May 2022 PRELIMINARY

Partial Differential Equations

Instructions

Do any six of the seven problems below. You must clearly indicate which
six of the seven problems you want us to grade. If you do not, then we will

grade Questions 1-6.

Problems

1. Suppose that v : R — R.

(a) Give the precise statement of Liouville’s Theorem; it’s hypothesis and its
implication.

(b) Fix any p € [1,00). Suppose that u : R" — R satisfies u € LP(R") and is
harmonic on R". Prove or give a counterexample to the claim that u = 0

on R™.

2. For any function v € L'(R), we define its Fourier Transform as

F)© 2292 — [ ulz) da,
(2m)2 R
and its inverse .
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Suppose that u : R x R, — Cis in CZ° in both x and t. Derive in detail via

Fourier Transform the fundamental solution of the heat equation
Ou = 0,,u.
3. Fix z; € R" and t, > 0. Suppose that u € C?(R" x (0, 00)) solves
Opu—Au=0 forall (z,t)€R"x (0,00),
and u = 0yu = 0 on B(z,t;) x {t = 0}. Prove that u = 0 on a cone



4. Solve the following via characteristics:

1
udy ut Opu=1, u(xy,z)= 221

5. Suppose that H : R — R satisfies the following:

H(p)

He(C?, ‘ l‘im T =400, and pr H(p) is uniformly convex.
pl=oo P

Recall the definition of a weak solution to an IVP of Hamilton-Jacobi equation:
given g : R" — R that is Lipschitz, u : R™ x [0,00) — R that is Lipschitz (in
both x and t) is a weak solution of the IVP

Ou+ H(Du) =0 in R" x (0,00), (5.1)
u=g on R"x{t=0} (5.2)
if
(a) (5.1) is satisfied for almost every (x,t) € R" x (0, c0),

(b) (5.2) is satisfied,

(c) there exists C' > 0 such that

1
u(x + z,t) — 2u(z,t) + u(x — z,t) §C<1+;> |22 Vz,z€ R", t>0.

2

Suppose that u!, u? are two weak solutions of the IVP of Hamilton-Jacobi equa-

tion; i.e., for both i € {1, 2},

o' + H(Du') =0 in R" x (0, 00),
=g on R" x {t =0},

uZ

with potentially distinct g, g that are both Lipschitz. Prove the L>-contraction
inequality: for all ¢ > 0,

sup |ul(z,t) — u?(z,t)| < sup |g'(z) — ¢*(2)].
zeRM zeRM

6. Recall Airy’s Equation: u(z,t) for z € R,t € R that satisfies

Ou+ 0, u=0, xR teR.

TXT



(a) Give a definition of what it means for a PDE to be dispersive. Prove or

disprove that Airy’s Equation is dispersive.

(b) Suppose that u € C} N C32, 9,0,u is also continuous, and u has compact
support K in z that is valid for all ¢ > 0; i.e., for all ¢ > 0, u(z,t) = 0 if
x ¢ K. Suppose that u satisfies the damped Airy’s

ou+u+9,,,u=0 xR tER.

Suppose that initial data u(0,¢) that satisfies ||3xu(0)|@2® < oo is given

to us. Prove the following exponential decay for ¢ > 0:

2 _ 2 —2t
J,u(t)2 ) = 10,u(0) 25 5

7. Prove the following interpolation inequality in Holder Norm: for any 0 < 8 <

v<1:
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   𝑢  ∶    ℝ  𝑛   ⟶  ℝ 


   𝑝  ∈  [  1  ,  ∞  ) 


   𝑢  ∈    𝐿  𝑝   (    ℝ  𝑛   ) 


     ℝ  𝑛  


   𝑢  ≡  0 


   𝑢  ∈    𝐿  1   (  ℝ  ) 


   ℱ  (  𝑢  )  (  𝜉  )  ≜    𝑢  ˆ   (  𝜉  )  ≜    1    (  2  𝜋    )    1  2        ∫  ℝ     𝑒    −  𝑖  𝑥  𝜉    𝑢  (  𝑥  )    d  𝑥  , 


   ℱ  (  𝑢    )    −  1    (  𝑢  )  (  𝑥  )  ≜    1    (  2  𝜋    )    1  2        ∫  ℝ     𝑒    𝑖  𝑥  𝜉    𝑢  (  𝜉  )    d  𝜉  . 


   𝑢  ∶  ℝ  ×    ℝ  +   ⟶  ℂ 


     𝐶  𝑐  ∞  


   𝑥 


   𝑡 


     𝜕  𝑡   𝑢  =    𝜕    𝑥  𝑥    𝑢  . 


     𝑥  0   ∈    ℝ  𝑛  


     𝑡  0   >  0 


   𝑢  ∈    𝐶  2   (    ℝ  𝑛   ×  (  0  ,  ∞  )  ) 


     𝜕    𝑡  𝑡    𝑢  −  Δ  𝑢  =  0      for all      (  𝑥  ,  𝑡  )  ∈    ℝ  𝑛   ×  (  0  ,  ∞  )  , 


   𝑢  ≡    𝜕  𝑡   𝑢  ≡  0 


   𝐵  (    𝑥  0   ,    𝑡  0   )  ×  {  𝑡  =  0  } 


   𝐵  (    𝑥  0   ,    𝑡  0   −  𝑡  )  ×  [  0  ,    𝑡  0   ]  =  {  (  𝑥  ,  𝑡  )    ∶    |  𝑥  −    𝑥  0   |  ≤    𝑡  0   −  𝑡  ,    0  ≤  𝑡  ≤    𝑡  0   }  . 


   𝑢    𝜕    𝑥  1    𝑢  +    𝜕    𝑥  2    𝑢  =  1  ,    𝑢  (    𝑥  1   ,    𝑥  1   )  =    1  2     𝑥  1   . 


   𝐻  ∶    ℝ  𝑛   ⟶  ℝ 


   𝐻  ∈    𝐶  2   ,        l  i  m     |  𝑝  |  →  ∞          𝐻  (  𝑝  )     |  𝑝  |    =  +  ∞  ,      and      𝑝  ↦  𝐻  (  𝑝  )        is uniformly convex   . 


   𝑔  ∶    ℝ  𝑛   ⟶  ℝ 


   𝑢  ∶    ℝ  𝑛   ×  [  0  ,  ∞  )  ⟶  ℝ 


          (5.1)        𝜕  𝑡   𝑢  +  𝐻  (  𝐷  𝑢  )     =  0      in          ℝ  𝑛   ×  (  0  ,  ∞  )  ,         (5.2)      𝑢     =  𝑔      on          ℝ  𝑛   ×  {  𝑡  =  0  }    


   (  𝑥  ,  𝑡  )  ∈    ℝ  𝑛   ×  (  0  ,  ∞  ) 


   𝐶  ≥  0 


   𝑢  (  𝑥  +  𝑧  ,  𝑡  )  −  2  𝑢  (  𝑥  ,  𝑡  )  +  𝑢  (  𝑥  −  𝑧  ,  𝑡  )  ≤  𝐶      (  1  +    1  𝑡   )   |  𝑧    |  2     ∀  𝑥  ,  𝑧  ∈    ℝ  𝑛   ,    𝑡  >  0  . 


     𝑢  1   ,    𝑢  2  


   𝑖  ∈  {  1  ,  2  } 


             𝜕  𝑡     𝑢  𝑖   +  𝐻  (  𝐷    𝑢  𝑖   )     =  0      in        ℝ  𝑛   ×  (  0  ,  ∞  )  ,            𝑢  𝑖      =    𝑔  𝑖       on        ℝ  𝑛   ×  {  𝑡  =  0  }  ,    


     𝑔  1   ,    𝑔  2  


     𝐿  ∞  


   𝑡  >  0 


       s  u  p     𝑥  ∈    ℝ  𝑛         |    𝑢  1   (  𝑥  ,  𝑡  )  −    𝑢  2   (  𝑥  ,  𝑡  )  |   ≤      s  u  p     𝑥  ∈    ℝ  𝑛         |    𝑔  1   (  𝑥  )  −    𝑔  2   (  𝑥  )  |   . 


   𝑢  (  𝑥  ,  𝑡  ) 


   𝑥  ∈  ℝ  ,  𝑡  ∈  ℝ 


     𝜕  𝑡   𝑢  +    𝜕    𝑥  𝑥  𝑥    𝑢  =  0  ,    𝑥  ∈  ℝ  ,    𝑡  ∈  ℝ  . 


   𝑢  ∈    𝐶  𝑡  1   ∩    𝐶  𝑥  3  


     𝜕  𝑡     𝜕  𝑥   𝑢 


   𝑢 


   𝐾 


   𝑢  (  𝑥  ,  𝑡  )  =  0 


   𝑥  ∉  𝐾 


     𝜕  𝑡   𝑢  +  𝑢  +    𝜕    𝑥  𝑥  𝑥    𝑢  =  0  ,    𝑥  ∈  ℝ  ,    𝑡  ∈  ℝ  . 


   𝑢  (  0  ,  𝑡  ) 


   ‖    𝜕  𝑥   𝑢  (  0  )    ‖      𝐿  2   (  ℝ  )   2   <  ∞ 


   ‖    𝜕  𝑥   𝑢  (  𝑡  )    ‖      𝐿  2   (  ℝ  )   2   =  ‖    𝜕  𝑥   𝑢  (  0  )    ‖      𝐿  2   (  ℝ  )   2     𝑒    −  2  𝑡    . 


   0  <  𝛽  <  𝛾  ≤  1 


   ‖  𝑢    ‖      𝐶    0  ,  𝛾    (  𝑈  )    ≤  ‖  𝑢    ‖      𝐶    0  ,  𝛽    (  𝑈  )       1  −  𝛾     1  −  𝛽     ‖  𝑢    ‖      𝐶    0  ,  1    (  𝑈  )       𝛾  −  𝛽     1  −  𝛽     . 



