MAY 2016 ODE PRELIMINARY EXAM

You must clearly indicate which 8 problems are to be graded by circling the problem numbers on the exam.

If you fail to clearly identify § problems, then problems 1, 2, and ¥ will be graded.

1. Consider the ordinary differential equation (you may answer/solve the sub-problems below

in any order) :
dzy R 1 ’ ,
R M In(r); y(1),7'{1) given,
(a) Find the fundarcental makrix $(r, 1) for the system where r & (0, 00}
(b) Find the state transition matrix €(r, ) for the system where r,z € {0, o0).
(¢) Pind a formula for y as & function of 7 on (0, co).
Hint: You may use the facts: [z In{z) de = %2 (2 In{z) ~ 1)+, and [z In*(z)dz =
:ii (2 In?(2) — 2 Infw) + 1) + C. These may or may not he needed depending on the
method used,

9. Consider the system:

2 2

1)y
g=y(l -2’ —y*) +oy

(3) Find all squilibrium peints for the system.
(b) Determine the nature of the equilibrium points.
(¢) Doss the systern admit any periodic orbits?

3. {(a) Consider the system:
1
gy = AT +tanh(Az;) — tanh(A @a)
1 .
gy ow= — 7l -+ tanh{Az3) + tanh(d ag),

where A and T are positive congtants. Using the fact that |tanh(u)] < 1 for all real
1, show that the function r = /2% + z7 satisfies the differential Insquality

¢ < -%Mm
(b) Show that the solution z(f) = (21{t}, z2(1)) satisties the inequality

Jotl < & lo(@)s +2VET (L — e H).




4, Congider the system:

&1 = —Ig - L1 T3

Fo = 11 -+ BBy

Ty = —Tg — UJ{ — \’L?j—'—'],%

(a) Find an expression for the center wmanifold of the system neay the origin. .
(b) Determine the dynamies of the system on the center mamnifeld in palar coordinates. b

{¢) Determine the stability of the origin.




MAY 2016. PRELIMINARY EXAMINATION

Partial Differential Equations

Do three out of four problems below. Write in the following boxes the three problems

that have to be graded, otherwise problems 1, 2, and 3 will be used for grading:

1. Letn > 3 and denote B{0,r) ={z € R": |z| < r}forr > 0.

Let U/ = B(0,1) and u{z) € C*{{J \ {0}) be a classical solution of the problem
Au=0 1in U\ {0},
uw=10 ondl.
Forr € (0,1], let

Mir) = Egg;&) )|u(1,){

Assume
lim r" 2 M (r) = 0.
r—0

Prove that u(z) = 0 forall z € I/ \ {0}.

2. Let U be a bounded domain in R?. Assume u(z,t) € C27 (I x [0,00)} is a classical

solution of the problem
w— Au= f(z) inU x(0,00),
u{z, ) =0 ondl x (0,c0).
u(z,0) = glz) on U,

where f(x) and g(z) are given functions.
(a) Prove forall{ > 0 that
/ v’ (z, 1) de < e_c”*/ GFx)dz + ey | fA(x)dz,
U U U

where ¢; and ¢y are positive constants independent of w, f, g, L.




(b) Prove for all £ > 0 that
/ |V, 1) *de < eﬁ"s’f/ ((x) + {Vg(z)|)dz + s | [P (2)dz,
Jur U U
where ¢3 and ¢4 are positive constants independent of u, f, g, 1.

(Note: You can use Poincaré’s inequality without proof.)

. Denote I/ = R x (0, +00). Let u = u{x, ) € C*(U) be the classical solution of the
problem

Ui = Uy 10T,

w(x,0) = g{z) and w(z,0)=h(z) R

Assume that ¢(z) and h(x) are analytic functions on R,

Prove that w(x,?) is analytic in two variables x and t on U, that is, for any (zg,%,) € U,

there are numbers ¢; ; for integers ¢, § > 0, and ¢ > 0 such that the series

Z Az, t), where Ay(z,t) = Z Cimilm — @) {t —to)" ",

7= 0<i<n

converges uniformly on {(z,%) € U : |z — zo| < §, [t — to| < 0}
. Prove that there is an entropy solution u{z, ¢} of the following problem
wp + 8uu, =0 onR x (0, 00),

u(z,0) = g{z} onR,

where
2, ifzr <0,
glz) =<0, if0<z<?,
1, f2<z,
such that

(a) foreachz € R
lim w(zx,t) =2,

t—roo

and

{b) foreacht >0
lim w(z,t) = 1.

ol de el



