Preliminary Exam on PDE, August 2026.

Department of Mathematics and Statistics, Texas Tech University.

Problem #1. Maximum and minimum principles:

i. Let © be a bounded, smooth, simply connected set with boundary 9. Let u(x) be a smooth
solution of Au = u® — v in Q, with u(x) = 0 on Q. Show that |u(x)| < 1 in Q.

i. Give a direct proof that if u € C2(Q2) N C() is harmonic within a bounded open set €2, then

maxu = maxu
Q 89
||

2
Hint: define uc(x) = u(x) + e'5; for € > 0 and show that u, cannot attain its maximum at an

interior point of €.

Problem #2. Consider the following first-order semilinear problem:
Uty + Uy = 1
{ u(z,0) = h(z)
Then

i) Find the expression of the characteristic surface [z(r, s), y(r, s), u(r, s)] C R? in terms of general
data h(s). Here s parametrizes the data while r parametrizes the tangent direction of the
characteristic.

i1) For the specific case of h(s) = s: eliminate the parameters r and s and write down the specific
formula for u = u(x,y)

Note: this PDE is NOT a conservation law! Therefore, you cannot assume that characteristics are
straight lines. You may use either semilinear theory or fully-nonlinear theory of characteristics to
solve this problem. However, you are encouraged to use semilinear theory since its easier.

Problem #3. Fix ¢y € R? and ¢tz > 0. Consider the space-time cone with apex (xo,t) € R?x Rt,
that is:

C(xo, o) = {(x, 1) € R? x R* ||z — o] <to—t}
Let u(x,t) be a solution of the wave equation dyu — Au = 0. Prove that if

u(x,0) = 0 and Oru(x,0) = 0 for all ¢ € B(xo, o)
then u = 0 in the space-time cone C(xo, to).

Hint: Start by defining an energy E(t) at each cross-section B(x,to — t) of the space-time cone
C(xo,tp). You will have to assume that u(z,t) is a strong solution of the wave equation, that is
u(x,t) € C? and 0?u — Au = 0 holds in a strong sense.




Problem #4. Let Q C R? be a bounded, connected, open set with a C! boundary 9. Assume
that 1 < p < co. Let u be the mean value of u in Q) that is

u ::]{zu(a:)dac

Then there exists a constant ¢ = ¢(d, p, 2) such that
lu =l 1p () < e(d, p, D[ Vull Ly (o)

Hint: proceed by contradiction and use compactness.

Problem #5. Let u; for ¢ = 1,2 be the solution of
—div (a;Vu;) = f in Q
{ u; = 0 on 02,
where Q C R? is bounded, f € L?(2) and the coefficients satisfy a; € C(Q) and
0<ag<ai(x) Ve

Prove the stability bound

const
[V(u1 — u2)l[ 2y < o a1 — azl| oo (@)l fllL2(02)-

Problem #6. Let Lu be defined as
Lu = —div (A(z, t)Vu(z,t)) + v(z,t) - Vu(z, t) + c(z, t)u(z, t)

with smooth coefficients A(zx,t) € R? v(x,t) € R, and c(x,t) € R. In particular, we assume
that A(x,t) satisfies:

Blz|praey < 2T Az, t)z < V|2l rey forall z € R, xeQ, te(0,T]
Consider the hyperbolic problem:
O*u+ Lu=f

Prove that there exists a constant ¢, depending on €2, T" and the coefficients of the operator L, such
that the following estimate holds:

o (19 L2 () + Ve r2()) + 107w 201,81 (2)

< c(lF O 2me2@) + lgllar @) + bl 2@)

Note: the diffusion matrix A(x,t) is time dependent!




