 be the set of all e-literals
formed by A, and Y is a subset of L4. Let X be a set of e-literals of 3. Let I be an
interpretation of 3. If I satisfies X, then [ satisfies satr(X UY)\ La. O

Proof. We first show
satr(X UY)\ La Csatr((XUY)\ La) (A.391)

For a set of e-literals L of X, and an attribute term a, by L* we will denote the subset
of L consisting of e-literals formed by a. Suppose (A.391) does not hold. In this case

there exists an attribute term b such that
(satr(X UY)\ La)? # (satr(X UY)\ La))"
Clearly, satr(X UY) \ Ly is saturated. Therefore, by Lemma 38
L’ = (satr(X UY)\ Ly)’ N (satr(X UY)\ La))"

is saturated. But then satr((XUY)\ L4)N LY is a proper subset of satr((XUY)\ L)
containing (X UY') \ L4 which is saturated, which is a contradiction.

Therefore, (A.391) holds. By Lemma 39, since (X UY)\ Ly C X we have:
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satr((X UY)\ La) C satr(X) (A.392)

From (A.391) and (A.392) we have:

satr(X UY)\ La C satr(X) (A.393)

Therefore, since I satisfies X, by Lemma 36 and the definition of satisfiability we
have I satisfies satr(X UY) \ Ly

|

Lemma 45. Let I be a program from B with signature . Let II" be obtained from
IT by removing all activity records. Let f be an admissible consequence function of II.
Let I an e-interpretation reachable w.r.t IT such that Jy, Ji,. .., J, is a corresponding
sequence for I reachable via f. Let a; = y1,...,a, = y, be ats(Jy,...,J,). Let W’
be a possible world of 11" such that ats(Jy ..., J,) N Ratomsy (1) C W’. Let I’ be an

interpretation obtained from I by removing:
1. e-literals formed by truly_random(a) for every a such that do(a = y) € II,
2. e-literals formed by do(a) such that do(a) € TI,
3. e-literals formed by obs(l) such that obs(l) € TI

W' is compatible with I’.

Proof. Let R be the set of attribute terms:

R = {truly_random(a) | do(a = y) € II for some y}
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Let A, be the set of attribute terms:

Ay = RU{do(a) | do(a) € 11}
U {obs(l) | obs(l) € 11}

and Ey,. be the set of e-literals of ¥ formed by attribute terms in Ay, L;., TU, and
ARnor be the sets of e-literals defined as in definition 50. Let J{, ..., J), be a sequence
of e-interpretations such that for every i € {1..n} J! = J; \ Ei. We will prove by
induction on ¢ that for every i € {0..n}, W' is compatible with J/. The correctness
of the lemma then follows immediately.

Let f" be the consequence function of II" such that f is induced by f’.

Base Case We have Jy = satr((f'({}) \ Le \ ARyor) UTU U AR)

Since f’ is a consequence of IT',

W’ satisfies f'({}) (A.394)

Therefore,

W’ satisfies f'({}) \ L« \ ARNoT (A.395)

Since TU U AR C E,., by Lemma (44) we have that

W satisfies satr(f'({}) \ Lu \ ARnor UTU U AR) \ E, (A.396)

That is, W’ satisfies Jj).

Ind. Hyp. Suppose
W’ is compatible with .J, (A.397)

for some k < n.
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Ind. Step We will show that

W' is compatible with J;_, (A.398)

By inductive hypothesis, W’ is compatible with J;, therefore, we have that

W’ satisfies every e-literal from Jj, (A.399)

By definition of a reachable sequence, we have:

Jer1 = f(satr(Jy U{ars1 = y})) (A.400)
where
ayy1 is ready in Jy (A.401)
and
y is a possible value of ax,q in Ji
We show

W' satisfies ap+1 =y (A.402)
We consider two cases: axy1 = u and agyq # u.

1. a/k-+1 =Uu.

Since a1 is ready in Ji, and w is a possible value of ajy; in Ji, we have
that a,, is disabled in J;. Since the bodies of random selection rules
of IT do not contain literals formed by truly_random, obs and do, ag,q is
disabled in J;. Therefore, by Lemma 33, W’ does not assign a value to

ag+1. and we have (A.402).
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2. apy1 = y for y # wu. Since ats(Jy,...,J,) N Ratomsy(I) € W', and
agr1 =Yy C Jpr1 C Jp, we have (A.402).

Then we have:

Jip1 = f(satr(Jy U{agis = y})) \ B (A.403)
= satr(f'(satr(Jy U{aps1 =y} \ (TU Usatr(AR)))) \ Ly \ ARnor)
UTU UAR)\ Ei,

Therefore, since TU U AR C E,,., and [’ is a consequence function of I, it is

sufficient to show

W' satisfies satr(J, U{ars1 = y}) \ (TU U satr(AR)) (A.404)

Since f is defined on satr(J, U {ar4+1 = y}), we have:

satr(Jy U{agr =y}) N Ly =0 (A.405)

and

satr(Jy U{axr = y}) NARyor =0 (A.406)

Therefore, by minimality of saturation satr(JiyU{ax+1 = y})\ (TU Usatr(AR))
does not contain literals formed by do and obs not preceded by default nega-
tion. W’ satisfies all such literals. Also, from (A.405), satr(Ji U {ax41 =
y})\ (TU Usatr(AR)) does not contain literals formed by attribute terms from
R. Therefore,

W' satisfies satr(J, U {ax1 = y}) \ (TU U satr(AR)) N E,, (A.407)
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We have: Let Z = TU U satr(AR)

satr(Jy U{agr = y}) \TU \ satr(AR) = satr(J,UY U{aps1 =y}) \ Z

= satr(J, U{ars1 = y}) Usatr(Y)\ Z

for some Y consisting of e-literals from FEj,.

From (A.397) and (A.402) by Lemma 36 we have

W' satisfies satr(J;, U{ar1 = y}) (A.408)

From (A.408) and (A.407) we have (A.404).

Therefore, (A.398) holds.
a

Lemma 46. Let II be a program from B with signature 3. Let I’ be the program
obtained from II by removing activity records. Let aq,...,a, be a probabilistic
leveling of I1’ satisfying condition from Definition 20. Let 7171, ..., T}, be the sequence
of trees described in the proof of lemma 8 such that 7,, = T is a tableau which
represents II'. Let f be an admissible consequence function of II, and I be an e-
interpretation of ¥ reachable w.r.t f. Let A be the set of atoms of I formed by
random attribute terms of II. There exists a leaf node n of T" such that A C pr(n).

|

Proof. For a subset A" of A, let h(A’) denote the statement:

there exists a leaf node n of T such that A’ C pr(n)

Clearly, h({}) holds.(by construction, 7" is non-empty and {} is a subset of any leaf
node of 7).
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We will prove the lemma by defining an order < of subsets of A such that:

for any proper subset A’ of A, A’ < A (A.409)
for any subset A’ of A, =A" < A’ (A.410)
for any three subsets Aj, Ag, Az of A, A; < Ay A Ay < Az implies Ay < A3 (A.411)

and showing that if for a proper subset A’ of A, there exists a node n of T such that
A" C pr(n), then there exists another subset A” of A such that:

(a) A< A"
(b) there exists a node n’ of T' such that A” C pr(n')

The existence of A” for every subset A’ of A satisfying (a)-(b) and the properties
(A.409) - (A.411) of < imply that there exists a node ny of 7" such that A C pp(ny).
Therefore, for any leaf node n; of 7" which is descendant of ny, A C pp(n;). Since for

any node of a tree there exists at least one leaf descendant, the lemma holds.

1. We define < satisfying (A.409) - (A.411). Let A" = {by,...,b;} be a subset of
A. By for a random attribute term a of II, by it(a) we denote the index of
ain ay,...,an,. (thatis, it(a) =i iff a = a;). We will first define a function
val : 24 — {0..(24 - 1)}

j .
val(A') =Y om0 (A.412)
i=1

The relation < is defined as follows:

Ay < As iff val(Ay) < val(As) (A.413)

It is easy to check that the subsets of A are in one-to-one correspondence with

numbers in {0..(2/ — 1)} obtained by applying the function val to them.
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Therefore,
for any two subsets A; # Ay of A, val(A;) # val(Asz) (A.414)

and (A.410) holds. Also, (A.409) holds because val(A) > val(A’) for any subset
A’ of A.

Therefore, since < is transitive, (A.411) holds.

. Let A" = {by,..., by} be a proper subset of A. Let d a the node of T" such that
A" C pr(d). We show that there exists another subset A” of A such that:

(a) A" < A", and

(b) there exists a node d’ of T" such that A” C pp(d).

Let CI = Iy, 11, ..., I, be the corresponding sequence for I, and ats(Jy, ..., J,)
be as, = 11,...,0s, = Yn.

Let 5 be the smallest integer such that
Y #u (A.415)

and

as, =y; ¢ A’ (A.416)

Note that, since A’ is a proper subset of A, j exists and j < n.

By definition of corresponding sequence,

I; is a consequence of satr(l;_y U{as, = y;}) (A.417)

where

as, is ready in I;_, (A.418)
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and

y; is a possible value of a,, in I;_, (A.419)

From (A.415) and (A.418) we have that a; is active in I;_;. Therefore, there

exists a unique rule r of the form
random(a,, : {X : p(X)}) < B (A.420)

such that
B is satisfied by I;_; (A.421)

every atom of the form p(y;), where y, € range(as,), is decided in I;_,

(A.422)
p(y;) is satisfied by I;_4 (A.423)
for every y € PO(I;_1,7,as,), I;-1 U {as, =y} is consistent (A.424)

and

the body of every pr-atom for as; is either satisfied or falsified by I;_;
(A.425)

Let d; be a leaf of T with ancestor d. By Lemma 18, there exists a unique

possible world W, of IT" such that

W, satisfies pr(d;) (A.426)
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Let I;_; be obtained from [;_; by removing:

(a) e-literals formed by truly_random(a) for every a such that do(a = y) € II,
(b) e-literals formed by do(a) such that do(a) € II,

(c) e-literals formed by obs(l) such that obs(l) € II

Since j is the smallest index such that y; # v and as;, = y; € A’, every atom
from a,, = y1,...,a,,, = y;—1 belongs to A’. Since A" C pr(d) C pr(d;), by

lemma (45) we have:

Wy is compatible with I7_, (A.427)

Since B does not contain literals formed by truly_random, do and obs, from

(A.427) and (A.421) by lemma 32 we have:

W), satisfies B (A.428)

Let Nit(a,,)-1 be the ancestor of d; such that

Nit(a,,)~1 is a leaf node in Tz‘t(asj)—1 (A.429)

We will prove

Nit(as,) -1 is ready to branch on aj, relative to II' (A.430)

We will prove (A.431) by contradiction. Suppose

Nit(as,) -1 is not ready to branch on a; relative to IT' (A.431)
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In this case, by construction of T,

pr(d;) contains no atoms formed by a, (A.432)

Since Wy is the only possible world satisfying pr(d;), from (A.428) we have:

pr(d;) I'-guarantees B (A.433)

From (A.423) and (A.427) we have:

W), satisfies p(y;) (A.434)

Therefore, since Wy, is the only possible world of TI" containing pr(d;):

pr(d;) II'-guarantees p(y;) (A.435)

From (A.435), (A.433) (A.432) and the fact that W is the only possible world
of IT" satisfying pr(d;) we have

d is ready to branch on a,; relative to II' (A.436)

Therefore, T is a not a tableau of II' (it is not maximal with respect to sub-
tree relation), which is a contradiction. Therefore, (A.431) does not hold, and

(A.430) holds.

We next show:

Nit(as;)-1 IT" -guarantees p(ys,) (A.437)

From (A.436) we have that pr(d;) has an atom formed by as;. Since W, satisfies
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pr(dy) Nit(as,;)-1 is an ancestor of d;, we have that W), satisfies pT(nit(asj),l).

Therefore, from (A.430) and (A.434) we have (A.437).

Therefore, by construction, 7' contains a child n,. of Nit(ay, )1 such that

pr(ne) = pT(nit(ask+1)—1) U {asj = yj}-

Now consider the set of atoms A™ = AN pr(n.). Clearly there exists a node of

T which contains A™ (it’s n.). Therefore, we only need to show

A< A" (A.438)

By construction, the nodes d, Nit(as,)~1 and d; belong to the same path from
the root of T' to its leaf ny. Let us denote this path by P. Consider the sets
A, =AN pT(nit(asj),l) and Agown = A’ \pT(nit(asj),l). Since n. is a child of

Nit(a,,)~15 it is sufficient to show that:

for every a = y € Agown, it(a) > it(as;) (A.439)

If Nit(as;)~1 has no children in P, then, since d belongs to P, A" C pr(d), Adown
is empty, and (A.439) is vacuously true.

Let n, be the child of Nit(a, )1 in P. Since Nit(a,,)-1 is ready to branch on ay
and belongs to the tree Tit(asj)_l, pr(nl) = pT(nit(aSj)_l) U {as, = ¢} for some
y'. Therefore, since every node Ay, does not belong to pT(nit(aSj),l), and no
node of Agywy, is equal to a,, = y' (since no atom in A’ is formed by asj), every

atom of Agyun labels an edge below n!. Therefore, by construction of the tree,

we have (A.439).
O

Proposition 7 Let f be an admissible consequence function of II. Let I be a
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definite i-node of T (f). I is incompatible iff there exists an axiom in X'(II) whose
body is satisfied by I.

O

Proof. = We will prove that if [ is incompatible, then there exists an axiom in X'(II)
whose body is satisfied by I. We prove the contrapositive: if the body of every axiom
in X' (II) is not satisfied by I, then [ is compatible. Suppose the body of every axiom
in X (II) is not satisfied by /. Since I is a definite node, we have:

I falsifies the body of every axiom in X(II) (A.440)

Let U be the set of activity records of II. Let II" be the program 1T\ U. By
construction, [ is reachable w.r.t f. Let A be the set of atoms in I formed by random
attribute terms of II. Let 77, ...,T,, be the sequence of trees described in the proof
of lemma 8 such that 7, = T is a tableau which represents II'. By lemma (46),
there exists a leaf node n of T' such that A C pp(n). Let W’ be the possible world
of II" represented by n. Let I’ be an interpretation obtained from I by removing
all e-literals formed by truly_random(a) for every a such that do(a = y) € II. By

Lemma 45,

W' is compatible with I’ (A.441)

We next show:

for every action do(a = y) of II, W’ satisfies a = y (A.442)

The axiom

«— do(a,y),not a =y

belongs to X (I).

By (A.440), the fact that I is in the image of an admissible consequence function
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that includes all activity records of II, we have that [ satisfies a = y. By construction
if I', I' satisfies a = y. Therefore, by (A.441) we have (A.442). Similarly, using the
other axioms:

< obs(l),not 1

and

+ do(a,y),not random(a,p), ..., random(a, p,)

we can show:

for every observation obs(l) of II, W' satisfies (A.443)

and

for every action do(a = y) of I, W’ satisfies random(a, p) for some p  (A.444)

From (A.442) - (A.444) by lemma (31) we have that the set of atoms:

W = W'\ {truly_random(a) | do(a,y) € I} UU (A.445)

is a possible world of II.

It is sufficient show that:

W is compatible with I (A.446)

Let Ay be the set of attribute terms from activity records of I, and A, be the set
of attribute terms

{truly_random(a) | do(a = y) € 11}

From (A.441) by construction of I’ and W, W satisfies all e-literals from I that are
not formed by attribute terms from A; U As. In 1 and 2 we show that W satisfies all
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e-literals from I formed by attribute terms from A; and A, respectively.

1. We prove that

W satisfies all e-literals from I formed by attribute terms from A; (A.447)

Since [ is reachable via f, we have I = f(I') for some interpretation I’, where

[ = f(I') = satr((f/(I'\(TU Usatr(AR))\ Ly, \ ARyor) UTU U AR) (A.448)

By lemma (39), we have:

satr(AR) C I (A.449)

Since W is a possible world of II, W satisfies AR. Therefore, by lemma 36,

W satisfies satr(AR) (A.450)

Since every e-literal formed by A; not belonging to satr(AR) is contrary to an
e-literal from satr(AR), and I is a consistent set of e-literals, from (A.450) we

have (A.447).

2. We prove that

W satisfies all e-literals from I formed by attribute terms from A, (A.451)

Similarly to 1, from (A.448) we can see that I can only contain e-literals formed

by Ay belonging to TU. Therefore, by Lemma 41, W satisfies all such e-literals.

< Suppose there exists an axiom r in X' (IT) whose body is satisfied by . Suppose

there exists a possible world compatible with I. By Proposition 4, the possible world

does not satisfy r, which contradicts Proposition 1.
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A.3.6 Proof of Proposition 8
Lemma 47. Let II be a program with signature ¥, I be an e-interpretation of X
such that every random attribute term of II is decided in I. There exists at most one
possible world of II compatible with 1.

O

Proof. Let A be the set of atoms in [ formed by random attribute terms of II. For
the sake of contradiction, suppose there exists two different possible worlds, W; and

Wy of 11, compatible with 7. We have:

A is the set of atoms in W; formed by random attribute terms of I1 (A.452)

A is the set of atoms in W5 formed by random attribute terms of II (A.453)

Let II" be a program obtained from II by removing activity records. By lemma
37, there exists two possible worlds, W] and W} of II', which coincide with W; and
Wy respectively on the atoms formed by random attribute terms. Therefore, from

(A.452) and (A.453) we have a contradiction to Lemma 18.

Let IT be a program from B with signature 3.

Lemma 48. Let I be areachable interpretation of > and Iy, .. ., I, be a corresponding

sequence for I. For every random attribute term a of Il we have:

1. for every e-literal [ in I, if a is formed by random attribute term, then a is

decided in I,
2. a =y € I, then a =y is an element of ats(ly, ..., 1)

3. ifa=uC I, then a =wuis an element of ats(Iy, ..., I,).
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|

Proof. This follows immediately from the definition of a reachable sequence (Defini-

tion 75). O

If Iy, ..., I, is a reachable sequence with ats(ly,...,1,) = a1 = y1,..., 0y = Yn,
and @ = y is an atom in [,, , then we will refer to ¢ such that a; = a and y; = y as

the spot of a =y in Iy, ..., I,.

Lemma 49. Let Iy, ..., I, be a reachable sequence of program II. We have:

for every ¢,j € {0..n} such that i < j, I; C I,

|

Proof. 1t is sufficient to show that for every i € {0..n}, I; C I;1;. The lemma then
follows immediately from the reflexivity and transitivity of C. By definition of a
reachable sequence, we have [;1; is a consequence of satr(l;U{a = y}) for some atom

a =y. By Lemma (39) we have:

I; C satr(I; U{a =y}) (A.454)

By clause 1 of Definition 36 we have:

satr(l; U{a =y}) C ;11 (A.455)

From (A.454) and (A.455) we have:

IC T (A.456)
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Lemma 50. Let [ be a reachable interpretation of ¥ s.t. 4*([) is defined. Let a =y
be an atom of ¥ such that a is a random attribute term of . We have P(I,a = y)

defined iff truly_random(a) € I. O

Proof. 1f truly_random(a) ¢ I, then, clearly, P(I,a = y) is not defined. Suppose
now P(I,a =y) is not defined. Let Iy, ..., I, be a corresponding sequence for I. Let

1 be the spot of a =y in Iy, ..., I,. We have that a is active in I;_;, which means:
B is satisfied by ;4 (A.457)
for every y € range(a), p(y) is decided in I;_4 (A.458)

for every pr-atom pr(a =y, |By) =v of I, By C I;_; or By is falsified by I;_4

(A.459)
By Lemma 49:
I, CI (A.460)
From (A.460) and (A.457) - (A.459):
B is satisfied by [ (A.461)
for every y € range(a), p(y) is decided in I (A.462)

for every pr-atom pr(a =y, |By) = v of Il, By C I; or By is falsified by I (A.463)

264



Texas Tech University, Evgenii Balai, December 2017

Since W is compatible with I, from A.460 we have:

W is compatible with 7; 4 (A.464)

Since a = y € I, and W is compatible with I, by Proposition 4 we havea =y € W.
From (A.458), (A.464) and lemma 33 and the fact that a is active in [; we have:

p(y) € Ii (A.465)

From (A.465) and (A.460) we have:

ply) €1 (A.466)

Since P(I,a = y) is not defined, one of the conditions from (5.6) - (5.9) has to be
violated. Therefore, from (A.465), (A.461) - (A.463) we have that

truly_random(a) & I (A.467)

a

Lemma 51. Let II be a program from B. Let I be a reachable e-interpretation of Il
such that:

1. p*(I) is defined, and

2. for every random attribute term a decided in I, truly_random(a) is decided in

I.

Let W be a possible world compatible with I. For every random attribute term

decided in a we have:

1. if P(I,a = y) is defined, then P(W, a = y) defined and P(W,a =y) = P(I,a =
y)
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2. if P(I,a = y) is undefined, then P(W,a = y) is undefined

g

Proof. 1. Suppose P(I,a = y) is defined. By condition (5.6) - (5.7) we have that

there exists a rule r of II such that:

y € PO(I,r,a) for some random selection rule
(A.468)

random(a,p) < BofIl such that B C [

truly_random(a) € I, (A.469)

for every pr-atom pr(a = y; |B) = v of II, either B C I, or B is falsified by I

(A.470)
for every y € range(a), p(y) is decided in [ (A.471)
From (A.468) we have B C I, then by Proposition 4 we have:
W satisfies B (A.472)
From (A.468) we have p(y) C I, then by Proposition 4 we have:
W satisfies p(y) (A.473)
From (A.469) by Proposition 4 we have:
W satisfies truly_random(a) (A.474)
Since P(I,a = y) is defined, we have that
a=yel (A.475)
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From (A.475) by Proposition 4 we have:

a=yeW (A.476)

From (A.476), (A.472) - (A.474) we have that P(W,a = y) is defined.

From (A.470) by Proposition 4 we have:

for every pr-atom pr(a =y, |By) =vof I, By CTiff W = B (A.477)

From (A.471) ) by Proposition 4 we have:

for every y € range(a), p(y) € I iff p(y) e W (A.478)

From (A.477) and (A.478) we have P(I,a =y) = P(W,a = y).

2. Suppose P(I,a = y) is undefined. By lemma 50, truly_random(a) ¢ I. Since
truly_random(a) is decided in I, we must have truly random(a) = u € I or
truly_random(a) = falseinI. In both cases, by Proposition 4, W does not
satisfy truly_random(a). Therefore, P(W,a = y) is undefined.

|

Lemma 52. Let II be a program with signature . Let I be a compatible reachable
e-interpretation of ¥. We have that *(/) is defined.

Proof. Let W be a possible world compatible with I. For the sake of contradiction,
suppose f1*([) is undefined. In this case, one of the conditions 4 -6 has to be violated

for I. We consider each condition separately:

1. Suppose Condition 4 is violated for I. In this case there are two rules

random(a,p1) « B
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and

random(a, ps) < Bs

such that By, By C I. Therefore, by Proposition 4, we have W = B; and
W = Bs. In this case, Condition 1 is violated for II. Contradiction.

2. Suppose Condition 5 is violated for I. In this case there is a random selection
rule random(a, p1) < B and two pr-atoms pr(a(t) | By) = v; and pr(a(t) | Bs) =
vy such that By, By, B C I. Therefore, from (A.480) we have By, By, B C I. In

this case, Condition 2 is violated for II. Contradiction.

3. Suppose Condition 6 is violated for I. In this case II contains a random selection
rule ry : random(a,p) < Bj, a probability atom pr(a = y| By) = v. such that
By,By C I and p(y) ¢ I. Let Iy,..., I, be the corresponding sequence for I.
Let ¢ be the spot of a = y in Iy, ..., I,. a is active in I;_;. Therefore, there
is a rule 7y : random(a,py) < Bs s.t. I;_y satisfies By and py(y) is decided in
I;_4 for every y € range(a). Since W is compatible with both I; ; and I, and
Condition 3 is satisfied by W, we have r; = ry. Therefore, p = p, and p(y) is
decided in I;_; for every y € range(a). By Lemma 54, p(y) € I;—1. Therefore,
since p(y) is decided in I;_;, we have p(y) = false or p(y) = w in I; 4. Since
W is compatible with I;_1, p(y) € W. Therefore, Condition 3 is violated for II.

Contradiction.

|

Lemma 53. Let I be a reachable interpretation of ¥ s.t. *([) is defined. Let
Iy, ..., I, be a corresponding sequence of I. Let a = y be an atom of ¥ such that
P(I,a = y) is defined and ¢ be the spot of a = y in Iy,...,I,. P(satr(l;_1 Ua =
y U truly_random(a)),a = y) is defined. 3

a

3Note that, since P(I,a = y) is defined, we have a = y € I and truly_random(a) € I. We also
have I; C I by Lemma 49. Therefore, by Lemma 39, satr(I; Ua = y U truly_random(a)) is a subset
of I, and, is therefore consistent.
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Proof. We first prove that

@ (satr(l—1 Ua = yUtruly_random(a))) is defined (A.479)
We know:
satr(l;—1 Ua =y Utruly-random(a)) C I (A.480)
and that
u*(I) is defined (A.481)

For the sake of contradiction suppose (A.479) doesn’t hold. In this case, one of the

Conditions 4 - 6 has to be violated. We consider each condition in 1-3 below.

1. Suppose Condition 4 is violated for satr(l; U a = y U truly_random(a)). In
this case there are two rules random(a,p;) < By and random(a,ps) < Bs
such that By C satr(l; Ua = y U truly-random(a)) and By C satr(l; Ua =
yUtruly_random(a)). Therefore, from (A.480) we have By C [ and B, C [. In
this case, Condition 4 is violated for interpretation I, and f*(/) is undefined.

Contradiction.

2. Suppose Condition 5 is violated for satr(l; Ua = y U truly_random(a)). In
this case there is a random selection rule random(a, p;) - B and two pr-atoms
pr(a(t) | By) = v; and pr(a(t) | By) = v such that By, By, B C satr(l; Ua =
y U truly_random(a)). Therefore, from (A.480) we have By, By, B C [. In
this case, Condition 5 is violated for interpretation I, and f*(I) is undefined.

Contradiction.

3. Suppose Condition 6 is violated for satr(l; Ua = yUtruly_random(a)). In this
case II contains a random selection rule 7y : random(a,p) < B, a probability
atom pr(a = y| Bs) = v. such that By, By C satr(l; Ua = yUtruly_random(a))
and p(y) & satr(l;—y Ua = yUtruly_-random(a)). Since i is the spot of a = y in

Iy, ..., I;_1,ais active in I;_;. Therefore, there is a rule ry : random(a, ps) < Bs
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s.t. 1;_; satisfied B3 and py(y) is decided in I;_; for every y € range(a). Since
@*(I) is defined, and I;—; C satr(l;—; Ua = y U truly-random(a)) C I, by
condition 4 we have: r; = ro. Therefore, p = py and p(y) is decided in I;_; for
every y € range(a). By Lemma 54, p(y) € satr(l; Ua = y U truly_random(a))
iff p(y) € I. Therefore, p(y) € I. Since satr(l; Ua = yUtruly_random(a)) C I,
By, By C I. Therefore, Condition 4 is violated for I, and *(I) is undefined.

Contradiction.

Therefore, (A.479) holds. We show P(satr(l;—1 Ua = yUtruly_-random(a)),a = y) is
defined. Since a is active in I;_1, by Definition 39, there is a rule r : random(a, p) < B
such that:

I, satisfies B (A.482)

every attribute term p(x), where x € range(a), is decided in I;_; (A.483)

for every pr-atom pr(a =14’ | By) = v, By C I;_; or B is falsified by I, _; (A.484)

Since i is the spot of a = y, By clause 2 of Definition 75 we have:

y € PO(I;_4,7,a) (A.485)

We prove Conditions (5.6) - (5.9) in 1-4 respectively.

1. From (A.480), (A.482) and (A.485) we have satr(l;_1Ua = yUtruly_random(a))
satisfies B, and y € PO(satr(l;—1Ua = yUtruly_-random(a))). Therefore, (5.6)

is satisfied.

2. Clearly, truly-random(a) € satr(l;—; Ua = y U truly_random(a)). Therefore,
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(5.7) is satisfied.

3. From (A.480), (A.484) and (A.482) we have that for every pr-atom pr(a =
Y| By) =v, By C I or B is falsified by I. Therefore, (5.8) is satisfied.

4. By condition 1, r is the only random selection rule whose body is satisfied by
satr(l;_1Ua = yUtruly_random(a)). By (A.480), (A.483) every attribute term
p(y) s.t. y € range(a) is decided in satr(l;_; Ua = y U truly_random(a)).
Therefore, condition (5.9) is satisfied.

Before moving to the next lemma, we introduce a definition.

Definition 77 (Future probability).
Let I be a reachable interpretation of ¥ s.t. 4*([) is defined. Let Iy,...,I, be a
corresponding sequence of I. Let a = y be an atom of ¥ such that P(I,a = y) is
defined and i be the spot of a = y in Iy, ..., I,. For each possible value y of a in I;_1,
The future probability of a =y in I; 1, P*(I;_1,a = y), is equal to P(satr(l;_y Ua =
y U truly_random(a)),a = y).

O

Lemma 54. Let I,J be two e-interpretations of ¥ such that I C J, and a be an

attribute term decided in /. An atom a = y belongs to [ iff a = y belongs to J. O

Proof. Suppose a =y € I. Since [ C J,a=y € J.

Suppose a =y € J. Since a is decided in I, we have that

Jy' € range(a):a=y €I, ora=uel (A.486)

If a =wu € I, then a = v € J, which is impossible because a = y € J, and

not a = y and a = y are contrary. Therefore,

Iy € range(a) :a=1vy' €1 (A.487)

271



Texas Tech University, Evgenii Balai, December 2017

It is impossible to have y' # y, because in that case from I C J we will have
a=y € Jand a =19y € J, two contrary literals in J. Therefore, a =y € J.
O

Lemma 55. Let I be a reachable interpretation of ¥ s.t. 4*([) is defined. Let
Iy, ..., I, be a corresponding sequence of I. Let a = y be an atom of ¥ such that
P(I,a = y) is defined and i be the spot of a = y in Iy,...,I,. We have that
P*(I;—1,a =y) is defined and P(I,a =y) = P*(l;_1,a =v)

O

Proof. By lemma 53, P*(I;_1,a = y) is defined. Since g*(I) and P(I,a = y) are
defined, by Condition 4 and (5.6), there is a unique rule of the form:

random(a,p) < B

s.t.
I satisfies B (A.488)
Since 7 is the spot of a =y in Iy,..., I,, a is active in I;_;. Therefore, by Definition
39,
a;_1 1s not decided in I;_; (A.489)

and there exists a rule 1’ : random(a, p’) < B’ in II such that:

I;_1 satisfies the body of r/ (A.490)

every attribute term p'(z), where x € range(a), is decided in I; (A.491)

for every pr-atom pr(a =y | K) of I, K C I, ; or K is falsified by [;,_; (A.492)
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By Lemma 49, we have:

L, CI (A.493)

From (A.493) and (A.490) we have:

I satisfies the body of »’ (A.494)

Since i*(I) is defined, by Condition 4 from (A.494) and (A.488) we have:

r=r (A.495)

From (A.491) and (A.493) by Lemma 54 we have:

for every atom p(z), where z € range(a), p(x) € I iff p(x) € 1,4 (A.496)

From (A.492) and (A.493) by Lemma 54 we have:

for every pr-atom pr(a =y | K)of I, K C I, 1 if K C [ (A.497)

By definition of future probability:

P*(I;—1,a =y) = P(satr(l;_y Ua = y U truly_random(a)),a = y) (A.498)

By Lemma 39 we have:

I,y C satr(l;—1 Ua =y Utruly_random(a)) (A.499)

From (A.491) and (A.499) we have by Lemma 54:

for every atom p(z), where = € range(a), p(x) € I,y iff

p(zx) € satr(l;_1 Ua =y Utruly_random(a)) (A.500)
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From (A.500) and (A.496) we have:

for every atom p(z), where z € range(a), p(x) € I iff

p(z) € satr(l;—; Ua =y Utruly_random(a))

From (A.499), (A.495) and (A.490) we have:

satr(I;—1 U a =y Utruly-random(a)) satisfies the body of r

From (A.492) and (A.499) we have by Lemma 54:

for every pr-atom pr(a =y | K) of 11, K C I;_; iff

K C satr(l;—1 Ua =y Utruly_random(a))

From (A.503) and (A.497) we have:

for every pr-atom pr(a =y | K) of II, K C I iff

K C satr(l;—1 Ua =y Utruly_random(a))

From (A.504), (A.501), (A.502) and (A.488) we have:

P(l,a =y) = P(satr(l;—; Ua =y Utruly-random(a)),a = y)

Therefore, from (A.498):

P(I,a=vy)= P (I;_1,a =)
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Lemma 56. Let II be a program from B, Iy, ..., I, and Jy,...,J, be two reachable

sequences of II such that:
1. ats(ly, ..., I,) = ats(Jo, ..., Jn)
2. for every @ < n, I; = J;
3. I, CJ,

4. for every random attribute term a decided in I,,, truly_random(a) is decided in

I,
5. I, is compatible
We have:
1. Qf = QJn

2. if I, is compatible and [1*(1,,) is defined, then i*(.J,,) is defined, and g*(J,) =
i (In)

Proof. 1. We prove 1. Consider two cases:

(a) n=0. In this case I, and J, are both consequence of {}. Therefore, every

possible of II is compatible with both I,, and .J,,, and we have Q/» = Q/».

(b) m > 0. In this case

I,, is a consequence of I, 1 Ua; =1 (A.507)

Jp s a consequence J,_1 U as = 9o (A.508)

Since for every i < n, I; = J;, from (A.508) we have:

Jp is a consequence I,,_; U as = 1o (A.509)
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Since ats(lo, ..., I,) = ats(Jy, ..., J,), from (A.509) we have:

J, is a consequence I,,_1 Ua; = 11 (A.510)

From (A.507), (A.508), (A.510) we have:

an_lumzm — QIn — QJ” (A511)

2. Suppose I, is compatible, i*(1,,) is defined. We will prove that j1*(.J,) is defined,
and g*(J,,) = *(1,,) From (A.511) we have that J,, is compatible. Therefore, by
Lemma 52, i*(.J,,) is defined. If n = 0, both [,, and J,, have no atoms formed by
random attribute terms, so i*(J,,) = 4*(1,) = 1. Suppose now n > 0. Let A
(A;) be the set of atoms s.t. for every a € A, P(I,,a) (P(Jy,a)). By Lemma
48, since ats(Iy, . .., I,) = ats(Jy,. .., J,), we have that the collections of atoms
formed by random attribute terms coincide in both I,, and J,. By Lemma 54,

truly_-random(a) € I, iff truly_random(a) € J,. Therefore,

A=A, (A.512)

Now we will prove:

for every a € A;, P(1,,a) = P(J,,a) (A.513)

Let a be an atom in A;, and Let ¢ be the spot of a in Iy, ..., I,. By Lemma 55,

P(I,,a) = P*(I,_1,a) (A.514)

Since ats(ly,...,1I,) = ats(1y,...,1I,), i is the spot of a in Jy, ..., J,, and, by

Lemma 55,
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P(Jn,a) = P*(Ji—1,a) (A.515)

Since j < n, we have [;,_; = J;_1. Therefore, from (A.514) and (A.515), we
have P(I,,a) = P(J,,a). Therefore, (A.513) holds. From (A.513) and (A.512)
we have [1*(1,) = 1" (J,).

|

Lemma 57. Let X/ be a signature consisting of a collection A of attribute terms from

Y. Let W be an interpretation of ¥'. Let I be an e-interpretation of ¥ such that:
1. I contains all atoms of W; that are not formed by do, obs, and truly_random
2. for every attribute term a such that:

(a) W has no atoms formed by a,
(b) a is from ¥
(¢) a is not formed by do, obs or truly_random
we havea =u C [
Let [ be an e-literal from ¥’ not formed by do, obs and truly_random. We have:
e if IV satisfies [, then I satisfies [,

e if W does not satisfy [, then I falsifies [

O
Proof. e We first prove the case W satisfies [. We consider all possible forms of I:

1. lisa=y. In thiscasea =y € W. By clause 1, a =y € I.

2. lis a # y. In this case a = y; € W for y; # y. By condition 1, a = y; € I.
Since [ is saturated, a #y € 1.
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3. 1 is not a = y. In this case we have only two possibilities:
(a) W has no atoms formed by a. In this case by clause 2 not a = y €
a=uC]J.
(b) W has an atom a = yy, for y; # y. In this case by clause 1 a = y; € I.

By clause 1 of Definition 29, a # y € I. By clause 3 of Definition 29,
lel

4. [is not a # y. We have two cases:
(a) W has no atoms formed by a. In this case by clause 2 a = u C I. By
clause 5 of Definition 29, [ € I.

(b) W has an atom a = yy, for y; # y. In this case by clause 1 a = y; € I.
By clause 2 of Definition 29, nota # y € I. Then by clause 4 of
Definition 29 we have [ € I

e We next prove the case W does not satisfy [. We consider all possible forms of

l:

1. lis a = y. We consider two cases:

(a) W has no atoms formed by a. In this case a = u C I. Therefore, since
a =y is contrary to not a =y, I falsifies [.

(b) W has an atom a = y; where y; # y. In this case a = y; € I. Since
a =y, and a = y are contrary, [ falsifies [.

2. lis a # y. We consider two cases:

(a) W has no atoms formed by a. In this case a = u C I. Therefore, since
a # y is contrary to not a # y, I falsifies [.

(b) W has an atom a = y. In this case a =y € I. Since a # y and a = y

are contrary, I falsifies [.

3. lisnota=y. Inthisa=y &€ W,a=y €. Since a =y and not a =y

are contrary, I falsifies [
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4. lis not a # y. In this case W has an atom a = y; where y; # y. Therefore,
a =1y, € I. By clause 1 of Definition 29, a # y € I. Since a # y and

not a # y are contrary, I falsifies [.

O

Lemma 58. Let II be a program from B with signature ¥ Let I be a compatible
e-interpretation of 3. Let II' be obtained from II by removing activity records. Let
ai,...,a, is a probabilistic leveling of II such that II is dynamically causally or-
dered via ay,...,a,. Let | | be the total leveling of 1T determined by ay,...,a,. Let
Ilg, ..., II, be a dynamic structure of Il induced by aq,...,a,. Let W; be a possible

world of II; for some i € {0..n — 1}. If I satisfies the following conditions:
1. I contains no e-literals formed by a;1,
2. I contains all atoms of W; not formed by random, do, obs, and truly_random
3. for every attribute term a such that:

e W; has no atoms formed by a,
e |a| <14, and

e ¢ is not formed by do, obs or truly_random, random
we have a = u C [

then a;;; is ready in [I.

Proof. By clause 1 definition 20, there are only two possibilities:

e W, falsifies the body B of every random selection rule random(a;i1,p) + B.
We prove that, in this case, a;1 is disabled in I. Condition 1 of Definition 40
is satisfied, because I contains no e-literals formed by a;,1. Condition 2 follows

from Lemma 57.
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e for some random selection rule r: random(a;;1,p) < B of II we have:

W; satisfies B (A.516)

By condition 1 from Definition 20 we have

r is active in W;_q (A.517)

Therefore, by condition 2 of Definition 19

for every y € range(a), |p(y)| < (A.518)

and, by condition 3 of the same definition:

there exists y € range(a), p(y) € W. (A.519)

From condition 1 of Definition 20 we have:

for every pr-atom pr(a;.; | B) = v, B is either falsified or satisfied by W}
(A.520)

In this case we will prove that a;; is active in I. We will prove all the conditions
from Definition 39:

1. a;y1 is not decided by I — this is true by condition 1 from the lemma.

2. r satisfies the following conditions:

(a) the head of r is of the form random(a;i1,p);
(b) I satisfies B — this follows from (A.516) and Lemma 57;

(c) every attribute term p(z), where x € range(a), is decided in I — this

follows from (A.518) and Lemma 57;

280



Texas Tech University, Evgenii Balai, December 2017

(d) PO(I,r,a) # 0 — this follows from (A.519) and Lemma 57;

(e) for every y € PO(I,r,a), satr(I Ua = y) is consistent — this follows

from the fact that I contains no e-literals formed by a.

3. For every probability atom

pria=vy| By) =v

B, is either falsified or satisfied by I — this follows from (A.520) and Lemma
o7.

a

Lemma 59. Let I be a compatible interpretation of 3 and attribute term a be active
in [ via rule r. All the possible worlds compatible with I belong to a unique scenario

s for r. O
We will refer to the scenario from lemma 59 as the scenario determined by 1.

Proof. Let Wi be a possible world compatible with I, and s be a scenario of W for
r. Let W5 be another possible world compatible with I. We need to show

Wy € s (A521)

Let r be of the form

random(a,p) < B

Since I is active in a, by condition 2 (c) of definition 39 we have:
for every x € range(a), p(z) is decided in I (A.522)

and, by condition 3:

for every pr-atom pr(a =y | K) =v € IlI), K is decided by I (A.523)
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If W, satisfies p(y) for some y € range(a), then, by (A.522), p(y) € I, and, since W5
is compatible with I, p(y) € W,. If Wy does not satisfy p(y) for some y € range(a),
then, by (A.522), p(y) =u € I or p(y) = false € I and, since W5 is compatible with
I, p(y) & Wa.

Similar arguments using (A.523) show that for each pr-atom pr(a =y | K) =v €
IT), W, satisfies K iff Wy satisfies K.

Therefore, W5 € s.

|

Lemma 60. Let II be a program from B with signature X, f be an admissible

consequence function of Il, I be an e-interpretation of ¥ reachable via f. If
1. I is compatible and definite, and

2. for every random attribute term a decided in I, truly_random(a) is decided in

1

then I is informative (see definition 53).

O

Proof. Let I be a reachable interpretation of ¥ satisfying conditions 1-2 from the
lemma. We will show that I is informative. Let Wy, ..., W} be the possible worlds of
IT compatible with I.

For an interpretation J, Let und(J) be the number of random attribute terms
undecided in J. We will prove by induction on n the following claim (which implies
the lemma immediately): For any admissible consequence function f of I, and any
interpretation I reachable via f such that und(I) = n: if I satisfies conditions 1-2

from the lemma, then I is informative.

Base Case n = 0. In this case I decides all random attribute terms of II. Since [ is
compatible, there exists a possible world W of II compatible with /. By Lemma
47,
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Ind. Hyp.

W is the only possible world compatible with I (A.524)
By Lemma 52,
(1) is defined.
Therefore, by Definition 52 we have:

(= [[ PLa=y) (4.525)

a=y€el

where the product is taken over atoms for which P(I,a = y) is defined.

Also, by Definition 3 we have:

ain(W) =[] P(I,a=y) (A.526)

a=yeW

where the product is taken over atoms for which P(W,a = y) is defined.

Since every random attribute is decided in I, and W is compatible with I, by

Lemma 51 from (A.525) and (A.526) we have:

(W) = p*(1) (A.527)
Therefore, we have:

a(l) = p(W) (by Def. 37 and (A.524))
= i*(I) (by (A.527))

Suppose that for any admissible consequence function f of II, and any inter-
pretation I reachable via f such that exactly & random attribute terms of Il
are undecided in II: if I satisfies conditions 1-2 from the lemma, then I is

informative.
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Ind. Step Let f be an admissible consequence function and I be an interpretation of X
reachable via f such that:

und(l) =k+1 (A.528)
I is definite and compatible (A.529)

and

for every random attribute term a decided in 7,

(A.530)
truly_random(a) is decided in [
We will prove:
I is informative (A.531)
Let Iy,..., I, be a corresponding sequence for I having f as a consequence

function, and ay = vy,...,a, = v, be ats(ly, ..., Ip).

The rest of the proof will be organized as follows. In 1 we construct an admissible
consequence function f, of II and an interpretation I* is an e-interpretation

reachable via f,. In 2 we will prove

Icr (A.532)
In 3 we will prove, using Lemma 56:
pr(l) = p(I7) (A.533)
and
al) = (") (A.534)

In 4 we will show, using Lemma 58, that a, is ready in I*. In 5 will will show

that, if Y is the set of possible values of a, in I*, then each interpretation in the
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set {I*U{a, =y} |y € Y} is compatible. In 6 we will describe a new admissible
function of II, f,,, construct a family I3 = {f..(I*U{a, = y}) | y € Y} of
e-interpretations reachable via f,,, indexed by the set Y of the possible values

of a, in I'*; and will prove, using the result from 5, that:

o foreachy € Y, und(ly) =k

e cach e-interpretation is [y is compatible, definite and, for every random
attribute term decided in I5, truly_random(a) is decided. That is, by
inductive hypothesis:

the members of I3 are informative (A.535)

In 7 we will show that the measure of I* is equal to the sum of measures of
e-interpretations in I

() =S (I (A.536)

yey

In 8 we will show that the candidate measure of I* is equal to the sum of

candidate measures of e-interpretations in I3

I =Y i) (A.537)

yey

From (A.533) - (A.537) we get u(I) = o*(I). That is, (A.531) holds.

1. We first construct an admissible consequence function f,, of II. Since f is an
admissible consequence function of II, there exists a consequence function
f'of IT'\ AR such that f is induced by f’. Let f] : int(3) ~ int(X) be a
consequence function of II" which computes all possible consequences w.r.t

IT" of every compatible interpretation E as follows:
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fUE)={1|YW € Quar: WEE=WEI
and if at f(l) is random, then atf(l) € atf(FE)}

In (a) and (b) we argue that f(E) is well defined for every compatible e-
interpretation E, that is f/(F) is an e-interpretation for each compatible E.
In (a) we show that f/(F) is consistent and in (b) that f(FE) is saturated.
Then we show that f] is a consequence function. In (c) we show f/({}) is
defined, in (d) that for every E| if f/(FE) is defined, than it is a consequence
of E. And in (e) that f/(E)\ E has no literals formed by random attribute

terms

(a) since Wg = f.(F), and no interpretation satisfies two contrary literals,
fL(F) is consistent
(b) for the sake of contradiction, suppose for some F, f/(FE) is not sat-

urated. In this case there exists an e-literal [ in f[(FE) such that

satr({l}) € fL(E). Let I’ be an e-literal s.t.

' € satr({l}) (A.538)
and
I'¢ f.(E) (A.539)
By construction of f!:
VIV € Quuar W EE=>W =1 (A.540)

By Lemma 36:
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VIV € Quagr : W E 1= W = satr(l) (A.541)

From (A.541) and (A.538):

YW e QH\AR W ): =W ): 4 (A542)

From (A.540) and (A.542):

VWEQH\ARZWIZE:>W }:l/ (A543)

Therefore, I’ must be in f](E), which contradicts (A.539).

From Lemma 18 it follows I \ R has a possible world. Therefore, {}
is compatible and, by construction, f.({}) is defined.

Clearly, £ C fI(E) because ¥l € E : VIV € QII\ AR : W = F =
Wiland Vi€ E :atf(l) € atf(E) by definition of atf. Moreover,
Vie fi(E) : VW € QII\ AR : W = E = W = [. Therefore, f/(E) is
a consequence of E for every compatible interpretation F.

By construction, if some random attribute term formed a literal [ in
f«(E), then atf(l) € atf(E). Therefore, atf(f.(F)) \ atf(FE) has no

random attribute terms.

Using the set TU and AR as in Definition 50, we will define a function
fl int(X) ~ int(X) as follows:

f/(E), if f/(F) is defined, h > 0,

fulE) = and E # {I,_1 Uby, = vp} \ satr(AR) \ TU

fL(E), otherwise
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We have that

f, is a consequence function of IT'\ AR (A.544)

because f" and f, are consequence functions of IT\ AR.
Let f,, be the admissible consequence function of II induced by f.

We will show that

if h >0, f, is defined on {I, 1 Ub, = v} (A.545)

By Lemma 39,
(I Uby = wvy) \ satr(AR)\TU C I,_1 Ub, = v, C I. Therefore, from
(A.559), (In—1 Uby =wp) \ satr(AR) \ TU is compatible (w.r.t IT\ R).

Therefore,
fr({In—1 Uby, = v} \ satr(AR) \ TU) (A.546)
is defined.

Since f is defined on {I;,_; U b, = v}, we have that conditions 1-2 from
Definition 50 are satisfied for {I, 1 U by, = v, }. Therefore, from (A.546),
(A.545) holds.

We next show:
if h =0, f, is defined on {} (A.547)

Any consequence function is defined on {}, so this is trivially holds. We

next define I* as follows:

T Jo({Ih—1 U by = vp}), if b >0

fn({}), otherwise
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Note that I* is well defined by (A.545) - (A.547). Also, since, by construc-

tion f, is an admissible consequence function of II, we have:

I" is an e-interpretation reachable via f,, (A.548)

Moreover, since, if h > 0 then f,({}) = f({}) and for any j € {0..h — 2}
we have f*(I; U{b; = v;})) = f(I; U{b; = v;})) by construction of f, we
have:

Iy, ..., I_1,I" is a sequence reachable via f, (A.549)

such that, since b, = v, € I*:

atS(Io, ce th—la I*) = atS(Io, . 7[h—1a [h) (A550)

follows immediately from the facts that f” and f! are consequence functions

of IT\ AR.

. We will prove (A.532).
Let J denote {} if h =0 and I,_y U {bs, = vp,} otherwise. We have:

I" = f,({J}) (A.551)
— satr((f.(J)\ L \ ARyor) UTU U AR)
= satr((f/(J)\ Ly \ ARyor) UTU U AR) (A.552)

and

1= () (A5
= satr((f'(J)\ L \ ARyor) UTU U AR)

Suppose [ € f'(J). Then, since f’ is a consequence function of I1 \ R
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we have: VIV € Qmuagr : W = J = W = I. Therefore, [ € f/(J) by
construction
F') < fild) (A.554)

From (A.551), (A.553) and (A.554) by Lemma 39 we have (A.532).

. Recall that by Lemma 52, we have:
f*(I) is defined (A.555)

From (A.532), (A.550), (A.549), the fact that Iy, ..., I} is a corresponding

sequence of I and condition 2 of this lemma from Lemma 56 we have:

Q= (A.556)
and, in addition, from the fact that I is compatible and (A.555) we have
(A.533). (A.534) follows immediately from (A.556) and Definition 37.

. We will show that

a, is ready in I* (A.557)

We will use the result from Lemma 58.

We start from constructing W,_; and then will argue that W,_; and I*

satisfy the conditions from the lemma.

Let AR be the set of activity records of II. Let a4, ...,a, be the prob-
abilistic leveling satisfying conditions 1-3 from Definition 21 for program

IT\ AR. Let a, be the first attribute in the sequence ay, ..., a,, such that:

a, is not decided in [ (A.558)

290



Texas Tech University, Evgenii Balai, December 2017

Let a1 = y1,...,au_1 = Yu_1 be the assignments to aq,...,a,_1 in I. Let
To, - .., T be the sequence of trees for IT\ AR described in the proof of

Lemma 8. Let

S={a;=y; |1 <i<u—1andy; #u}

Let W be a possible world s.t:

W is compatible with T (A.559)

Clearly,
SCw (A.560)

Let W' be the set of atoms:

W' = W\ ARU{truly_random(a) |3p,y : random(a,p) € W, do(a,y) € 11}

(A.561)
By Lemma 37, W' is a possible world of IT \ AR. By Lemma 19, T, has
a unique leaf node n s.t. W’ satisfies pr(n). Let n,_; be the ancestor of
n, which is also a leaf of the tree T, ;. Let Ilg,...,II,, be the dynamic
structure of IT \ AR induced by ay,...,a,. By Lemma 18 , there exists a
unique possible world W,_; of II,,_; such that:

W, satisfies pr(n,_1) (A.562)

We next show that W,_; and I* satisfies all the premises from Lemma

58. In (a) we show that I* is compatible. In (b) we show [* contains no
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e-literals formed by a,. In (c) we prove that

each atom from W, _; not formed by do, obs

(A.563)
and truly_random belongs to I*

For each attribute term such that:

W,—1 has no atoms formed by a, (A.564)
a’s level at most u — 1 in the total leveling induced by aq, ..., an,
(A.565)
a is not formed by do, obs and truly_random, (A.566)
we have

a=uCI". (A.567)

(a) In 2 we have shown Qf = Q. Therefore, since W is compatible with
I, we have:

I" is compatible (A.568)

(b) From (A.549), (A.550) and (A.558) by Lemma 48 we have that I*

contains no e-literals formed by a,,.

(c) Let J ={} if h =0 and I,_1 U b, = v, otherwise. Given that TU,
AR, ARnor and Ly, are defined as in Def. 50 we have:

I* = f.(J) (A.569)
= (f;(([h,1 U bh = Uh) \ TU \ SCLtT(AR)) \ Ltr \ ARNOT)
U satr(AR)UTU

Let V' be a possible world of IT\ AR such that:
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V is compatible with {I,—1 Uby, = v} \ (satr(AR) UTU) (A.570)

By Lemma 13, there exists a possible world W, _, of II,_; such that:

W, CV (A.571)
and
(VAW,_) N Lyq =0 (A.572)
We next show
W! | satisfies pr,_, (n,_1) (A.573)

Let now ¢ = x be an atom in pr, ,(n,_1), different from true. From
(A.562) we have:
c=x € Wy (A574)

Therefore, from (A.571) we have:

c=xeW (A.575)

Therefore, from (A.561):

c=zeW (A.576)

From (A.574), since W,_; is a possible world of I, 4, and W,_; €
Lu—ly and

c=x€ L, (A.B7T7)
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ce{ay,. .. au1} (A.578)

Therefore, since I decides all random attribute terms from aq, ..., a,_1

and W is compatible with I we have:

c=xel (A.579)

Since ¢ = z is an atom in pr, ,(n,—1), ¢ is a random attribute term.
Therefore, by Lemma 48 we have ¢ = x is an element of ats(/). There-
fore, since I;,_; Uby, = vy, contains all elements of ats(I), ¢ = z belongs
to {Ip—1Ubp, = v} \ (satr(AR)UTU), and since V' is compatible with
{In—1Uby, =wvp} \ (satr(AR) UTU), we have:

c=zeV (A.580)

From (A.571), (A.572), (A.580) and (A.577) we have:

c=reW , (A.581)

Therefore, (A.573) holds. From (A.573) and (A.562) by Lemma 18 we
have:

W =Wy (A.582)

From (A.582) and (A.571)

V satisfies W,,_; (A.583)

Therefore, since V' was chosen arbitrarily from the possible worlds

compatible with {I,_1 U by, = v} \ (satr(AR) UTU), by definition of
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Wa1 C fi({In—1 Uby = v} \ (satr(AR)UTU)) (A.584)

Therefore, from (A.569) we have (A.563).
From (A.582) and (A.572) we have:

(V\ Wauit) N Lyy = 0 (A.585)

Let now a be an attribute term satisfying (A.564) -(A.566). From
(A.565) we have that every atom a = y belongs to L,_1. Since W,_;
has no atoms formed by a, from (A.585) we have that V' has no atoms
formed by a. Therefore, V satisfies not a = y. Hence, since V was

chosen arbitrarily from the possible worlds compatible with {I;_; U

by, = v} \ (satr(AR) UTU), we must have not a =y € I* by (A.569).

Therefore, by Lemma 58, a,, is ready in I*.

. Let Y be the set of possible values of a, in I.. We will show that

every interpretation in {I* U {a, =y} | y € Y} is compatible (A.586)

We will use the result from Proposition 7. We will first construct an

auxiliary admissible function f,,, of Il and show that

each element of {I* U{a, =y} | y € Y} is reachable via fu.. (A.587)

Since [ is definite and compatible and reachable via an admissible conse-

quence function f, by Proposition 7 we have:
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I falsifies the body of every axiom in X (A.588)

From 2 and Lemma 39 we have:

ICI*CI"U{a, =y} (A.589)

From (A.588) and (A.589) we have:

I* U{a, = y} falsifies the body of every axiom in X (A.590)

From (A.590) and (A.587) by Proposition 7 we will conclude that (A.586).
We will construct f,,, in (a) and show that (A.587) holds in (b).

(a) Let AU denote satr(AR)UTU. Let fuu, : int(X) ~ int(3X) be defined

as follows:
¢
FLE), if f1(E) is defined,
faua(E) = and E € {(I*Ua,=y)\ AU |y €Y}
E, iftEec{(I*Ua,=y)\AU |y e Y}

\

The fact that f/

! 18 a consequence function of IT\ AR follows imme-

diately from (A.544). Let f,,. be the admissible consequence function
determined by f/

(b) We prove (A.587).
We first that

for any y € Y, fuus is defined on I* Ua, =y (A.591)
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In 2, we have shown that Qf = Q" Since I is compatible,
I* is compatible (A.592)

We prove conditions 1-3 from Definition 50 in i-iii respectively. We

will use L;, and ARyor as defined there.

i. from (A.592) and Lemma 41, I* cannot contain e-literals contrary
to TU. That is, I* N Ly, = (). Therefore, by minimality of satura-

tion,

{I"F'Ua, =y} N Ly, = 0. (A.593)

ii. Since I* is in the image of an admissible consequence function f,,,
satr(AR) C I* C {I*Ua, = y}. Therefore, since [*Ua, =y is an

e-interpretation, it is consistent and

(I"Ua, =y) N ARyor =0 (A.594)

iii. f!,. is defined on (I* Ua, =y)\ TU \ satr(AR) by construction

Then, using the sets of e-literals ARyor, Ly and TU from Definition
50 and denoting ARyor U Lrgr by AL and TU U satr(AR) by T A, for

every y € Y we have:

four(I" U ay = y) = (foue(I"Uaw = y) \TA) \ AL)UTA
=[I"Ua,=y)\TA\ALUTA (A.595)

From (A.595) and (A.594) and (A.593) we have:
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faua(I" U ay =y) = (foue(I"Uay, =y) \TA)UTA

aux

=(I"Ua, =y) (A.596)

Since f,.. agrees with f, on any interpretation not deciding a,, by
Lemma 48 and the definition of a reachable sequence from (A.549) we

have:

L, ..., I, is reachable via fyu; (A.597)

Since, by A.557, a, is ready in I*, by definition of reachable sequence
from (A.596) we have that for every y € Y:

I,....I*, I*Ua, =y is reachable via f,,. (A.598)

Therefore, (A.587) holds.

6. We will start by constructing a new consequence function f,, of II. As
before, we start from describing a consequence function for I\ AR, and
then define f,, in terms of it. Let Y be the set of possible values of
a, in I*. Let f! : int(¥) ~ int(X) be a partial function defined on
every compatible interpretation as follows (we use the set TU as defined
in Definition 50, and AU will denote TU U satr(AR), and the consequence

function f described in 1):

fL(E), if fI(F) is defined,

fan(E) = and E ¢ {(I"Ua, =y) \ AU | y € Y}

fiI(E), otherwise

The fact that f), is a consequence function of IT \ R follows immediately
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from the facts that both f) and f.(FE) are consequence functions of IT\ R.

Let f,, be the admissible consequence function of Il induced by f/ . For

each y € Y, we define:

I = fon(L.Ua, = y) (A.599)

We will show that

for every y € Y I is informative (A.600)

Using the inductive hypothesis, it is sufficient to show: (a) I is reachable
via fun, (b) ind(I;) = k. (c) I; is definite (d) I, is compatible (e) for every
random attribute term a decided in I truly random(a) is decided. We

will prove the claims in (a) - (e) below.

(a) We will prove:
I; is reachable via f,, (A.601)

Since f,, agrees with f,, on any interpretation not deciding a,, by
Lemma 48 and the definition of a reachable sequence from (A.549) we
have:

I,...,I* is reachable via f,, (A.602)

for any y € Y, f,, is defined on I* Ua, =y (A.603)

In 5 (b) we have already checked that conditions 1-2 of Definition 50

are satisfied for I* U a, = y. Therefore, it is sufficient to prove:

f1.((I"Ua, =y) \ AU) is defined (A.604)
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By 5, there exists a possible world U of II such that
U is compatible with I* U {a, = y} (A.605)

By lemma 37, the set

U' = U U {truly_random(a)|3p,y : random(a,p) € W, do(a,y) € 11}

\ AR
(A.606)

is a possible world of IT\ AR.

Since [* U a, = y satisfies conditions 1-2 from Definition 50, the
set (I*Ua, = y) \ AU contains no e-literals formed by do, obs and
truly_random. Therefore, from (A.606) and (A.605) we have:

U’ satisfies (I*Ua, =y) \ AU (A.607)

we have (A.604). Hence, (A.603)

Therefore, by construction of f/,

n’

holds as well.
Since, by (A.557), a, is ready in I*, by definition of reachable sequence
from (A.602) we have that for every y € Y

Iy, ..., I, I is reachable via f,, (A.608)

Therefore, (A.601) holds.

300



Texas Tech University, Evgenii Balai, December 2017

(b) Let By Lemma 48,

(¢) We have:
From (A.608) by Lemma 49 we have:

Lcr (A.609)
From (A.532) and (A.609) we have:
rcr (A.610)

It is easy to see that for any e-interpretation M, if M satisfies (falsifies)
an e-literal, then any superset of M satisfies (falsifies) the e-literal.
Therefore, since I is definite, from (A.610) we have that I is definite.

(d) Similarly to (c), from I C I and the fact that I falsifies the bodies of
all axioms from X'(II), we have that I falsifies them too. Therefore,
from (A.601), the fact that f,, is admissible, and Proposition 7, I is
compatible.

(e) By Lemma 48, by, ..., by, a, are the only random attributes decided in
I;. Since, by condition 2 of the lemma, for every b € {b1,...,bp}, I
decides truly random(b), and I C I (see (c)), we have that I decides
truly_random(b) for every b € {by,..., by} as well. We now consider

ay. If do(a,,y) € II, then, by definition of an admissible consequence
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function, Iy must contain truly random(a,) = u. We now consider the
case when II does not contain actions for a,. By construction of f,,,
it is sufficient show that truly_random(a,) is decided in f.((I*Ua, =
y) \ AU). There are two possibilities:

i. a, is active in I*. In this case y # u. Let V' be a possible world of

IT\ AR s.t

V is compatible with (I*Ua, =vy) \ AU (A.611)

We will show:

V' is compatible with satr(((I* Ua, =y) \ AU) U truly_random(a))

Since a,, is active in I*, there exists a random selection rule
random(a,, p) < B

such that I* satisfies B. Since B does not contain e-literals formed
by do, obs, truly_random we have that (I*Ua, = y) \ AU satisfies
B. Therefore, by Proposition 4 from (A.611) we have:

V satisfies B (A.612)

Therefore, by Proposition 1, V' contains random(a,, p). Since IT \
AR does not rules with heads formed by do, V' does not contain

atoms formed by do. Therefore, V' satisfies the body of the axiom

truly_random(a,) < random(a,,p),

not do(ay,y1), ... ,not do(ay, yx)
(A.613)
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11.

Therefore, by Proposition 1, truly_random(a,) € V. Therefore,
since V' was chosen arbitrarily from the possible worlds compatible

with (I*Ua, = y) \ AU, by definition of f/:

truly-random(a,) € fi((I"Ua, =y) \ AU) (A.614)

a,, is disabled in I*. In this case y = u. Let V' be a possible world
of IT\ AR s.t

V is compatible with (I* U a, = u) \ satr(AR)\TU (A.615)

We will show:

V' is compatible with
(A.616)

satr((I*Ua, = y) \ AU) U truly_-random(a) = u)
Since a, is disabled in I*, for every random selection rule of the
form random(a,,p) < B, I* falsifies B. Since the bodies of ran-
dom selection rules do not contain e-literals formed by do, obs,
truly_random, we have that (I* Ua, = y) \ satr(AR) \ TU does
not satisfy any of them. Therefore, by Proposition 4 from (A.615)

we have:

V does not satisfy the body of every random selection rule for a,
(A.617)

Therefore, by minimality of possible worlds, for every p,

random(a,,p) ¢ V.
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Therefore, V' does not satisfy the body of the axiom

truly_random(a,) < random(a,,p),

not do(ay, y1), ... ,not do(ay, y)-

Therefore, by minimality of possible worlds,
truly_random(a,) ¢ V.

Therefore, since V' was chosen arbitrarily from the possible worlds

compatible with (I* Ua, = y) \ AU, by definition of f:
truly_random(a,) = u C fL((I" Ua, =y) \ AU) (A.618)

Therefore, in both cases, truly random(a,) is decided in I.

7. We prove (A.536). There are only two cases:

(a) a, is disabled in I*. In this case Y = {u}. In (A.610) we have shown

I* C Ir. Therefore,

Qv c o (A.619)
We also have:
Q" Cc Qffa=u (by Lemmas 36 and 33 (clause 2))
C Ol (since fy,, is a consequence function of II) (A.620)

From (A.619) and (A.620) we have:

Qv = QF (A.621)
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Therefore, by Definition 37:

aI™) = ply) (A.622)

From (A.622) we have (A.536).

a, is active in I*. In (A.610) we have shown that for every y € Y,

I* C I;. Therefore,

Jabcao (A.623)
yey
On the other hand:
Q" C U QfHauw=y} (by Lemmas 36 and 33 (clause 1))
yey
C U Qb (since f,, is a consequence function of IT)
yey
(A.624)

From (A.623) and (A.624) we have:

Jab=a" (A.625)

yey
Since no possible world can assign two different values to a,, we have

that for every y;,y2 € Y:

Ol Qs = 0 (A.626)

We have:
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D i) =) ( > ﬂ(W)) (by Def. 37)

yey yey WGQI}j
= > aw) (by (A.626))
Wel, ey Qi
— Z (W) (by (A.623))
weQl*
= (I (by Def. 37)

Therefore, (A.536) holds.

8. We prove (A.537). By Lemma 48, every atom a = y from I formed by
a random attribute term belongs to {b; = vy,...,by = vp,a, = y}. Let
y be a member of Y. Let A* be the set of atoms in [* formed by an
attribute term from {by,... by} s.t. for every b = v € A*, P(I*,b = v)
is defined. Let A} be the set of atoms in [ formed by an attribute term
from {b1,...,05} s.t. for every b = v € Ay, P(I7,b; = v;) is defined. By
Lemma 49, we have:

rcr (A.627)

From A.532 and the fact that for each b € {by, ..., by} truly_-random(d) is

decided in I, we have:

for each b € {by,...,bn} truly_random(b) is decided in I* (A.628)

From (A.628) and (A.627) by Lemma 54 we have:

for each b € {by,..., by} truly-random(b) € I* iff truly random(b) € I;
(A.629)
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Therefore, by Lemma 50:

AT = A (A.630)
We now prove
for every b = v in A", P(I*,b =v) = P(I;,b =) (A.631)

Let b = v be an atom in A*, and let i be the spot of a in Iy, ..., I—1,I", .

Since b # a,, i < h. By Lemma 55, we have:

P(I*,a) = P*(I;—1,a) (A.632)
and

P(I7,a) = P*(Ii 1,a) (A.633)
From the last two equations we have P(Ir,a) = P(I*,a). Therefore,

(A.631) holds.
From (A.631) and (A.630) we have:

(1)« P(I}, a, =vy), if P(I},a, =y) is defined
(L) = Y Y (A.634)

f*(I*), otherwise

Now we consider two cases:

(a) a, is disabled in I*. In this case, Y = {u}, no atoms formed by a,

belong to I, therefore, by (A.634) we have:
P = (T) (A.635)
Therefore, (A.537) holds
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(b) a, is active in I*. In this case we prove what
for every y € Y, P(I;,a, = y) is defined (A.636)

Let y be a member of Y. Since a, is active in [*, there exists a random
selection rule random(a,,p) <— B such that I* satisfies B U p(y) By

Lemma 49, I* C I, therefore,
I, satisfies B U p(y) (A.637)

Now we show that

truly random(a,) € I, (A.638)

Let ¢/ be an arbitrary value from range(a,). Consider an axiom ax; :

+—do(ay, =9'),not a, =y

Since a,, is active in I*,

I* does not contain a, = v’ (A.639)

Since [ is a definite node which falsifies the bodies of all axioms in

X (II), by A.532 we have that
I* also falsifies the bodies of all axioms in X'(II) (A.640)

From (A.639) and (A.640) and the fact that azy € X(II), we have:

I* falsifies do(a, = /') (A.641)

Since 3’ was chosen arbitrarily from the range(a,), we have:

308



Texas Tech University, Evgenii Balai, December 2017

for every 3 € range(a,), I* falsifies do(a, = 1/) (A.642)

Let W be a possible world of II compatible with 7. In 2 we have
shown Qf = QF". Therefore, W is compatible with I*. From (A.642)
we have that for every ¢ € range(a,), do(a, = 3') does not belong to

W. Therefore,

IT does not contain actions for a, (A.643)

In 6 (e) i (see equation (A.614)) we have proved that, if a, is active in

I*, then:

truly_random(a,) € fL((I" Ua, =y) \ AU) (A.644)

Therefore, by construction of f,, from (A.644) and (A.643) we have
(A.638).
Since a,, is active in I* via random(a,, p) <= B, by conditions 2(c) and

we have:

for every pr-atom pr(a, =y’ |B') =v €I,

(A.645)
B’ C I*, or B’ is falsified by I*
for every y' € range(a,), p(y') is decided in I* (A.646)
Therefore, by (A.532) we have:
for every pr-atom pr(a, =y |B') = v € 1l,
y P pr(a, =y |B') (A.647)
B' C I;, or B’ is falsified by I;
for every y' € range(a.), p(y’) is decided in I (A.648)

From (A.637), (A.638), (A.647), (A.648) we have that conditions (5.6)
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- (5.9) are satisfies for I; and a, = y. Therefore, (A.636) holds. From
(A.634) we have:

(L) = p*(I") * P(I,, ay = y) (A.649)

In (6) we have shown that for each y € Y, I is compatible. Therefore,
for each y € Y, there exists a possible world W, compatible with I;.
By Lemma 59, all possible worlds compatible with [I* belong to a

unique scenario s* for r. Therefore,
for every y' € Y, W, € s* (A.650)

Therefore, we have:

YAl = (") - P(L,a, =y)) (by (A.649))

yey yeyY

= i(I") - Y (P(I}, ay = y)
yey

= A(I7) - Y (P(Wy,a, = y) (by Lemma 51)
yey

= i(I") Y (P(Wy,a, =y) for some y €Y (by (A.650))
yey

= a(I™) (since II is unitary)

Therefore, (A.537) holds.

a

Proposition 8. Let Ti(f) be an Al-tree of program II from B. Let I be an i-node
of Tn(f). If
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1. I is compatible and definite, and

2. for every random attribute term a decided in I, truly random(a) is decided in

1

then [ is informative (see definition 53).

Proof. Since every i-node of Tii(f) is a reachable interpretation of 3, the proposition

follows immediately from Lemma 60. |

A.3.7 Proof of Proposition 9
Proposition 9 For every e-interpretation I of 3, there exists a fixed point X of

H such that
1. ICX,
2. no fixed point of H is a subset of X, and
3. no other fixed point of H satisfies conditions (a), (b).

We will refer to X satisfying conditions (a) - (c) as the least fized point of H relevant
to I.

Proof. We first prove that H is monotonic. We have: H(L) = satr(LU{head(r) | r €
nr(I1),body(r) € L} U N(L)) By definition of satr, L C satr(L). By Lemma 39,
satr(L) C satr(L U {head(r) | r € nr(Il),body(r) € L} U N(L)). Therefore, L C
satr(L U {head(r) | r € nr(Il),body(r) € L} U N(L) = H(L). Therefore, H is
monotonic.

Consider now an operator H’ which is defined on all sets of e-literals containing L,
and H'(I) = H(I) for every such set. Clearly, all interpretations containing L form a

complete lattice with supremum L and infimum elit(¥). By Knaster-Tarski Theorem
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(see, for instance, Theorem A.2.1. from [Baral, 2003]), H' has the least fixed point
F', which is a also the fixed point of H satisfying the conditions from the proposition.

O

A.3.8 Proof of Proposition 10
Proposition 10. For every e-interpretation I of 3, there exists a fixed point X of

G'; such that:

1. I C X,
2. no fixed point of G; is smaller than X, and

3. no other fixed point of G, satisfies conditions (a), (b).

We will refer to X satisfying conditions (a) - (c) as the least fized point of G| relevant
to I.

Proof. We will first prove that GG; is monotonic. We have:

G1(J) = satr(J U {head(r) | r € Wepns(I),body™ (r) C J
and body ™~ (r) is not falsified by 1})

By definition of satr, J C satr(J). By Lemma 39,

satr(J) C satr(J U {head(r) | r € Mepns(I), body™*(r) C J

and body~ (r) is not falsified by I}).

Therefore,
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J C satr(J) C satr(J U {head(r) | r € Mepns(I),body™ (r) C J
and body~ (r) is not falsified by 1}) = G;(J),

and Gt is monotonic.

Consider now an operator G; which is defined on all sets of e-literals containing
J, and G}(X) = G;(X) for every such set X. Clearly, all interpretations containing
J form a complete lattice with supremum J and infimum elit(3). By Knaster-Tarski
Theorem (see, for instance, Theorem A.2.1. from [Baral, 2003]), G’ has the least
fixed point F', which is a also the fixed point of H satisfying the conditions from the

proposition.

A.3.9 Proof of Proposition 11 (Proof for fi, fo and Sketch for f3)
Lemma 61. Let II be a P-log program not necessarily containing all the general

axioms, and I be an e-interpretation of its signature.

Qf; € Qnuenvem (A.651)
O

Proof. Let W be a member of Q. Since W is a possible world of TI, it satisfies
the rules of II. Since W is compatible with I, it satisfies the rules of ENC(I).
Therefore, W satisfies the rules of the reduct (Il U ENC(I))". TFor the sake of
contradiction suppose there exists a proper subset W’ of W which satisfies the rules
in (TU ENC(I))". Then W’ satisfies the rules in T, which is a contradiction to
the fact that W is a possible world of II.

We next introduce some notation. We first introduce some notation.
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For a program II (not necessarily containing all the general axioms) with signature
Y. and e-interpretation I of ¥, by drop(Il, I) we denote a program obtained from II

as follows:

1. removing every rule of the form

a=y<+ B

where a =y € I and B is non-empty

2. replacing every rule of the form

a=y<+ B

where a = y; C [ for some y; # y with the constraint

~— B

Lemma 62. Let II be a program (not necessarily containing all general axioms)
containing a fact a = y. Let Il be a program obtained from II by removing a rule r

of the form a = y < B with a non-empty body. We have

Qn = On, (A.652)

|

Proof. Let W be a possible world of II. I} = (IT\ ). So, clearly, W satisfies the
rules of II}V. For the sake of contradiction, suppose there is W/ C W such that W’
satisfies the rules of II}V. Since II}V contains a fact a = y, a = y € W’. Therefore,
W’ also satisfies the rules of II}". Contradiction.

Suppose now W is a possible world of Tly. T = (Tl U {r})". Since II, contains
a fact a =y, a = y € W. Therefore, W satisfies [I" = II}V U {r}"V. For the sake of
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contradiction, suppose there exists W’ C W such that W' satisfies the rules of II'.
Then, clearly, W’ satisfies the rules of I} C II", which is a contradiction to the fact
that W is a possible world of T}V

O

Lemma 63. Let II be a program (not necessarily containing all general axioms)
containing a fact a = y. Let II; be a program obtained from II by replacing a rule r

of the form a = y; - B, where y; # ys, which a constraint < B.
Qn = Qn, (A.653)

|

Proof. We start from proving 2y C Qr,. Let W be a possible world of II. W contains
a =y, therefore,

W does not satisfy B (A.654)

(or else it would not satisfy the rule a = y; + B). Next, we have:
My = I\ {a=y < BHY U{+ B}Y (A.655)

We prove:
W satisfies {< B}V (A.656)

If W does not satisfy one of the e-literals with default negation, (A.656) clearly holds.
Otherwise, there rule a = y; «+ B’, where B’ is obtained from B by removing all e-
literals with default negation, belongs to II'. Since W is a possible world of II, it
satisfies a = y; «+ B’. Since a = y € W, we have that W does not satisfy B’. Since
B’ C B, W does not satisfy B, and, therefore, (A.656) holds. Therefore, since W is
a possible world of II, from (A.656) and (A.655) we have:

W satisfies the rules of I1} (A.657)
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We now prove W is minimal such set. For the sake of contradiction, suppose there is

W' C W such that W’ satisfies the rules of IT}V. We have
n"v cmy u{a=y < B}V (A.658)

Since W' satisfies the rules of II}, it satisfies {<~ B}". Therefore, W’ satisfies
{a =y, + B}, and, by (A.658), T". So, we have a contradiction to the fact that
W is a possible world of II.

We now prove €, € Qp. Suppose now W is a possible world of Il;. Since W
satisfies the rules of IV | it satisfies {<— B}". Therefore, W satisfies {a = y; + B}",
and, by (A.658), 1", To conclude the proof, we need to show that W is a minimal
set satisfying II"'. Suppose there exists W’ C W such that W’ satisfies I[I'. As in

the first part of the proof, we can use the relation

Y = 11\ {a =y, + B)W U {« B} (A.659)

and show that, since W’ satisfies {a = y; + B}, it also satisfies {+~ B}"', and,
therefore, 113 ', which contradicts the fact that W is a possible world of IT,.
O

Lemma 64. Let II be a program (not necessarily containing all general axioms)
containing a constraint of the form < a = y; for each y; € range(a). Let II; be
a program obtained from II by replacing a rule r of the form a = y < B with a
constraint <— B.

QO = Qn, (A.660)

Proof. We start from proving 2 C Qp,. Let W be a possible world of II. W does

not contain a = y for any y € range(a), therefore,

W does not satisty B (A.661)
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(or else it would not satisfy the rule a = y - B). The remaining reasoning is similar
to the one from the proof of Lemma 63, only the explanation of why any of the
possible worlds of both II; and II does not satisfy any head of the form a = vy is

different. U

Lemma 65. Let I be a program (not necessarily containing all general axioms) with

signature . Let I be an e-interpretation of 3. We have:

Qaropn,nueENCc() = QnUENC(D) (A.662)

|

Proof. The lemma immediately follows from the definition of drop and Lemmas 62 -

64. ]

Lemma 66. Let IT be a P-log program (not necessarily containing all general axioms).

Let C be a set of constraints in II and II, be a program obtained from II by removing
C. We have:
Qn C O, (A.663)

|

Proof. 1t is well known that the effect of adding a constraint to a program is to
eliminate some of its stable models [Lifschitz, 2008]. The lemma then follows from
Lemma 4 (it is easy to see that 7(II) and 7(IIy) only differ in constraints obtained by

translating C'). O

Lemma 67. Let II be a P-log program (not necessarily containing all general axioms).
Let C be a set of constraints in II. Let Il be the program obtained from II by

removing C'. If every member of Qy, satisfies every constraint in C, then:

Qn = Qn, (A.664)
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Proof. Suppose every member of (), satisfies every constraint in C'. We will show
Qn = Qp,. In Lemma 66 we have shown that Q C Q. Here we will prove
Qr, € Qp. Let W be a possible world of Il,. Since W satisfies C', it is easy to see
that W satisfies (IT, UC)". Suppose now there exists W’ C W satisfying (Il,UC)"W.
Then W’ would satisfy I1}", which is a contradiction to the fact that W is a possible

world of II,. O

Proposition 11. Let II be a program from B with signature 3. fi, fo and f3 are

admissible consequence functions of II. O

Proof. Let AR be the set of activity records in II. Let Ily, ..., I, be the dynamic
structure of IT\ AR satisfying the condition from Definition 20. We prove the claim

for functions f; — f3 in 1-3 respectively.

1. We prove that f; is an admissible consequence function. By construction, it is
sufficient to show that f] is a consequence function of I\ AR. Recall that for
each I such that

Heons(1) U ENC(I) has a unique possible world W (A.665)
we have defined f](/) as follows:

fil) =1 U satr(W U U a=u)

acA

where

A={a|ae NRT(I)and W does not contain atoms formed by a}.

In 1.1 we will prove that if f{(/) is defined, then it is an e-interpretation of X.
In 1.2 we will prove that f{({}) is defined. In 1.3 we will show that for every
I € int(X), if f{(I) is defined, then it is a consequence of I. In 1.4 we will show
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that for each I s.t. f(I) is defined, f(I)\ I has no e-literals formed by random

attribute terms.

1.1 Suppose fi([) is defined. In 1.1.1 we will prove that IUsatr(WU|J,. 4 a =

u) is consistent. In 1.1.2 we will show that I U satr(W U J,c a = u) is

saturated.

1.1.1 By Lemma 43 and the minimality of saturation, satr(W U(J

aeAa = U)

is consistent. Therefore, it is sufficient to show that I contains no e-

literals contrary to a member of satr(W U|J,c,a = u). For the sake

of contradiction, suppose some [ € [ is contrary to an e-literal in

satr(W U J,ecq @ = u). We will consider all 4 possible forms of I:

(a)

lis a =y. In this case a = y € ENC(I). Therefore,a =y € W C
satr(W U J,c4 @ = u). Since satr(W U|J,.4 @ = u) is consistent,
it cannot contain a literal contrary to [. Contradiction.

[ is not a = y. In this case < a = y € ENC(I). Therefore,
W does not satisfy a = y. Therefore, neither W nor (J,.,a = u
contain a = y, and, by minimality of saturation, the only e-literal
contrary to not a =y does not belong to satr(W UJ,.,a = u).
lis not a # y. We have <— a # y € ENC(I). Therefore, W does
not satisfy a # y. Therefore, by Lemma 36,

a#y ¢ satr(W) (A.666)

By minimality of saturation:

a#y ¢ satr( U a=u) (A.667)

a€A
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1.1.2

By Lemma 42:

satr(W U U a=1u)= satr(U a=u)Usatr(W)  (A.668)

acA a€A

From (A.639), (A.640) and (A.668) we have:

a#y ¢ satr(WU U a=u) (A.669)
acA
Therefore, the only literal contrary to not a # y does not belong
to satr(W U J,cqa = u).
(d) lis a # y. In this case the rules def(a) - a =Y, < not def(a),
< a = y. Therefore, W contains an atom a = y; for y; # vy.
Therefore, a # y € satr(W U J,c4 a = u), and, since satr(W U

Uaea @ = u) is consistent, it doesn’t contain e-literals contrary to

.

We will prove that I U satr(W U J,c,a = u) is saturated. For a
set of e-literals L and attribute term a, by L, we will denote the
subset of L of e-literals formed by attribute term a. For the sake of
contradiction, suppose I U satr(W U J,c4a = u) is not saturated.
In this case there must exists a s.t. (I Usatr(W UlJ,cqa = u))a
is not saturated. Clearly, a ¢ A, because the set satr(a = u) C
satr(W U |J,eq @ = u) is saturated, and any literal formed by a is
contrary to one in satr(a = w). Similarly, a is not from an atom
in W, because satr(W) C satr(W U J,c4a = u) is saturated, and
any e-literal formed by a not belonging to satr(WW) is contrary to
a member of satr(W). Therefore, a an attribute term from an e-
literal in J not occurring in WU J,.4 @ = u). Then we cannot have
(IUsatr(WUl,c4 a = u))q to be not saturated, because I is saturated,

and, by minimality of saturation, (I U satr(W U J,c4a = u)), are
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1.2

1.3

precisely the e-literals in I formed by a.

We will prove that f{({}) is defined. IT’, .({}) U ENC(I) coincides with

[Ty, which by Definition 20 has a unique possible world. Therefore, f'({})
is defined.

We prove that that for every I € int(X), if f{(I) is defined, then it is a
consequence of /. By Lemma 39, I C f{(I). Suppose V is a possible world
of IT\ R such that:

V' is compatible with [ (A.670)
We will prove that
V' is compatible with f{(I) (A.671)
By Lemma 61, we have:
Qg € Qreaamuenc) (A.672)
By Lemma 11, we have:
Qreaanar) = Qmar (A.673)

From (A.672) and (A.673) we have:

QII'I\A r € QredmAR)UENC(D) (A.674)

By Lemma 65 we have:
Qreqm AR)UENC(T) = Qdrop(red(II\AR),[\UENC/(I) (A.675)

Let C be the set of constraints in drop(red(Il'\ AR), ). By Lemma 66 we
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have:

QreammaryuENC(T) C (drop(red(I\AR),1)\C)UENC(I) (A.676)

From (A.674) - (A.676) we have:

Qﬁ\ AR € Qdrop(red(II\AR),)\C)UENC(I) (A.677)

Let A; be the set of attribute terms decided in I, and let L(I) be the set

of literals of ¥ formed by attribute terms in

NRT(I)UDRT(I)U Ar \ {truly_random(a) | do(a,y) € II for some y}

We will first prove that
L(I) is a splitting set of drop(red(I1 \ AR),1)U ENC(I) (A.678)

Indeed, suppose drop(red(Il \ AR),I) U ENC(I) contains a rule r of the

form:
a=y<+ B (A.679)
such that
a=ye L(I) (A.680)
and [ is a literal such that
[ occurs in B (A.681)
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To show (A.678), it is sufficient to show that

I e L(I) (A.682)

Let a; be the attribute term from [. By construction of drop(red(II \
AR),I)U ENC(I), we have

a depends on a; in red(1I) (A.683)

We next show that

a is a non-random attribute term (A.684)

Indeed, for the sake of contradiction suppose a is a random attribute term.
Since a = y belongs to L(I), by construction of L(I), it must be decided
in /. But, by construction of drop(red(Il \ AR),I)U ENC(I), the pro-
gram cannot contain rules with non-empty body with attribute a in the
head such that a is interpreted by I. Therefore, (A.679) cannot belong to
drop(red(IT\ AR),I)UENC(I). Contradiction. Therefore, (A.684) holds.
By construction of drop(red(I1\ AR),I)U ENC(I), since the body of r is

non-empty, we have:

a € NRT(I) (A.685)

Then we have two possible remaining cases:

(a) a is a non-random attribute term and a; is a random attribute term.

From (A.685) and (A.683) we have

a, € DRT(I) (A.636)
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and, therefore, by definition of L(/), (A.682) holds.

(b) Both a and a; are non-random attribute terms. For the sake of con-

tradiction, suppose

a, & NRT(I) (A.687)

This, by construction of drop(red(Il \ AR), I), this means one of the

two things:

1.

ii.

a; depends on a, in red(IT'\ AR) (A.688)

for some random attribute a, term such that

a, & DRT(I) (A.689)

From (A.683) and (A.688) we have:

a depends on a, in red(I'\ AR) (A.690)

From (A.690) and (A.689) we have:

a ¢ NRT(I) (A.691)

The last equation contradicts (A.685), therefore, (A.687) does not
hold, a; € NRT(I), and, by definition of L(I), (A.682) holds.

ay is of the form random(as, p) (A.692)

where

random(ag, p) & NRT(I) (A.693)

But in this case, since a; is non-random, we must have a of the form
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truly_random(as), and thus, it by definition of N RT'(I), we cannot
have truly_random(as) € NRT(I). Contradiction to A.685.

Therefore, we have (A.678). From (A.678) by the definition of a splitting

set we have:

L(I) is a splitting set of (drop(red(Il\ AR),I)\ C)U ENC(I) (A.694)

By Lemma 65 we have:

Qirop(eons (1), NUENC(I) = eon. (HUENC(T) (A.695)

We have:

drop(Meons(1), 1) U ENC(I) =
bot 1y ((drop(red(I1'\ AR),I)\ C)U ENC(I))U C, (A.696)

where Cy is the collection of constraints from ENC(I) each of which con-

tains an e-literal formed by an attribute term not belonging to L([).

We first show:

all the constraints in Cy are of the form < [, where [ is a literal

(A.697)

For the sake of contradiction, suppose there is a constraint in Cy which is

not of the form < [. This means C5 contains a constraint

<—not a =1vyi,...,not a =y

for some a ¢ L(I). However, botrp((drop(red(I1\ AR),I)\C)UENC(I))
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has no rules with a in the head (because a ¢ L(I)!), so we must have that
botrry((drop(red(I1'\ AR),I)\ C)U ENC(I)) is inconsistent  (A.698)

On the other hand, from (A.695), the fact that W is a possible world of
e (nuENC(), and (A.696) we get that

W is a possible world of botyp((drop(red(Il'\ AR),I)\ C)U ENC(I))
(A.699)

(A.699) and (A.698) contradict each other, so we have (A.697). Sup-
pose now (5 has a constraint of the form not [, where the attribute
term in [ is not in L(I). In this case, clearly, every possible world in
bot 1y ((drop(red(I1\ AR),I)\ C')U ENC(I)) satisfies every constraint in
(s, and, therefore, by Lemma 67:

Qvot (1, ((drop(red(M\AR),INCYUENC (1)) = $dbot (1) ((drop(red(I\AR), )\C)UENC(I))UCs

(A.700)
From (A.695), (A.696), (A.700) and (A.665) we have:

W is the unique possible world of 2, L (drop(red(IN\AR),[)\C)UENC(I))

(A.701)
From (A.670) and (A.677) we have:

V' is a possible world of (drop(red(I1\ AR),I)\ C)U ENC(I) (A.702)

From (A.701) and (A.702) by splitting set theorem and Lemma 5 we have:
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VCw (A.703)

and

(VAW)NL(I) =0 (A.704)

Since the set of literals from NRT(I) is a subset of L(I), we have:

(V\W)NNRT(I) =0 (A.705)

Therefore, (A.671) holds.

1.4 We prove that for every I € int(X), if f{(I)\ I does not contain e-literals

formed by random attribute terms. We have:
fiD\ I C satr(W U U a=u)
acA

Since I1.,,s does not have rules whose heads are formed by atoms formed by
random attribute terms, and A does not have random attribute terms ei-
ther, by minimality of saturation none of the e-literals in satr(WUlJ,. 4 a =

u) is formed by a random attribute term.

2. We now prove that f; is an admissible consequence function of II. By construc-

tion, it is sufficient to show that f} is a consequence function of II'\ AR.

We start from proving a claim. Let I be an e-interpretation of ¥ such that

least(]) is defined. We will prove:
every possible world of II which satisfies I also satisfies least(])  (A.706)

By Knaster-Tarski theorem (see, for instance, Theorem A.2.2 from [Baral, 2003],
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least(l) is equal to  H(...H(I)...) Therefore, it is sufficient to show:
——

finite composition

every possible world of IT which satisfies I also satisfies H(I) (A.707)

Let W be a possible world of II such that:

W satisfies I (A.708)

H(I) = satr(I U{head(r) | r € nr(Il),body(r) C I} UN(I)) (A.709)

We first prove that W satisfies {head(r) | r € nr(II), body(r) C I}. Indeed, by
Proposition 4, W satisfies {body(r) | r € nr(Il),body(r) C I}. Therefore, by

Proposition 1,

W satisfies {head(r) | r € nr(Il), body(r) C I} (A.710)

We now prove W satisfies N(I). Recall that N(L) is the set of e-literals of the

form not a = y, such that

e ¢ is a non-random attribute term, and

e the body of every rule whose head is a = y contains a literal contrary to

some literal from L.

Let not a = y be a member of N(I). By Proposition 4, W falsifies the body
of every rule with head a = y. Therefore,by minimality of possible worlds, W
does not contain a = y, and satisfies not a = y. Since not a = y was chosen

arbitrarily from the N([), we have

W satisfies N (1) (A.711)
From (A.710) and (A.711) and (A.708) we have:

328



Texas Tech University, Evgenii Balai, December 2017

W satisfies I U {head(r) | r € nr(II),body(r) C I} UN(I) (A.712)

From (A.712) by Lemma 36 we have that

W satisfies H () (A.713)

Therefore, (A.707) and (A.706) hold.

We now prove that f} is, indeed, a consequence function of IT\ R. In 2.1 we will

show that f5({}) is defined. In 2.2 we will show that if f}({}) is defined, then

it is a consequence of I w.r.t II. In 2.3 we will show that if f}({I}) is defined,

then fi({I})\ I does not contain random attribute terms.

2.1

2.2

We prove that f5({}) is defined. In 1 we have shown that f] is a con-
sequence function of I\ R. Lemma 18 implies that II \ R is consistent.
Let W be a possible world of II. W satisfies {}. Since f] is a consequence
function of IT\ R, W satisfies f'({}). By (A.706), W satisfies least(f'({}))-
Therefore, since no interpretation satisfies inconsistent set of e-literals, W,
least(f'({})) is consistent, and, by construction, f5({}) = least(f{({})) is
defined.

We show that if f5(7) is defined, then it is a consequence of I w.r.t II. We

have:

fo(I) = least(f{(1))

By definition of least,
f1(I) Cleast(fi(I)) (A.714)

Since f] is a consequence function,

ICfi(I) (A.715)
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From (A.714) and (A.715) we have:

1C A (A.T16)

The second condition follows immediately from (A.706).

2.3 We show that if f5(/) is defined, then f}(I)\ I does not contain e-literals
formed by random attribute terms. By construction, the attribute terms
in {head(r) | r € nr(Il),body(r) € L} U N(L) do not contain such liter-
als. Therefore, by minimality of saturation, the subset of f5(I) formed by
random attribute terms coincide with the same subset of I, which implies

f5(I)\ I does not contain e-literals formed by random attribute terms.

3. The main argument for the third function will be based on the claim that most is
a consequence function for IT\ AR. Function most is similar to function AtMost
from Stable Models [Simons et al., 2002] The correctness of the claim can be

established using the properties of unfounded sets [Sacca & Zaniolo, 1990].

A.3.10  Proof of Proposition 12 (Sketch)
Proposition 12 Let II be a program from B, and T is one of the Al-trees in
{Tu(f1), Tu(f2), Tu(fs)}. For every query @ of II, there exists a cut of 7' which

is an efficient solution of II w.r.t Q).

Proof. Let ay,...,a, be a causal order of II. For each function f € {fi, fo, f3}, we

will define a sequence of cuts of T1(f) as follows:
1. Tp is a tree consisting of root f({})
2. T; is obtained from T;_; by:

e adding a child a; to each leaf of T;_1,
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e for each newly added node labeled with a;, adding children { f(parent(a;)U
{a; = y} | y is a possible value of a; in I} where parent(a;) is the parent

of a; in TH<f>

It can be then shown that all the leafs of T}, decide all the attribute terms of X,
so they are final w.r.t. ). The fact that f on each of the corresponding inputs

can be shown using the results from Lemma 58.
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