SPRING 2003 ODE/PDE PRELIMINARY EXAM

Do 3 PROBLEMS FROM PART I AND 3 PROBLEMS FROM PART II. YOU MUST CLEARLY
INDICATE WHICH 6 PROBLEMS ARE TO BE GRADED.

PART I: ODE

1. Construct an example, (t) = A(t)z(t), x(t) € R?, where A : R — R?**? is a matrix valued
function, such that the eigenvalues of A(t) have negative real part for each ¢t € R, but the
origin is unstable.

2. a) Show that for a second order equation of the form g(t) + a(t)y(t) = 0, the Wronskian
of any two solutions is a constant.

b) The third order equation ¥ + 3t~ 14 — 2t %y + 2t >y = 0 for ¢ > 0 has a fundamental
system of solutions given by y;(t) = t, y2(t) = tlog(t), y3(t) = 1/t*. Using an initial
time ¢; = 1 show that the Wronskian W (t) = 9/¢3 for ¢ > 0.

c¢) Give an example of functions y;(t) and y(t) which are linearly independent on R and
yet the Wronskian W (t) =0 for all t € R.
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3. For the system { 5: gw f y—; ry , show that the origin is a globally asymptotically

stable equilibrium. (Hint: Consider V (x,y) = 1/2(2* + y?) and use Young’s inequality).

4. Consider the Sturm-Liouville eigenvalue problem

% (k;(x)dzjé:)> + Ay(xz) =0, y(0)=0,y(1) =0,

where k € C?([0,1]) and k(x) > 0 for all = € [0, 1].

You may assume without proof that all eigenvalues are real, there are infinitely many
eigenvalues which can be ordered as \; < Ay < .-+ < A\, < ---, having no finite cluster
points. Let v, be the eigenfunction associated with \,, n =1,2,---

a) Show that \; > 0.
b) Show that y, has exactly (n — 1) zeros in (0, 1).

c) Let k; and ks be positive constants such that k; < k(z) < ko for all x € [0, 1]. Show
that
ki (n + 1)*m? A < k2(n + 1)27r2.
ks ki
5. a) Let a € C0,00) satisfy a(t) < a(t), V¢ > 0and a(0) = 1. Use Gronwall’s inequality
(or whatever method you prefer) to show that a(t) < e’.

b) Suppose z € C[0,00) satisfies #(t) = —2z(t) + e ‘a(t), where a(-) > 0 is as in part
a). Show that z(t) is bounded.



PART II: PDE

1. Solve the quasilinear Cauchy problem
TUz + YUly = —TY

subject tou =5on xy =1 and =z > 0.

(Hint: It might be useful to compute di(x(r, s)y(r,s)) )
r

2. Solve the initial value problem,
Upy = Ugg + Uyy, >0, (2,9) € R?

u(z,y,0) =z, u(zr,y,0)=y, V (z,y)€ R2.

3. Consider the equation,
uy = Au—u, t >0, (z,y) € R?

U(ﬂ?,y,O) = gp(m,y), ut(a:,y,O) = ¢(9€,t), V (l’,y) € Rz?

where ¢, 1) € C*(R?) are given and A is the Laplacian. Obtain an energy inequality and
use it to show that C? solutions of the problem are unique. (You do not have to prove
existence).

4. For x € R™ let ||z|| denote the Euclidean norm of . Work both parts a) and b):

a) Show that v(z) = ||z||* " is harmonic on R"\{0} if n > 3.

b) Let Q = B;(0) (the open unit ball) in R?*, and suppose that u € C?(Q) (where Q is
the closure of Q) is such that Au > 0 on . Suppose u takes its maximum value at

0
xo € 0L (the boundary of Q). Let v = x¢/||xo||. Show that either a—z(xo) > (0 or u is

a constant on (2.
(Hint: let w(x) = u(z) — €(1 — ||z]|72) on an appropriate subdomain of € with small
¢ and use the maximum principle.)

5. Setup: Let Q C R". A function v : 2 — R is said to be pseudo-subharmonic on € if

open

v(€) < L / v(€ +rx)dS, forevery €€ Q

n
ll=]|=1

provided that » > 0 is small enough. Here w, denotes the measure of the unit sphere in
R™ and dS, denotes surface measure on ||z|| = 1.

Problem: Let uq,...,u; € C(2) be pseudo-subharmonic in €2 and define
u(z) = max{u, (v),...,ux(z)} for x € Q.

Show that u is pseudo-subharmonic on §2.



