N umerigax Analysis
Preliminary Examination
May 1996
Do seven of the following ten problems. Clearly indicate which seven problems are to be graded.

1. In producing cubic interpolating splines it is necessary to solve the linear system .4z = b with
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where h; > 0,7 =1...m. Show that _A is nonsingular and that

1
glmm (hi) <A < mza<:rcn(h)

for all eigenvalues of A.

2. Assume that you are using the numerical approximation

£'(n) = DP f(z) = {EL 23] £ /(o)

with z; = zo + jh for f € C%. Also assume that you have empirical data f; for which
fl@) = fi+« i=0,1,2
so that the actual numerical derivative computed is
2 21 + f,
DY f(ar) = ———————h; 2
Assume that the errors are such that —F < ¢; < F and find ¢; and ¢, for which
i f'(z) - DP s :z:l)l < ch? + C;E

3. Suppose ¥"(t) = tlnt + 2y/(t) — Zy(t) for 1 < t < 2 with y(1) = 1 and 3’(1) = 0. Convert
* this second-order problem to a svstem of first-order equations and compute 7 for
k =1 and 2 using Euler’s method with step length A = 0.1.



9. Show that if f and g are polynomials of degree less than n, if r;, t=1,2,---,n, are the roots
of the nth Legendre polynomials, and if

Yy = /1 Li(z)dz

-1

with
n

Li(I) =

I — Tk

) ) i=1727'“vny
k#ik=1 Ti — Tk

then
/ f(z)g(z)dz = Z vif (1) g(x,)
Notice that [, Li(z)dz = [,(Li(z))%dz.
0. (2) Use the trigonometric identity sin(a — 8) + sin(a + 8) = 2sina cos 8 to show that:

2 -1 0 ) sin(kw/4) ket ‘sin(kvr/4)
( -1 2 -1 ( sin(2km/4) ) = 2(1 — cos ——'—) ( sin(2km/4) ) , k=123
0 -1 2 sin(3kw/4) 4 sin(3kw/4)

(b) Find the condition number in the Ly,-norm (i.e., ||4]|2||A™||2) of the above tndlagonal
matrix that occurs in the numerical solution of d1fferent1al equations.

(c) Generalize this result to the n x n tridiagonal matrix for which each diagonal element
is 2, and each super-diagonal and sub-diagonal element is -1.



. Consider a descent method for approximating the minimum of a function. Let

(a) f:R™ — R! be a C" function.

(b) ¢a(t) = f(zn =tV f(zn))-

(c) ta mm (6n(t))
)

(d) Zps1 = Zn — taV f(2n).
Show that either V f(zn) = 0 or f(Zn+1) < f(zn). (Consider the behavior of ¢,(t) near ¢t = 0).

. Let (z;,%),1=1,2,...,N be Npoints with N> Manda<zi<z3<23< - <zy <h

Let S = span (¢1(z), ¢2(z), ..., dum(z)) where {¢; x)}M , are hnearly mdependent functmns
in C (a,b], and let g(z) = Zi_l c,¢*,( ) € S satisfy Z Y (g(z;) —4,)? < TN, (f(=;) - y,)? for
any f € S.

Find an M x M linear system satisfied by the constants c;, ¢y, ..., Cum-

. Suppose that f € C*{0, 1] satisfies f(z) = Jy f(y)g(y, z)dy +b(z) where g € C* ([0, 1] x [0,1]),
max }g(y, z)| = A <1, and b € C[0,1]. Consider the numerical scheme to approximate f(z) -

0<z
at dlscrete points: fr = S ¥21 frng(Ym, T) Ay + b(zi) for kK = 0,1,---, N, where Ay =

zr = kAy and yn, = mAy. The value of f; approximates f (xk).

L
N:

: ' 1 Ay
Show that max |f(zx) = fil £ T35 max |3 (f(y) (v, 2))}.
1 N-1 Ay
(Use the fact that /0 r(y)dy = Eor(ym)Ay < =5 max |r"(y)| for r € C*0, 1]).

. Consider Newton’s method z(*+1) = (k) _ f,g(x:—:‘,,—)})- Suppose that:

'(z) > 0 for z € R,
() - f(z) = f'(z)(y — 2), for 7,y € R,

~ Show that z+1) — 2 ask — 00, 2" < -+ < gD < g <. <2V < z(® and z* is the
unique zero of f(z) iIn R.

. Given n + 1 distinct points zq, Z1, -+, T, let
z oz -1y
\I/n(z‘) = H(Q; = ;z;l), lJ(I) = H i ’
i=0 i#j,i=0 Tj— Iy

and let w; = ¥/ (z;)"'. Show that the polynomial p,(z) = D _ f(z;){;(z) interpolating f(z)

can be written as

Zwa z;) /Z wj

=0 T—Zj ;T

provided z is not a node point.



