AUG 2016 ODE PRELIMINARY EXAM

You must clearly indicate which § problems are to be graded by eircling the problem numbers on the exam.
If you fail to clearly identify § problems, then problems 1, 2, and & will be graded.

1. Does there exist zp so that the system () = Alf) n(t), 2(0) = =g has a periodic solution
with non-zero period, where:

A = { coi('!;} -~1} }?

cos(t

2. Consider the two dimensional system:
&y = xq cos{zy); do =sin(z ). (1

(a) Find all equilibrium points and classify their types.

(b) Prove that this system does not have a periodic solution.

(c) Prove that there is no compact set in R? that is positively invariant (that is, trajectories
starting In the set for some time &y stay in the set for all time & > o).

3. Let f{z,t) be continucus in ¢ and continuously differentiable in 2 on E % [to,t1], where
B ¢ R"* {5 an open set. Let K be a compact subset of B and xmp € K. Let o(2) be the
solution of #(¢) = f(z,t); «{ty) = wo. Suppose that z(t) is defined and @{t) € K for all
i€ [fo,T) where T' << 1.

(a) Show that m(t) i uniformly continuous on {fo,T).
(b) Show that m(T) is defined and belongs to W and 2(t) is a solution on [fo, 7.
(c) Show that there is ¢ > 0 such that the solution can be extended to {fg, 7"+ 4.

4. Consider the system:

% = flzs) - bz
dﬂt’z

% = a1 - bors
deg

e Gafp bses,

where az, az, by, b2, bs are positive real numbers, and f is & positive and monotone decreasing
function. Assums f to be continuously differentiable.

{a) Bhow that there exists an equilibrium point xp = (@01, T2, Log) in the first octant
(that is, mg; > 0 for ¢ = 1,2,8).

(b) By the Routh-Hurwitz criterion, all the roots of a third order polynomial P{s} =
g 82 -+ ap 8% 4 @18 4+ ap have negative real parts if and only if all coefficients are
positive and 6y01 > azag. Find a condition on f'(zes) that will guarantee that the
equilibrium point in the first octant for the above system is asympotically stable.




AUGUST 2016. PRELIMINARY EXAMINATION

Partial Differential Equations

Do three out of four problems below., Write in the following boxes the three problems
that have to be graded, otherwise problems 1, 2, and 3 will be used for grading:

Lletl ={(zy)cR:0<2z<000<y<a}andulr,y) c CH{YNCT) bea
classical solution of the preblem

Au=0 inl,
w=~0 onol,
For z € (0,00}, let

M(x) = sup u(z, ).
Sysw

Assume y
lim ! (9:) = 0.
00 o

Prove that u(xz,y) = 0 forall (z,y) € U.

Hint: you can make use of harmonic functions (z + a)? — 4 for any a > (.

2. Let U be a bounded domain in R™ with C'-boundary. Assume u(z, 1) € Gié (U x[0,00))

is a classical solution of the problem

u(z, t) — (|z* + DAu(z, £) + 2u(z,t) = f{z) inl x (0,00),
u(z,t) =0 ondU % (0, 00).
u(z,0) = glz) inl,
where f(z) and g{z) are given functions.

Prove for all { > 0 that

fu2(m,t)d$§ e_clt/‘gg(.r)dech / fAz)dz,
U U Ju

where ¢; and c; are positive constants independent of u, f, g, 7.

{Note: You can use Poincaré’s inequality without proof.)



3. Let U be a bounded domain in R” with C'-boundary. Let . = u(z, 1) € C*(T x [0, 00))

be the classical solution of the problem
Uy — Au+au, = fz) inU x {0, c0),

u(z,0) =g{z} and w(z,0) =h{z) inl,
u(z,t) =0 on AU x (0,00),
where « is a positive constant, and f(z}, g(z) and A(z) are given functions.

Prove that there is (' > ( independent of , f, h, g such that

lim sup (% /.(|ut(a:,t)|2 + | Vu{z, t)|2)d$) < Cf A2V de.
: Sy U

T

4. Solve for solution u(z,y) of the following problem
Up + Uy = 1,

wiz,z) =z/2.




