
Real Analysis Preliminary Examination
August, 2024

DIRECTIONS: Complete seven (7) of the following nine problems, and indicate in the box 
below which seven problems should be graded.

If you do not do this, then problems 1-7 will be graded. Strive for clear, detailed, and legible 
solutions. Notations: (𝑋, ℳ, 𝜇) denotes a measure space, 𝑚 denotes the Lebesgue measure on ℝ, 
and 𝑚𝑛 denotes the Lebesgue measure on ℝ𝑛.

PROBLEMS
1. Let 𝑓 ∶ 𝑋 → ℝ be measurable and 𝐴 ∈ ℳ be nonempty. Prove

a. ℳ𝐴 = {𝐸 ∩ 𝐴 ∶ 𝐸 ∈ ℳ} is a 𝜎-algebra on 𝐴, and

b. 𝑓𝐴 ∶= 𝑓 |
𝐴
 is ℳ𝐴-measurable.

2. Let 𝑓 ∶ 𝑋 → [−∞, ∞] be a measurable function. Let

ℎ(𝑥) =
{


1
𝑓(𝑥) , if 𝑓(𝑥) ≠ 0, ±∞,
0, if 𝑓(𝑥) = ±∞,
2024, if 𝑓(𝑥) = 0.

Prove that ℎ is measurable.

3. Prove that lim
𝑛→∞

∫
𝑛

0
(sin 𝑥

𝑥
)

𝑛
𝑑𝑥 = 0. (Hints: | sin(𝑥)| < |𝑥| if 𝑥 > 0, and ∫∞

1
1

𝑥2 𝑑𝑥 < ∞)

4. Let 𝑓 ∶ ℝ → ℝ be continuous and Γ = {(𝑥, 𝑓(𝑥)) ∶ 𝑥 ∈ ℝ}. Prove that Γ is measurable and 
(𝑚 × 𝑚)(Γ) = 0.

5. Let 𝑋 and 𝑌 be Banach spaces and let {𝑇𝑛} be a sequence in 𝐿(𝑋, 𝑌 ) (bounded linear 
operators) such that lim

𝑛→∞
𝑇𝑛(𝑥) exists ∀ 𝑥 ∈ 𝑋. Let 𝑇 (𝑥) = lim

𝑛→∞
𝑇𝑛(𝑥). Prove that 𝑇 ∈

𝐿(𝑋, 𝑌 ) (Just show that 𝑇 is bounded).

6. If 1 ≤ 𝑝1 < 𝑝 < 𝑝2 ≤ ∞, prove that 𝐿𝑝(𝑋) ⊂ 𝐿𝑝1(𝑋) + 𝐿𝑝2(𝑋).

7. Let (𝑌 , 𝒩) be a measurable space, 𝑓 ∶ 𝑌 ↦ [−∞, ∞] be 𝒩-measurable, 𝜙 ∶ 𝑋 → 𝑌 be 
(ℳ, 𝒩)-measurable, 𝜈 = 𝜇 ∘ 𝜙−1. You may assume that 𝜈 is a measure and 𝑓 ∘ 𝜙 is ℳ-
measurable. Prove that ∫

𝑋
(𝑓 ∘ 𝜙)(𝑥) 𝑑𝜇(𝑥) = ∫

𝑌
𝑓(𝑦) 𝑑𝜈(𝑦).

8. Suppose 𝜇 is a positive measure and 𝑔 ∶ 𝑋 → [−∞, ∞] is integrable. Let 𝜈 be the signed 

measure defined by 𝑑𝜈 = 𝑔𝑑𝜇. Prove that 𝑑|𝜈| = |𝑔|𝑑𝜇 and |𝜈|(𝐴) = sup {|∫
𝐴

𝑓 𝑑𝜈| ∶ |𝑓| ≤ 1}

∀ 𝐴 ∈ ℳ (recall that |𝜈| = 𝜈+ + 𝜈−).

9. Let 𝑓 ∶ (𝑎, 𝑏) → ℝ such that 𝑓 ′(𝑥) exists ∀ 𝑥 ∈ (𝑎, 𝑏), and ∃𝑀 ≥ 0 such that |𝑓 ′(𝑥)| ≤ 𝑀
∀ 𝑥 ∈ (𝑎, 𝑏). Prove that ∀ 𝐸 ⊂ (𝑎, 𝑏), 𝑚∗(𝑓(𝐸)) ≤ 𝑀𝑚∗(𝐸).



   (  𝑋  ,  ℳ  ,  𝜇  ) 


   𝑚 


   ℝ 


     𝑚  𝑛  


     ℝ  𝑛  


   𝑓  ∶  𝑋  →  ℝ 


   𝐴  ∈  ℳ 


         ℳ  𝐴   =  {  𝐸  ∩  𝐴  ∶  𝐸  ∈  ℳ  }   


   𝜎 


   𝐴 


         𝑓  𝐴   ∶  =  𝑓            |   𝐴    


     ℳ  𝐴  


   𝑓  ∶  𝑋  →  [  −  ∞  ,  ∞  ] 


   ℎ  (  𝑥  )  =    {              1    𝑓  (  𝑥  )    ,      if     𝑓  (  𝑥  )  ≠  0  ,  ±  ∞  ,         0  ,      if     𝑓  (  𝑥  )  =  ±  ∞  ,          2024   ,      if     𝑓  (  𝑥  )  =  0    .          


   ℎ 


           l  i  m     𝑛  →  ∞      ∫  0  𝑛       (        s  i  n     𝑥   𝑥   )   𝑛       𝑑  𝑥  =  0   


   |    s  i  n   (  𝑥  )  |  <  |  𝑥  | 


   𝑥  >  0 


     ∫  1  ∞     1    𝑥  2      𝑑  𝑥  <  ∞ 


   𝑓  ∶  ℝ  →  ℝ 


   Γ  =  {  (  𝑥  ,  𝑓  (  𝑥  )  )  ∶  𝑥  ∈  ℝ  } 


   Γ 


   (  𝑚  ×  𝑚  )  (  Γ  )  =  0 


   𝑋 


   𝑌 


   {    𝑇  𝑛   } 


   𝐿  (  𝑋  ,  𝑌  ) 


           l  i  m     𝑛  →  ∞        𝑇  𝑛   (  𝑥  )   


   ∀    𝑥  ∈  𝑋 


       𝑇  (  𝑥  )  =      l  i  m     𝑛  →  ∞        𝑇  𝑛   (  𝑥  )   .  


   𝑇  ∈  𝐿  (  𝑋  ,  𝑌  ) 


   𝑇 


   1  ≤    𝑝  1   <  𝑝  <    𝑝  2   ≤  ∞ 


     𝐿  𝑝   (  𝑋  )  ⊂    𝐿    𝑝  1    (  𝑋  )  +    𝐿    𝑝  2    (  𝑋  ) 


   (  𝑌  ,  𝒩  ) 


   𝑓  ∶  𝑌  ↦  [  −  ∞  ,  ∞  ] 


   𝒩 


   𝜙  ∶  𝑋  →  𝑌 


   (  ℳ  ,  𝒩  ) 


   𝜈  =  𝜇  ∘    𝜙    −  1   


   𝜈 


   𝑓  ∘  𝜙 


   ℳ 


         ∫  𝑋   (  𝑓  ∘  𝜙  )  (  𝑥  )    𝑑  𝜇  (  𝑥  )  =    ∫  𝑌   𝑓  (  𝑦  )    𝑑  𝜈  (  𝑦  )   .  


   𝜇 


   𝑔  ∶  𝑋  →  [  −  ∞  ,  ∞  ] 


   𝑑  𝜈  =  𝑔  𝑑  𝜇 


   𝑑  |  𝜈  |  =  |  𝑔  |  𝑑  𝜇 


       |  𝜈  |  (  𝐴  )  =    s  u  p       {    |    ∫  𝐴   𝑓    𝑑  𝜈  |   ∶  |  𝑓  |  ≤  1  }    


   ∀    𝐴  ∈  ℳ 


   |  𝜈  |  =    𝜈  +   +    𝜈  −  


   𝑓  ∶  (  𝑎  ,  𝑏  )  →  ℝ 


     𝑓  ′   (  𝑥  ) 


   ∀    𝑥  ∈  (  𝑎  ,  𝑏  ) 


   ∃  𝑀  ≥  0 


   |    𝑓  ′   (  𝑥  )  |  ≤  𝑀 


   ∀    𝐸  ⊂  (  𝑎  ,  𝑏  ) 


     𝑚  ∗   (  𝑓  (  𝐸  )  )  ≤  𝑀    𝑚  ∗   (  𝐸  ) 



