Statistics Prelim, August 2009

Work all 6 problems. Begin each problem on a new sheet of paper, and do not use both
sides of the paper (continue on a new sheet of paper if the solution will not fit on a single
sheet). Calculators are not allowed. State any theorem or fact you use. You may need the
following probability distributions for problems.

e Poisson()\): f(x) = C*:!Am, =01,
o Exp(\): f(z)=Xe™ ™, 23>0

e Beta(a, 3)

o) = gt B P, o<
o Gammal(c, 3)
fa) = et a0

1. Let the random variables X and Y have joint density function

ye vt for 0<x, 0 <y

0, elsewhere

Ixy(zy) = {

(a) Determine the marginal density fx of X.

(b) Are X and Y independent? Justify your answer.
(¢) For p € R, compute E[(X 4+ 1)77)].

(d)

()

e

Find the conditional density of Y given X = z.

Find the conditional mean and variance of ¥ given X = x.
2. Suppose that X|\ ~ Poisson(A), and A ~ Gamma(«, 3).
(a) Find the marginal probability mass function (pmf) of X.

(b) Find the marginal mean and variance of X.

(¢) Suppose that X, -+, X, are an IID sample from the marginal pmf of X in (a).
Find the Method of Moment estimator of («a, 3).

(d) Suppose X, X, are an IID sample from the following pmf

S A 5o\ o
BolX =)= vonim </3+ 1) o forz=012-

Find the UMP test for testing Hy : 7 = 1 against Hy : > 1 with significance
level o = 13/16.



3. Let X1, Xo, -+, X, be a random sample from a population with probability density
function:
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where # > 0. You may use the fact that E(X?) = 1/6, and Var(X?) = 1/6°
(a) Show that = n/ S°7 | X2 is a consistent estimator of 6.
(b) Find the asymptotic distribution of \/7(6 — 6).
(¢) Find the asymptotic relative efficiency of § using the Cramer-Rao lower bound.
4. Suppose that X;, -, X, is an [ID random sample from a Poisson()\).
(a) Find the MLE of A.
(b) Find the MLE of n = P\(X, = 2).
(c) Find the MVUE of 7 in (b).

Suppose X is a random variable with probability mass function p(z;6), where 6 = 0
or 1. The probability distribution for X is given by

ot
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plz;6=0) 1005 005 01 01 02 05
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(a) Find the most powerful test of size o = 0.1 for testing 6 = 0 against § = 1, when
we observe the single random value Xj.
(b) Compute the power for the test found in (a).
(c) Suppose that X, = 3, Xy = 5 are the observed random sample. What is the MLE
of 67
11D

6. Suppose that we have two independent random samples: X, | X, '~ Beta(u. 1),

and Yy, Y, 1y Beta(d,1).

(a) Find the likelihood ratio test for Hy : 6 = p versus Hy : 0 # p.
(b) Show that the test in (a) can be based on the statistic

‘7 ;L:I log X
D oimy log Xy + Z;n:] log Y

T =

(¢) Find the distribution of 7" when Hy is true, and then explain how to construct a
test of size o = 0.1.



