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Instructions:

This preliminary examination consists of two parts: Linear Models and Design of Experiments.

For this Linear Models portion, work all 3 problems. Neither calculators nor electronic devices

of any kind are allowed. Show all your work and clearly state any theorem or fact that you use.

Each of the 12 parts carries an equal weight of 10 points.

Abbreviations/Acronyms:

= |ID-Independent and Identically Distributed

= | SE - Least Squares Estimator.

=  OLS-Ordinary Least Squares estimator; synonymous with LSE.

=  GLS - Generalized Least Squares estimator.

Notation:

» xT or AT: indicates the transpose of vector x or matrix A.

» tr(A) and |A|: denotes the trace and determinant, respectively, of 4.

= ],:then X nidentity matrix.

* j,=(1,..,1)7"isann-vector of ones, and J ,, ,, is an m X n matrix of ones.

= [E(x) and V(x): expectation and variance(-covariance) of a random vector x.

»  x;~IID(u, o?) indicates that the random variables x4, ..., x,, are lID with mean u and variance
o? with no specific distribution assumed.

= x~N,,(u,X): the m-dimensional random vector x has a multivariate normal distribution (or
univariate normal if m = 1) with mean vector g and variance-covariance matrix X. Also:
MVN,,.

= X~t(n,A): atdistribution with n degrees of freedom and noncentrality parameter A. If 1 = 0,
we write simply X~t(n).

»  X~F(nq,ny A): an F distribution with n; numerator and n, denominator degrees of freedom,
and noncentrality parameter 1. If 1 = 0, we write simply X~F (n4,n,).

Possibly useful results:

»  fx~N,,(u X) is given in partitioned form as:

x=(0) =) 2=(32 32) @ =1l

withm,; = dim (x,), then the conditional distribution of x; given x, is
X1X~N, (1 + 212255 (X2 — 1), 211 — 12257 21).



Applied Statistics Preliminary Examination: Linear Models May 2024

1. Lety = (¥1,¥2,v3) ~N3(u, 0%I3), where u = (3,—2,1)7, and define the following matrices:

2 -1 -1
1 11 1
A==|-1 2 -1, B= .
5|71 2 ! i o

n addition, letz = y; + ¥, + ¥3,9 = yTAy,andw = (y; — 3)? + (y, + 2)% + (y3 — 1)2.

a) Find the distribution of q/c?2.

b) Are g and By independent? Justify your answer.

c) Findthe distribution of z. Are z and g independent? Justify your answer.

d) True or False: If z and w are independent, then z/Vw ~t(3, 1), where 1 = 2/v/3g2. Justify

your answer. (Note: You don’t need to determine if z and w are independent; assume that
they are.)

I
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2. Suppose thatfori = 1,2,3 we fit the linear model
yi =Po +Bixi + &, &~ID(0,0?),
when in fact the true model is
Vi = Bo + Bix; + Box? + Bsxi + &, ~1ID(0,02),

and the design points are (x1,x,,%3) = (—=1,0,1). Let B and f; denote the LSEs of the fitted

model.

(a) Prove the following general result: If we fit the model y = X; 8] + € when in fact the true
modelis y = X8, + X, B, + &, then the expectation of the LSE of B is E(B}) = B, + AB2,
where 4 = (XTXx,)7'XxTX,.

(b) Forthe setup posed in the introduction to this problem, find the expectation of the LSEs, i.e.,
find E(83) and E(B;).

(c) For B and B; as described in the introduction to this problem, find V(85) and V(5;).

(d) For /?;; and Ef as described in the introduction to this problem, find the correlation between
the LSEs B and f;.

3. Consider the observations {y;, ..., ¥33} from the linear model
yl-]- =u + Ti + Sij, l,] = 1,2,3,
where the ¢;; are IID N(0,0?), and {u, t;,7,,73} are unknown parameters to be estimated. Of
particular interest is the linear combination of parametersn = 2u + 74 + 7,.
(a) Determine the form of all estimable functions, and hence show that 7 is estimable.
(b) Find the BLUE of 7.
(c) Show (with justification) that the following null hypothesis is testable:
Hy: 11 =15, = 13.
(d) Propose a test statistic for the test in (c), and compute its distribution both under H, and
under the alternative hypothesis.
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Instructions:
e Forthis Design of Experiments portion, work all 3 problems. Each of the 13 parts carries an equal
weight of 10 points.

1. A study of the difference of 6 types of diets (factor A) on the weight gain of young rabbits is
proposed. Because weight varies considerably among young rabbits, it is proposed to block the
experiment based on ten breeds available to the researchers (factor B). The response variable is
the weight gain of young rabbits. Assume Diet (A) is a fixed factor and that Breed (B) is a random
factor. There are no interaction effects. Write down the statistical models and assumptions for
each of the following designs.

(a) There are 6 rabbits available for each of the 10 breeds. Each diet was applied to one rabbit at
random for each breed. Weight gain for each rabbit was measured.

(b) There are 12 rabbits available for each of the 10 breeds. Each diet was applied to two rabbits
at random for each breed. Weight gain for each rabbit was measured.

(c) There are 2 litters of 6 rabbits for each of the 10 breeds. Each diet was applied to one rabbit
atrandom within each litter. Assume Litter (factor C) is arandom factor. Weight gain for each
rabbit was measured.
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2. Aninvestigator is interested in improving the number of rounds per minute fired from a Navy gun.
He believes a new method of loading the gun willincrease the number of rounds fired per minute.
A team of people is needed to use this gun, so he divided the personnel into groups based on
physique (slight, average, and heavy). He selected three teams from each of these groupings for
the experiment. Each team was presented with both methods of loading and used each method
twice in arandom order. The number of rounds per minute fired from the gun was measured for
each replication. The data structure is shown below:

Groups Sfight Normal | Heavy
Teams 11234 |5|6|7[8|9
Method 1 | x | x | x| x| x| x| X | X |X
X[ x| x|x|x|x|x]|x|x
Method 2 | x | x | x| x| x| x| X | X |X
X [ % [ x| x|x|%|x|x|x

Assume Method (factor A) is a fixed factor, Group (factor B) is a fixed factor, and Team (factor C)
is a random factor. Suppose that the interaction between Method and Group and between
Method and Team are to be included in the model. Denote y; i, as the It" measure of the number
of rounds per minute fired from the gun for the k" team from thejth group using the it"* method.

The average number of rounds per minute fired by using the two methods are y;.. = 23.6 and

V,.. = 15.1.

(a) Write down a model for this experiment. Clearly define all the terms and state all relevant
assumptions. Additionally, explain (briefly) why an interaction between Group and Team
cannot be included.

(b) Fillin the ANOVA table below. Note: Be sure to use the restricted (sum-to-zero) assumption
for interactions between fixed and random factors.

Source DF MS E(MS)
Method 652.0

Group 8.0

Team(Group) 6.5

Group*Method 0.6
Team(Group)*Method 1.8

Error 2.3

Total

(c) State and conduct a statistical test for a Method effect at 0.05 significance level and interpret
the test results.

(d) State and conduct a statistical test for a Group effect at 0.05 significance level and interpret
the test results.

(e) Testwhetherthe variance component for the Method X Team interaction is significant at 0.05
significance level and interpret the test results.

(f) Construct a 95% confidence interval for the effect difference of the two methods.
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3. Consider a two-way design with fixed factors. Suppose that factor A has two levels while factor
B has 4 levels. Further suppose thatthere are 2 replications. The means model for this design is
then:

yijk = ,LlU + gijk;i = 1,2,j = 1,2,3,4,k = 1,2

1 1 1
Denote y;. = 12321 Hij»1j = 52?:1 Hij,and . = 52?=1 Yo tij-

(a) State the following hypothesis in terms of the y;;’s (and possibly y;., p.j, and/or p.):
Hy: There is no main effect for Factor A
(b) State the following hypothesis in terms of the y;;’s (and possibly y;., p.j, and/or p.):
H,: There is no interaction between Factor A and Factor B
(c) Ifthereis aninteraction between Factor A and Factor B, then what is the interpretation of the
ANOVA F-test for the main effect of A? (That is, the test using F = Z—x as the test statistic,

where M S, is the mean-squares for A and M Sy, is the mean-squares for error.)
(d) If there is an interaction between Factor A and Factor B, then how can the experimenter
compare the two levels of Factor A?
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F-table of Critical Values of a = 0.05 for F(df1, df2)

DF1=1 2 3 4 5 & 7 8 9 10 12 15 20 24 30 40 60 120 =
DF2=1 | 161.45 10030 21571 22438 230.16 233.09 136.77 238 88 240.54 241 88[243.01 24505 24801 240.05 250.10 251.14 25220 23325 25431
2 | 1851 19.00 19.16 19.25 19.30 19.33 19.35 19.37 19.38 19.40(19.41 19.43 1945 19.45 1946 19.47 1948 19.49 19.50
3| 1013 955 928 912 901 8%4 889 885 88 879|874 BV 866 864 862 859 857 BSS 853
4| 771 694 659 639 626 616 609 604 600 S96|S591 586 580 577 575 572 569 566 543
5| 661 579 541 519 505 495 488 482 477 474|468 462 456 4.53 450 446 443 440 437
6| 599 514 476 453 439 428 421 415 410 406|400 394 387 38 381 377 374 370 367
7| 5359 474 435 412 397 387 379 373 368 364|357 351 344 341 338 334 330 327 323
8 | 532 446 407 384 369 358 350 344 339 335|328 322 315 312 308 304 301 297 293
9 | 512 426 386 363 348 337 329 323 318 314|307 301 294 290 285 283 279 275 271
10 | 496 410 371 348 333 322 314 307 302 298|291 285 277 274 270 266 262 258 254
11 | 484 398 359 336 320 309 301 295 290 285(2.79 272 265 261 257 253 249 245 240
12 | 475 389 349 326 311 3.00 291 285 280 275|269 262 254 251 247 243 238 234 230
13 | 467 381 341 318 303 292 283 277 271 267|260 253 246 242 238 234 230 225 22
14 | 460 374 334 311 295 285 276 270 265 260|253 246 23% 235 231 227 222 218 213
15 | 454 368 329 306 290 279 271 264 259 254|248 240 233 229 225 220 216 211 207
16 | 449 363 324 301 285 274 266 259 2.54 249|242 235 228 224 219 215 211 2.06 2.01
17 | 445 359 320 296 281 270 261 255 249 245(238 231 223 219 215 210 206 201 196
18 | 441 355 316 293 277 266 258 251 246 241|234 227 219 215 211 206 202 197 192
10 | 438 3352 313 290 274 263 254 248 242 238|231|223 216 211 207 203198 193 188
20 | 435 349 310 287 271 2.60 251 245 239 235|228 220 212 208 204 199 195 190 1.84
21 | 432 347 307 284 268 257 249 242 237 232(225 218 210 205 201 19 192 187 181
22 | 430 344 305 2582 266 255 246 240 234 230223 215 207 203 198 194 189 184 178
23 | 428 342 303 280 264 253 244 237 232 227(220 213 205 201 196 191 18 181 176
24 | 426 340 301 278 262 251 242 236 230 225|218 211 203 198 19 189 184 179 173
25 | 424 339 299 276 260 249 240 234 228 2241216 209 201 1.9 192 1.87 182 177 1.7l
26 | 423 337 298 274 259 247 239 232 227 222|215 207 199 19 190 185 180 175 1.69
27 | 421 335 296 273 257 246 237 231 225 220|213 206 197 193 188 184 179 173 167
28 | 420 334 295 271 256 245 236 229 224 219212 204 19 191 187 182 177 171 165
20 | 418 333 293 270 255 243 235 228 222 218|210 203 194 19 185 181 175 170 1.64
30 | 417 332 292 269 253 242 233 227 221 216|209 201 193 189 184 179 174 168 1.62
40 | 408 323 284 261 245 234 225 218 212 208|200 192 184 179 1.74 169 164 158 1.51
60 | 400 315 276 253 237 225 217 210 204 199192 184 175 170 165 159 153 147 139
120 | 352 307 268 245 229 218 209 202 19 191|183 175 166 161 155 1.50 143 135 125
o | 384 300 260 237 221 210 201 194 188 183|175 167 157 152 146 139 132 122 1.00




