Statistics Prelim, May 2010

Work all 7 problems. Begin each problem on a new sheet of paper, and do not use
both sides of the paper (continue on a new sheet of paper if the solution will not fit on
a single sheet). Calculators are not allowed. State any theorem or fact you use. You
may need the following probability distributions for problems.
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1. (15 points) Suppose X7 and Xp are independent Frp()\) random variables. Let
le = )(1 et X'Q and Yz = XQ‘

{(a) Find the joint density of ¥7 and Y5.
(b) Find the marginal density of ¥7.

2. (15 points) Let Xy, X,..., X,, be independent and identically distributed N (0, 1)
random variables and Y7, . .., Y, be independent and identically distributed U0, 1]
random variables. Assume X; and Y are independent for any ¢ and j. Define
W, =YX, +(1-Y)Xo,i=1,...,n.

(a) Find the mean and variance of W;.
(b) Find the covariance of W; and W; for i # j.
(¢) Find the mean and variance of S ="' | W;.

3. (15 points) Suppose Xj,..., X, are independent discrete randoin variables with

probability mass function for X;, ¢ =1,...,n, given by

T | 1 2 3
v(x; 6) ' % 2001 —0) (1-—0)°

with 0 < § < 1. Let N; be the number of observations equal to j, j = 1,2,3.

{a) Show that U = 2Nj + N is a sufficient statistic for 6.
(b) Find the distribution of U.
{c¢) Find the MVUE of 6.

4. (10 points) Suppose X, X2 are independent discrete random variables with prob-
ability mass function for X, i = 1,2, given hy
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with 0 < #. Show that X; + X3y is not a sufficient statistic for 6.




5. (15 points) It is sometimes reasonable to think of the lifetime of a piece of equip-
ment as a random variable following an Exp{1/)) distribution where X is an
unknown positive real number. Suppose n identical pieces of equipment are to be
run until they fail and the {random) failure times are given by Xy,.... X,. As-
sume that these are a random sample from the Erp(1/)\) distribution. Consider
the probability of early failure given by

n=PFP(X) <x)=1~-exp(—a/N\)

for some fixed r > 0.

(a) Find the MLE of n.
(b) Find the MVUE of n. (Your answer must be a closed form function of the
data.)

6. (15 points) Let X,.... X, be an IID sample from N(p,0%), where g # 0 and
0% > 0. Let X, be the sample average and let S? be the sample variance.

B 1 n . 1 n B
X, =~ ;Xi, 52 = — ;(Xi - X,)?

(a) Show that X, % u and 52 2 52,
(b) Find the joint asymptotic distribution of

(5~ ()

(Hint: E(X3) = p?® + 3uo? and E(X}) = pt + 6p0” + 30 )
(¢) Find the asymptotic distribution of \/n (52/X,, — 0%/u).

7. (15 points) Suppose that X, Xo,..., X, is a random sample from the following
density function

Fa(1=6)/6 D<z<l
0, otherwise

where € > 0.

(a) Show that the distribution of —log X; is Ezp(1/6).

(b) Show that this family of distributions has monotone likelihood ratio in the
statistic T = — > log X,.

(¢) If we are interested in testing Hy : 8 = 0y versus H; : 8 > f, derive the
form of the UMP size « test.

(d) Explain how you can construct the UMP size o = 0.05 test by using standard
statistical tables such as Normal, ¢, F, and x? tables.



