Probability & Statistics Prelim August 2012

Probability and Statistics Preliminary Examination: August 2012

Instructions:

e Work all 6 Problems. Neither calculators nor electronic devices of any kind are allowed. Clearly state
any theorem or fact that you use. Each of the 6 Problems is equally weighted (but the parts within a
Problem may not be).

e Abbreviations/Acronyms.
— pmf (probability mass function); pdf (probability density function); cdf (cumulative distribution
function); mgf (moment generating function);
— MOME (method of moments estimator); MLE (maximum likelihood estimator); UMVUE (uni-

form minimum variance unbiased estimator); UMP (uniformly most powerful test); LRT (likeli-
hood ratio test); MLR (monotone likelihood ratio).

e Notation.

— I(z € A) or I4(z): indicator function for set A; takes on the value 1 if z € A and 0 otherwise.
— E(X): expectation of random variable X.

— V(X): variance of random variable X.

— X ~ N(a,b): X has a normal distribution with mean a and variance b.

e Common distributions and other results.

Poisson(\): E(X) = A, V(X) = ), and pmf
-z

f@) =Xz e(01,-})

!

Exponential(A): E(X) = ), V(X) = X2, and pdf
)= —i—e_"/’\I(x > 0)
Beta(a, §): E(X) = a/(a+ B), V(X) = aB/[(c+ A)*(a + B+ 1)), and pdf

i) = 1ﬁ—(a—_f-—’[—jz-:1:"‘—1(1 —z2)f 1 I0<z <)

I(a)T(B)
Gamma(a, 8): E(X) = af, V(X) = o2, and pdf
N 1 a—1_-—x/8
f(x)—r(a)ﬂa:c e P I(x > 0)
Order Statistics: Let X (1) < -+ £ X(p) denote the order statistics from a random sample Xy, ..., X;,.

If X, is continuous with pdf f(2) and cdf F(z), the pdf of X(;), (X(;;, X(;)), and A ) s
are given by:
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X I(—oc < 2; £ j < 00)

FX Xy (T1s o <5 Zn) = nlf(21) - f(zp)[(—00 < 21 < -+ < &p < 00)
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1. Toss n fair dice together. This constitutes the first toss. Now pick up only those not showing a 6, and
toss them (together). This constitutes the second toss. Continue doing this until all dice show a 6.
Let X denote the total number of tosses made. For example, if all dice show a 6 after the first toss,
then X = 1. (Assume independence between tosses, and among dice within a toss.)

(a) How many tosses do you ezpect to make if n = 1?

(b) Compute the cdf of X for general n > 1.

(c) Show that for a discrete random variable Y whose range is the non-negative integers,

E(Y)=) P >y).
=0

(d) Using the above results, or otherwise, evaluate E(X) for the case n = 2.

2. Let Xj,..., X5 be a random sample of size 5 from a Uniform distribution on the interval (0, 1). Denote
the corresponding order statistics by ¥; < --- <Y5. Define U =Y, — Y, and V = Y5.

(a) Determine the joint distribution of (Y2, Ys).

(b) Find the joint distribution of (U, V).

(c) Show that the marginal distributions of U and V are each Beta(2, 4).
(d) Find py,v, the correlation coefficient between U and V.

3. Let the random vector (Xi,...,X,) follow a multivariate normal distribution with E(X;) = ux,
V(X;) = o2, and Cov(X;, X;) = po?, fori = 1,...,n, j = 1,...,m, @ # j, where 0 < p < 1.
Additionally, let Y3,...,Y,, be a random sample from a N(uy,o?) distribution, and assume that
X, and Y} are independent, for any ¢ = 1,...,n and any k = 1,...,m. Let X = 3" | X;/n and
Y =Y 1L, Yi/m denote the sample means of the X’s and Ys, respectively, and let S2 = 7 (¥} —
Y)?/(m — 1) be the sample variance of the ¥’’s.

(a) Show that the variance of X is given by
— 0'2
YV(X) = = N+ (n-1).

(b) Is X a consistent estimator of px? Justify your answer.

(c) Find the exact distribution of -
(X — px) n
Sy 1+(n—1)p

(d) Does 5% £ 027 Justify your answer.
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4. One way to skew a symmetric distribution, is to introduce a skewness parameter 8 € (—o0,00) into
the definition of the pdf. If #(z) and ®(2) denote respectively the pdf and cdf of a standard normal
random variable Z, then X is said to have a skew-normal distribution if its pdf is given by

f(z) =2¢(x)@(Bz)I(—00 < x < ).

Assume that a random sample Xi,..., X, is available from the distribution of X.

8
E(X)=\/;1+ﬁ2‘

(b) Show that X2 ~ x2, a chi-square distribution with one degree of freedom. What does this fact
imply about the relationship between the even moments of X and Z?

(c) Find a MOME for 8.
(d) In the case n = 2 and z; + x2 = 0 with z; # 0, find the MLE of 3.

(a) Show that

5. Let the pdf of the bivariate random vector (X,Y) be the product of the pdfs of two independent
exponentials, X ~ Exp(1/6) and Y ~ Exp(#), such that the joint pdf is given by

f(z,y|0) = exp {—03: - %}I(.‘II > 0)I(y > 0)I(6 > 0).

For a random sample of size n from this joint pdf, (X1,Y1),..., (Xn, Ys), define the following statistics:
W=3" X, V=" % T=/V/W,and U = VVW.
(a) Show that (W,V) is a minimal sufficient statistic for #, but is not a complete statistic.

(b) Show that U is ancillary for 6. [Hint: after obtaining the joint distribution of (T, U), use the fact
that [;° 1 exp{—0y/z — yz/0}dz = 2K(2y), where Ky(-), a modified Bessel function of the 2nd
kind, is independent of 6.]

(c) Show that T is the MLE of 6.

(d) Compute the asymptotic (large sample) distribution of the MLE of . Use this result as the basis
for constructing an asymptotic (1 — a) confidence interval for 6.

6. Let Xi,...,X, be a random sample from the Weibull distribution with pdf
f(z]0) = 6z ! exp{—02"}I(x > 0),

where v > 0 is known and # > 0 is unknown. Note that E(X{) =1/6, and let T = Y"1, X;'. We are

interested in testing Hp : %- < % vs. Hy : % > 913.

(a) Show that a UMP test exists, and can be based on 7. Find the form of the rejection region.

(b) Show that the critical value of the rejection region for the UMP test can be based on an appro-
priate quantile from a x2 distribution, and find the power function of the corresponding size o

test.
(c) Obtain an eract (non-asymptotic) (1 — ) one-sided confidence interval for 1/6 of the form
(€(x), 0c), for some £(x) which is a function of the data sample x = (z1,...,1,).

(d) Suppose 1/6p = 12. By using a normal approximation to the distribution of T, find a formula for
the minimum sample size n that ensures the UMP size a = 0.01 test of (a) has power at least 0.95
at the alternative value 1/6; = 15. [Note the following standard normal quantiles: zqg; = 2.33
and 20.05 = 1.645.]



