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                 Mathematical Finance Preliminary Examination 

                                                 May 2023 

Instruction: Please solve 3 out of the 4 problems provided below and specify in the designated 

box which 3 problems you want to be graded. Make sure to provide clear and detailed solutions. 

   

 

Problem 1. Consider a stock 𝒮 with one-share price process 𝑆𝑡, 𝑡 = 0, … , 𝑁. The present time is 

𝑡 = 0, and 𝑆0 > 0. The riskless bank account ℬ has with value  𝛽𝑡 = (1 + 𝑟)𝑡, 𝑡 = 0, … , 𝑁, 

where 𝑟 is the riskless short rate. The price process  𝑆𝑡, 𝑡 = 0, … , 𝑁 follows 𝑁-period binomial 

pricing tree 

𝑆𝑡+1 = {
𝑆𝑡𝑢, with probability 𝑝,
𝑆𝑡𝑑, with probability 𝑞 = 1 − 𝑝,

 

where 𝑝 ∈ (0,1),  and 0 < 𝑑 < 1 + 𝑟 < 𝑢. Thus, the arithmetic returns,  

𝑅𝑡+1 =
𝑆𝑡+1 − 𝑆𝑡

𝑆𝑡
= {

𝑢, with probability 𝑝,
𝑑, with probability 𝑞 = 1 − 𝑝,

  𝑡 = 0, … , 𝑁 − 1,   𝑅0 = 0,  

 are assumed independent identically distributed random variables, determining the stochastic 

basis (Ω, 𝔽 = {ℱ𝑡 = 𝜎(𝑅0, … , 𝑅𝑡), 𝑡 = 0, … , 𝑁}, ℙ), 

ω = (ω1, … , ωN) ∈ Ω, ωi = {
1 (up),

0 (down),
 

 filtration 𝔽,  and natural probability measure ℙ.  The risk-neutral measure   ℙ̃  with Radon-

Nikodym derivative 𝑍(𝜔) =  
ℙ̃(𝜔)

ℙ(𝜔)
 ,  is determined by the risk-neutral probabilities   

𝑝 =
1 + 𝑟 − 𝑑

𝑢 − 𝑑
, 𝑞̃ = 1 − 𝑝 =

𝑢 − 1 − 𝑟

𝑢 − 𝑑
. 

An investor with initial wealth of 𝑊0 > 0 at time 𝑡 = 0, invests in  𝒮 and ℬ in a self-financing 

portfolio 𝑃𝑡, 𝑡 = 0, … , 𝑁,  𝑃0 = 𝑊0. At 𝑡 = 0, the investor buys Δ0 shares and deposits the rest of 

his wealth in ℬ. The self-financing portfolio dynamics, 𝑃𝑡 , 𝑡 = 0, … , 𝑁, which represents the 

investor wealth process 𝑊𝑡, 𝑡 = 0, … , 𝑁, is given by  

𝑃𝑡+1 = 𝑊𝑡+1 = Δ𝑡𝑆𝑡+1 + (1 + 𝑟)(𝑃𝑡 − Δ𝑡𝑆𝑡),   𝑡 = 0, … , 𝑁 − 1,   𝑃0 = 𝑊0. 

The investor’s goal is to find an  𝔽- adapted sequence of stock allocations Δ0, … , Δ𝑁−1  that 

maximizes 𝔼 ln(𝑊𝑁). 
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Show that the optimal allocations Δ0
(𝑜𝑝𝑡)

, … , Δ𝑁−1 
(𝑜𝑝𝑡)

  maximizing 𝔼𝑈(𝑊𝑁), with 𝑈(𝑥) = ln(𝑥) ,

𝑥 > 0,  is determined by the optimal portfolio 

𝑊𝑡+1
(𝑜𝑝𝑡)

= 𝑃𝑡+1
(𝑜𝑝𝑡)

= Δ𝑡
(𝑜𝑝𝑡)

𝑆𝑡+1 + (1 + 𝑟) (𝑃𝑡
(𝑜𝑝𝑡)

− Δ𝑡
(𝑜𝑝𝑡)

𝑆𝑡) , 𝑡 = 0, … , 𝑁 − 1, 

where: 

𝑃𝑡
(𝑜𝑝𝑡)

=
𝑊0

𝜁𝑡
, 𝑡 = 0,1, … , 𝑁; 

𝜁𝑡 , 𝑡 = 0, 1, … , 𝑁 is the state price density process 𝜁𝑡 = 𝑍𝑡(1 + 𝑟)−𝑡, 𝑡 = 0, … , 𝑁; and 

𝑍𝑡 = 𝔼𝑛(𝑍) = 𝔼(ℙ)(𝑍|ℱ𝑡)  is the Radon-Nikodym derivative process.  

 

Problem 2. Consider the binomial pricing model,  (Ω, 𝔽 = {ℱ𝑛, 𝑛 = 0, … , 𝑁}, ℙ), 

ω = (ω1, … , ωN) ∈ Ω, ωI = {
1 (up)

0 (down)
 , 

filtration 𝔽  with  ℱ0 = {∅, Ω}, natural probability measure ℙ, and equivalent risk-neutral 

measure  ℙ̃ . Let 𝑆𝑛, 𝑛 = 0, … , 𝑁,  𝑆0 > 0 be the price of a risky asset (stock) with price 

dynamics determined by the pricing tree 

𝑆𝑡+1 = {
𝑆𝑡𝑢, with probability 𝑝,
𝑆𝑡𝑑, with probability 𝑞 = 1 − 𝑝,

 

where 𝑝 ∈ (0,1) and 0 < 𝑑 < 𝑢.   Define the interest rate process ℛ0, ℛ1, … , ℛ𝑁−1 which is 𝔽-

adapted such that 𝑑 < ℛ𝑖 < 𝑢, ℙ- almost surely, 𝑖 = 0, … , 𝑁 − 1. Define the discount process, 

𝒟𝑛 =  
1

(1 + ℛ0)(1 + ℛ1) … (1 + ℛ𝑛−1)
, 𝑛 = 1, … , 𝑁, 𝒟0 = 1. 

The price at time 𝑛, 𝑛 = 0, … , 𝑚 < 𝑁 of a zero-coupon bond maturing at time 𝑚  is ℬ𝑛,𝑚 =

𝔼̃𝑛 (
𝒟𝑚

𝒟𝑛
), where 𝔼̃𝑛(∙) = 𝔼ℙ̃(∙ |ℱ𝑛) is the conditional expectation with respect to ℙ̃. For  𝑛 =

0, … , 𝑚,  the forward (delivery) price is 𝐹𝑜𝑟𝑛,𝑚 =
𝑆𝑛

ℬ𝑛,𝑚
 and the futures price is 𝐹𝑢𝑡𝑛,𝑚 = 𝔼̃𝑛(𝑆𝑚). 

(𝑖) Suppose at each time 𝑛 = 0, … , 𝑁 − 1, a trader takes a long position in the forward contract 

with maturity 𝑚, 𝑛 < 𝑚 ≤ 𝑁, and sells the contract at 𝑛 + 1. Show that this strategy generates 

the cash amount  (𝑆𝑛+1 − 𝑆𝑛
ℬ𝑛+1,𝑚

ℬ𝑛,𝑚
) at 𝑛 + 1. 

(𝑖𝑖) Assume the interest rate is constant, ℛ𝑖 = 𝑟, 𝑖 = 0, … , 𝑁 − 1.  At each time 𝑛, 0 ≤ 𝑛 <

𝑚 < 𝑁 − 1,  the trader takes a long position of (1 + 𝑟)𝑚−𝑛−1 forward contracts with maturity 𝑚, 

and sells these contracts at time 𝑛 + 1. Show that the resulting cash flow is the same as the 

difference in the futures prices 𝐹𝑢𝑡𝑛+1,𝑚 − 𝐹𝑢𝑡𝑛,𝑚, 0 ≤ 𝑛 ≤ 𝑚 < 𝑁 − 1. 
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Problem 3. Let 𝐵(𝑡), 𝑡 ∈ [0, 𝑇],  be a standard Brownian motion generating a stochastic basis 

(Ω, 𝔽, ℙ), with canonical filtration  𝔽 = {ℱ𝑡 = 𝜎(𝐵𝑢, 0 ≤ 𝑢 ≤ 𝑡), 𝑡 ∈ [0, 𝑇]}. Let 𝑡𝑘,𝑛 =
𝑘𝑇

𝑛
,

𝑘 = 0, … , 𝑛.  For 𝛼 ∈ (0,1]  set 𝜏𝑘,𝑛
(𝛼)

= 𝛼𝑡𝑘,𝑛 + (1 − 𝛼)𝑡𝑘+1,𝑛, 𝑘 = 0, … , 𝑛 − 1. Define the 

Stratonovich 𝛼-variation of 𝐵𝑡, 𝑡 ∈ [0, 𝑇] as  

𝕊𝑇
(𝛼)

= lim
𝑛↑∞

𝕊𝑇,𝑛
(𝛼)

 ,     𝕊𝑇,𝑛
(𝛼)

=  ∑ (𝐵(𝜏𝑘,𝑛
(𝛼)

) − 𝐵(𝑡𝑘,𝑛))
2

.

𝑛−1

𝑘=0

  

(𝑖) Show that  𝔼(𝕊𝑇
(𝛼)

) = (1 − 𝛼)𝑇 and that the variance of  𝕊𝑇,𝑛
(𝛼)

  converges to zero as 𝑛 ↑ ∞. 

(𝑖𝑖) Define the Stratonovich 𝛼-integral of 𝐵(𝑡), 𝑡 ∈ [0, 𝑇] as  

∫ 𝐵(𝑡)
(𝛼)

°
 

𝑑𝐵(𝑡) = lim
𝑛↑∞

  ∑ 𝐵(𝜏𝑘,𝑛
(𝛼)

) (𝐵(𝑡𝑘+1,𝑛) − 𝐵(𝑡𝑘,𝑛)) .

𝑛−1

𝑘=0

 
𝑇

0

 

Show that  

∫ 𝐵(𝑡)
(𝛼)

°
 

𝑑𝐵(𝑡) =
𝑇

0

1

2
𝐵(𝑇)2 + (

1

2
− 𝛼) 𝑇. 

Problem 4. Let 𝐵(𝑡), 𝑡 ≥ 0,  be a standard Brownian motion generating a stochastic basis 

(Ω, 𝔽, ℙ),with canonical filtration  𝔽 = {ℱ𝑡 = 𝜎(𝐵(𝑢),0 ≤ 𝑢 ≤ 𝑡), 𝑡 ≥ 0}. Let 𝑆𝑡, 𝑡 ≥ 0,  𝑆0 >

0, be the price process of a risky asset (stock) with continuous diffusion dynamics determined by 

the SDE, 

𝑑𝑆𝑡 = 𝜇𝑡𝑆𝑡𝑑𝑡 + 𝜎𝑡𝑆𝑡𝑑𝐵(𝑡), 𝑡 ≥ 0, 

where 𝜇𝑡, 𝑡 ≥ 0, and 𝜎𝑡, 𝑡 ≥ 0, are 𝔽- adapted processes satisfying the usual regularity 

conditions guaranteeing that the SDE for 𝑆𝑡, 𝑡 ≥ 0, has a unique strong solution.  Let 𝛽𝑡, 𝑡 ≥ 0, 

be the value of a riskless bank account   

𝛽𝑡 = 𝑒∫ 𝑟𝑠𝑑𝑠
𝑡

0 , 𝑡 ≥ 0, 

where 𝑟𝑡 > 0, 𝑡 ≥ 0, is the instantaneous riskless (short) rate, which is 𝔽-adapted and 

ℙ (max {𝑟𝑡 +
1

𝑟𝑡
; 𝑡 ≥ 0} < ∞) = 1. Define the market price of risk, 

𝜃𝑡 =
𝜇𝑡 − 𝑟𝑡

𝜎𝑡
 

and the state price density process  
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𝜁𝑡 = exp {− ∫ 𝜃𝑠𝑑𝐵𝑠 −
𝑡

0

∫ (𝑟𝑠 +
1

2
𝜃𝑠

2) 𝑑𝑠 
𝑡

0

} , 𝑡 ≥ 0 

(i) Show that  
𝑑𝜁𝑡

𝜁𝑡
= −𝜃𝑡𝑑𝐵(𝑡) − 𝑟𝑡𝑑𝑡. 

(ii) Let   𝑃𝑡 , 𝑡 ≥ 0, be the value of an investor’s self-financing portfolio in the stock and in the 

riskless bank account when he uses a portfolio process ∆(𝑡). Assume 𝑃𝑡 satisfies the dynamics 

𝑑𝑃𝑡 = ∆(𝑡)𝑑𝑆𝑡 + 𝑟𝑡(𝑃𝑡 − ∆(𝑡)𝑆𝑡)𝑑𝑡. 

Show that 𝜁𝑡𝑃𝑡, 𝑡 ≥ 0 is an 𝔽-martingale. 

(iii) Let 𝑇 be the investment terminal time of an investor with initial capital (wealth) 𝑊0 at 𝑡 = 0. 

The investor applies the self-financing strategy 𝑃𝑡, 𝑡 ≥ 0 in (𝑖𝑖)with the goal of achieving a 

terminal wealth 𝑊𝑇 = 𝑃𝑇 . Show that his initial capital should be 𝑊0 = 𝑃0 = 𝔼[𝜁𝑡𝑊𝑡]. 


