
May 2023 PRELIMINARY
Partial Differential Equations

Instructions

Do any six of the seven problems below. You must clearly indicate 
which six of the seven problems you want us to grade. If you do 
not, we choose six arbitrarily.

Problems

1. Let 𝑈 = 𝔹𝑛(0, 2023) an Euclidean ball. Suppose that 𝑢, 𝑣 ∈ 𝐶2(𝑈) are 
harmonic functions on 𝑈 and 𝑢 ≥ 𝑣. If 𝑢(0) = 𝑣(0) = 100 then show 
that 𝑢(𝑥) = 𝑣(𝑥) for all 𝑥 ∈ 𝑈.

2. Let 𝑈 ⊂ ℝ𝑛 be open and bounded. Suppose that 𝑢1, 𝑢2 ∈ 𝐶2(𝑈̄𝑇) solve 
the IVP:

{


𝜕𝑡𝑢 − Δ𝑢 = 0  on 𝑈𝑇,

𝑢 = 𝑔  on 𝜕𝑈 × [0, 𝑇 ],

Prove that if 𝑢1(𝑥, 𝑇 ) = 𝑢2(𝑥, 𝑇 ) for all 𝑥 ∈ 𝑈, then 𝑢 ≡ 𝑢̃ in 𝑈𝑇.

3. Use the Fourier transform to solve the wave equation

{


𝑢𝑡𝑡 − Δ𝑢 = 0 on ℝ𝑛 × (0, ∞),

𝑢 = 𝑔, 𝑢𝑡 = 0 on ℝ𝑛 × {𝑡 = 0},

4. Write down an explicit solution for the following IVP:

{


𝜕𝑡𝑢 + 𝑎𝜕1𝑢 + 𝑏𝑢 = 0 in   ℝ2 × (0, ∞)

𝑢(𝑡, 0) = 𝑔(𝑥)   on ℝ2 × {𝑡 = 0}.

Here 𝑎 and 𝑏 are constant real numbers.
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5. Solve the following using characteristics:

𝑥1𝑢𝑥1 + 𝑢𝑥2 + 10𝑥3𝑢𝑥3 = 3𝑢, 𝑢(𝑥1, 0, 𝑥3) = 𝑔(𝑥1, 𝑥3).

6. Let 𝐻∗ be the Legendre transform of a convex function 𝐻. Let 𝐻(𝑝) =
||𝑝||2 − 1. Find 𝐻∗.

7. Use separation of variables to find a non-trivial solution 𝑢 of the PDE

𝑢2
𝑥1𝑢𝑥1𝑥1 + 2𝑢𝑥1𝑢𝑥2𝑢𝑥1𝑥2 + 𝑢2

𝑥2𝑢𝑥2𝑥2 = 0  in ℝ2.

Appendix

• ℝ𝑛 is the 𝑛-dimensional Euclidean space.

• 𝑈𝑇 = 𝑈 × (0, 𝑇 ].

• IVP stands for initial value problem.

• We recall the Legendre transform of a function 𝐻:

𝐻∗(𝑝) = sup
𝑣∈ℝ𝑛

{𝑝 ⋅ 𝑣 − 𝐻(𝑣)}.

• For any function 𝑢 ∈ 𝐿1(ℝ𝑛), we define its Fourier transform as

ℱ(𝑢)(𝜉) ≜ 𝑢̂(𝜉) ≜ 1
(2𝜋)

𝑛
2

∫
ℝ𝑛

𝑒−𝑖𝑥⋅𝜉𝑢(𝑥)𝑑𝑥,

and its inverse

ℱ−1(𝑢)(𝑥) ≜ 1
(2𝜋)

𝑛
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∫
ℝ𝑛

𝑒𝑖𝑥⋅𝜉𝑢(𝜉)𝑑𝜉.



   𝑈  =    𝔹  𝑛   (  0  ,   2023   ) 


   𝑢  ,  𝑣  ∈    𝐶  2   (    𝑈  ‾   ) 


   𝑈 


   𝑢  ≥  𝑣 


   𝑢  (  0  )  =  𝑣  (  0  )  =   100  


   𝑢  (  𝑥  )  =  𝑣  (  𝑥  ) 


   𝑥  ∈  𝑈 


   𝑈  ⊂    ℝ  𝑛  


     𝑢  1   ,    𝑢  2   ∈    𝐶  2   (      𝑈  ¯   𝑇   ) 


   {              𝜕  𝑡   𝑢  −  Δ  𝑢  =  0            on      𝑈  𝑇   ,        𝑢  =  𝑔            on    𝜕  𝑈  ×  [  0  ,  𝑇  ]  ,         


     𝑢  1   (  𝑥  ,  𝑇  )  =    𝑢  2   (  𝑥  ,  𝑇  ) 


   𝑥  ∈  𝑈 


   𝑢  ≡    𝑢  ˜  


     𝑈  𝑇  


   {              𝑢    𝑡  𝑡    −  Δ  𝑢          =  0    on      ℝ  𝑛   ×  (  0  ,  ∞  )  ,        𝑢  =  𝑔  ,    𝑢  𝑡           =  0    on      ℝ  𝑛   ×  {  𝑡  =  0  }  ,         


   {              𝜕  𝑡   𝑢  +  𝑎    𝜕  1   𝑢  +  𝑏  𝑢  =  0    in        ℝ  2   ×  (  0  ,  ∞  )             𝑢  (  𝑡  ,  0  )  =  𝑔  (  𝑥  )      on      ℝ  2   ×  {  𝑡  =  0  }  .              


   𝑎 


   𝑏 


             𝑥  1     𝑢    𝑥  1    +    𝑢    𝑥  2    +   10     𝑥  3     𝑢    𝑥  3    =  3  𝑢  ,    𝑢  (    𝑥  1   ,  0  ,    𝑥  3   )  =  𝑔  (    𝑥  1   ,    𝑥  3   )  .      


     𝐻  ∗  


   𝐻 


   𝐻  (  𝑝  )  =  |  |  𝑝  |    |  2   −  1 


   𝑢 


     𝑢    𝑥  1   2     𝑢      𝑥  1     𝑥  1     +  2    𝑢    𝑥  1      𝑢    𝑥  2      𝑢      𝑥  1     𝑥  2     +    𝑢    𝑥  2   2     𝑢      𝑥  2     𝑥  2     =  0      in      ℝ  2   . 


     ℝ  𝑛  


   𝑛 


     𝑈  𝑇   =  𝑈  ×  (  0  ,  𝑇  ] 


     𝐻  ∗   (  𝑝  )  =      s  u  p     𝑣  ∈    ℝ  𝑛     {  𝑝  ⋅  𝑣  −  𝐻  (  𝑣  )  }  . 


   𝑢  ∈    𝐿  1   (    ℝ  𝑛   ) 


   ℱ  (  𝑢  )  (  𝜉  )  ≜    𝑢  ˆ   (  𝜉  )  ≜    1    (  2  𝜋    )    𝑛  2        ∫    ℝ  𝑛      𝑒    −  𝑖  𝑥  ⋅  𝜉    𝑢  (  𝑥  )  𝑑  𝑥  , 


     ℱ    −  1    (  𝑢  )  (  𝑥  )  ≜    1    (  2  𝜋    )    𝑛  2        ∫    ℝ  𝑛      𝑒    𝑖  𝑥  ⋅  𝜉    𝑢  (  𝜉  )  𝑑  𝜉  . 



