
Real Analysis Preliminary Examination
May, 2022

DIRECTIONS: Complete seven (7) of the following nine problems, and indicate in the box 
below which seven problems should be graded. If you do not do this, then problems 1-7 will be 
graded. Strive for clear and detailed solutions.

PROBLEMS:

1. Let 𝜇∗ be an outer measure on 𝑋 and {𝐸𝑛 ∶ 𝑛 ∈ ℕ} ⊂ 𝒫(𝑋) be a sequence of subsets of 𝑋
such that lim𝑛→∞ 𝜇∗(𝐸𝑛) = 0. Find 𝜇∗ (⋃∞

𝑚=1 ⋂∞
𝑛=𝑚 𝐸𝑛) and show that ⋃∞

𝑚=1 ⋂∞
𝑛=𝑚 𝐸𝑛 is 

𝜇∗-measurable.

2. Let ℳ be the countable/co-countable 𝜎-algebra over ℝ (i.e. the 𝜎-algebra of all countable 
subsets of ℝ and their complements), and let 𝜇 be the measure on ℳ defined by

𝜇(𝐸) = { 0, if 𝐸 is countable,
1, if 𝐸𝑐 is countable.

Prove that for any (ℝ, ℳ, 𝜇)-measurable ℝ-valued function 𝑓,

𝑆 = {𝛼 ∈ ℝ ∶ 𝜇 (𝑓−1((−∞, 𝛼))) = 0}

is nonempty and bounded above, and 𝑓(𝑥) = sup 𝑆 𝜇-a.e.

3. Let 𝜇∗ be an outer measure on 𝑋 and 𝐸 ⊂ 𝑋 such that 𝜇∗(𝐸) < ∞. Prove that 𝐸 is 
𝜇∗-measurable if and only if there is a 𝜇∗ measurable set 𝐴 ⊂ 𝐸 such that

𝜇∗(𝐸) = 𝜇∗(𝐴).

(Hint: For the sufficiency, apply the Carathéodory condition of 𝐴 on 𝐸)

4. Let ℚ = {𝑟𝑛 ∶ 𝑛 ∈ ℕ} be an enumeration of all the rational numbers in ℝ. Define

𝐹(𝑥) =
∞

∑
𝑛=1

1
2𝑛 𝜒

[𝑟𝑛,∞)
(𝑥).

Prove that 𝐹 is strictly increasing and right continuous, and the Lebesgue-Stieltjes measure 
𝜇𝐹  generated by 𝐹 has the property that

𝜇𝐹(ℚ) = 1 and 𝜇𝐹(ℚ𝑐) = 0.

5. Let 𝛼 > 0. Compute (with justification) lim
𝑛→∞

∫
∞

0

𝑒𝑛(𝛼−𝑥) sin 𝑥
1 + 𝑒𝑛(𝛼−𝑥) 𝑑𝑥.



6. Let 𝐹, 𝐺 be increasing functions from ℝ to ℝ, 𝐹 be right continuous, 𝐺 be continuous, and 
let 𝜇𝐹  and 𝜇

𝐺
 be the Lebesgue-Stieltjes measures generated by 𝐹 and 𝐺, respectively. Prove 

that for any continuous function 𝑓 ∶ ℝ → ℝ, the graph

Γ(𝑓) = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑦 = 𝑓(𝑥)}

is Borel measurable, and 𝜇𝐹(𝑥) × 𝜇
𝐺

(𝑦)(Γ(𝑓)) = 0.

7. Let 𝜈 be a signed measure on (𝑋, ℳ). Prove that for any 𝐸 ∈ ℳ,

𝜈+(𝐸) = sup{𝜈(𝐴) ∶ 𝐴 ⊂ 𝐸, 𝐴 ∈ ℳ} and − 𝜈−(𝐸) = inf{𝜈(𝐴) ∶ 𝐴 ⊂ 𝐸, 𝐴 ∈ ℳ}.

8. Let 𝑋 be a normed vector space over ℝ. Prove that for any 𝑥 ≠ 0 in 𝑋, there is a bounded 
linear functional 𝑓 ∈ 𝑋∗ such that ‖𝑓‖ = 1 and 𝑓(𝑥) = ‖𝑥‖.

9. Let 𝑓 ∈ 𝐿∞(𝑋, ℳ, 𝜇). Prove that |𝑓| ≤ ‖𝑓‖∞ a.e., and for all 0 < 𝜖 < ‖𝑓‖∞

𝜇 ({𝑥 ∈ 𝑋 ∶ ‖𝑓‖∞ − 𝜖 < |𝑓(𝑥)| ≤ ‖𝑓‖∞}) > 0.



     𝜇  ∗  


   𝑋 


   {    𝐸  𝑛   ∶  𝑛  ∈  ℕ  }  ⊂  𝒫  (  𝑋  ) 


       l  i  m     𝑛  →  ∞        𝜇  ∗   (    𝐸  𝑛   )  =  0 


     𝜇  ∗       (    ⋃    𝑚  =  1   ∞     ⋂    𝑛  =  𝑚   ∞     𝐸  𝑛   )  


     ⋃    𝑚  =  1   ∞     ⋂    𝑛  =  𝑚   ∞     𝐸  𝑛  


   ℳ 


   𝜎 


   ℝ 


   𝜇 


   𝜇  (  𝐸  )  =    {            0  ,      if     𝐸   is countable,         1  ,      if       𝐸  𝑐    is countable.           


   (  ℝ  ,  ℳ  ,  𝜇  ) 


   𝑓 


   𝑆  =    {  𝛼  ∈  ℝ  ∶  𝜇      (    𝑓    −  1    (  (  −  ∞  ,  𝛼  )  )  )   =  0  }  


   𝑓  (  𝑥  )  =    s  u  p     𝑆 


   𝐸  ⊂  𝑋 


     𝜇  ∗   (  𝐸  )  <  ∞ 


   𝐸 


   𝐴  ⊂  𝐸 


     𝜇  ∗   (  𝐸  )  =    𝜇  ∗   (  𝐴  )  . 


   𝐴 


   ℚ  =  {    𝑟  𝑛   ∶  𝑛  ∈  ℕ  } 


   𝐹  (  𝑥  )  =    ∑    𝑛  =  1   ∞     1    2  𝑛      𝜒        [    𝑟  𝑛   ,  ∞  )     (  𝑥  )  . 


   𝐹 


     𝜇      𝐹   


     𝜇      𝐹    (  ℚ  )  =  1             and               𝜇      𝐹    (    ℚ  𝑐   )  =  0  . 


   𝛼  >  0 


           l  i  m     𝑛  →  ∞      ∫  0  ∞         𝑒    𝑛  (  𝛼  −  𝑥  )        s  i  n     𝑥     1  +    𝑒    𝑛  (  𝛼  −  𝑥  )        𝑑  𝑥   


   𝐹  ,  𝐺 


   𝐺 


     𝜇      𝐺   


   𝑓  ∶  ℝ  →  ℝ 


   Γ  (  𝑓  )  =  {  (  𝑥  ,  𝑦  )  ∈    ℝ  2   ∶  𝑦  =  𝑓  (  𝑥  )  } 


     𝜇      𝐹    (  𝑥  )  ×    𝜇      𝐺    (  𝑦  )  (  Γ  (  𝑓  )  )  =  0 


   𝜈 


   (  𝑋  ,  ℳ  ) 


   𝐸  ∈  ℳ 


     𝜈  +   (  𝐸  )  =    s  u  p   {  𝜈  (  𝐴  )  ∶  𝐴  ⊂  𝐸  ,  𝐴  ∈  ℳ  }       and       −    𝜈  −   (  𝐸  )  =    i  n  f   {  𝜈  (  𝐴  )  ∶  𝐴  ⊂  𝐸  ,  𝐴  ∈  ℳ  }  . 


   𝑥  ≠  0 


   𝑓  ∈    𝑋  ∗  


   ‖  𝑓  ‖  =  1 


   𝑓  (  𝑥  )  =  ‖  𝑥  ‖ 


   𝑓  ∈    𝐿  ∞   (  𝑋  ,  ℳ  ,  𝜇  ) 


   |  𝑓  |  ≤  ‖  𝑓    ‖  ∞  


   0  <  𝜖  <  ‖  𝑓    ‖  ∞  


   𝜇      (    {  𝑥  ∈  𝑋  ∶    ‖  𝑓    ‖  ∞   −  𝜖  <  |  𝑓  (  𝑥  )  |  ≤  ‖  𝑓    ‖  ∞   }   )   >  0  . 



