Complex Variablesg
Preliminary Exam
August 2016

Directions: Do all of the following eight problems. Show all your work and justify your answers. Each
problem s worth 10 points,
Notation: € — the complex plane; I = {z: [2] < 1} — the unif disk.
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Let f:D - D be an analytic function with the Taylor expansion
f(z)ﬁ@0+a,1z+agz2+a3z3+,.. (%)

For each integer n > 2, we define
n -1
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Prove that f,(2) hag the Taylor expansion of the form

fol2) = ap + ana™ e Ao 22 A Qa2 A

. Let f: 1 — D be 2 function analytic on I with the Taylor expansion as in {#). Prove that

lap] <1 foralln > 1.

. (a) State Liouvills's Theorem.

(b) Use Liouville’s Theorem to prove the Fundamental Theorem of Algebra.

. Use the Residue Calenlus to evaluate the integrals
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(a) /U 1+$4dz (b) f 1+4sin?6

. (a) State a theorem containing the Argument Principle.

(b) Find the number of roots of the equation 2® + 14z -+ 2 = 0 in the annutus {z: 3/2 < |z| <2} Do
not use the Argument Principle!

. Let €2 be a “crescent” domain bounded by circles Cy = {z: || = 1} and Uy = {2 |z — 3] = 5. Skefch

the domain 2. Find a conformal mapping @(#) from (2 onto the unit disk D such that &p(—%) = 0 and
0(0) =1

. Locafe and classify all singulartiies (including possible singularity at z = co) of:
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(a) S (b) zcotz (¢) 2 cos(1/2)

. Let £(2) be a non-constant meromorphic function on € with finite number of poles and infinitely many

seros. Prove that z = oo is an essentis] singularity of f{2).




