Numerical Analysis Preliminary Examination

May 1997

Do seven of the following nine problems. Clearly indicate which seven problems are to be graded.

1. Let {po,p1,.-- ,Pn} be a set of orthonormal polynomials on [—1,1] with respect to a weight
function w(z) and let g, be the least-squares approximation of f from polynomials of degree n or

less with respect to the weight function w(z). Denote

If =gl = /_ll[f(:r) — gn(z)]2w(z)dz.

Show that .
If =gl = IF13 - Zaf\f,
J:

where
y _/ pi(z (z)ds, j=0,1,...n

' b
2. Consider the problem of approximation of / f(z)dz. Suppose that {pn(z)}5, is a sequence

of orthogonal polynomxals with respect to the inner product (g,h / g(z)h(z)dz with each
b
pn(z) of degree n. Let / f(z)dz = Z a;f(z;) wherez;, 7 =0,1,... ,N, are the zeros of py+1(z)
a .7=0
b . iy T — Tk
and o = / lj(z)dz with lj(z) = . Prove that / p(z)dz = Za,p z;) for any
a k=0 T3 T Tk 3=0

polynomial p of degree less than or equal to 2V + 1. (Note that p(z) = py+1(z)g(x) + r(z) where

r and q are of degree N.)

3. Prove that for any matrix A the series I + A+ A% +--- converges if and only if the spectral

radius of A is less than one.

4. Let zg,... , Tn be distinct real numbers and f be a continuous real function. Show that there

is a unique function
n
)= ciel®
Jj=0

that interpolatés f at these numbers, i.e., py(z;) = f(z;), for j =0,1,2,...,n



5. The Legendre polynomials may be defined in the following way: Lo(z) = 1, Li(z) =z, and
(k + 1) Lgs1(z) = (2k + V)zLg(z) — kLk-1 (), k=1,2,... (1)

Show that

(a) Lom(z) are even functions and Lomy1(z) are odd functions for m > 0.

(b) Lg(1) =1 for all & > 1.

(c) Li bas k distinct simple zeros in (—1,1) and the zeros of Li,; are separated by those of Ly
for £ > 1.

d
- 6. Consider 71% = f(¢,v), ¥(0) = c. Assume that f is continuous on D = {(¢,y): 0 <t <1,

-0 < y < oo}, the solution satisfies |y"(¢)] < M for ¢ € [0, 1], and

[f(t,y1) = f(t,y2)] S Lly1 —yo| for 0Kt <1, y1,92 € R.
Show that the backward-Euler method y;+1 = y;+hAf(tir1,yi+1) fori =0,1,... , N~1 where t; = ih,
yo = o, and h = 1/N is convergent with order h, that is, |y(t;) —yi| < Ch fori =0,1,... ,N.
(You may assume that Lk < 1/2 and note then that (1 — hL)™! < 1+ 2hL < €®*L. You may
use the fact that

y(tir1) = y(ts) + hf(tirr, y(tien)) — B2 (&)/2
for some &; € (ti,ti+1).)

7. Let zx = kh, k=0,1,... ,N, h = 1/N, define a partition of [0, 1]. Let
l, zj1fz<zj
¢j(z) = _
0, otherwise

for j = 1,2,...,N. Let PC be1 the set of piecewise constant functions expressed as y(z) =
i1 95(@). Define (£,9) = [ f(@)g(z)do and gl = (5,9)- Let £ € C[0,1]. Find y(a) =

N .

ZCj¢j(I) such that ||f — yl|2 < If = rl|% for all r € PC. (You need to find the real numbers
Jj=1

C1,C2y-+- yCN-)

8. (a) Show that if an n X n matrix A can be written as A = LLT where L is a nonsingular,
real, lower triangular matrix, then A is real symmetric and positive definite.

(b) Let A= (_42 _32) Find the Choleski decomposition of A.

9. Consider the sequence {z,} defined by z,.1 = b+ eg(z,) for n =0,1,2,... where 7o € R
is given. Assume that there is an L > 0 such that |g(v) — g(w)| < Ljv —w]| for all v,w € R. Find
a condition on ¢ that will guarantee convergence of the sequence {z,} to the unique value z such
that z = b + eg(z).



