
Real Analysis Preliminary Examination
August, 2025

DIRECTIONS: Complete seven (7) of the following nine problems, and indicate in 
the box below which seven problems should be graded.

If you do not do this, then problems 1-7 will be graded. Strive for clear, detailed, and 
legible solutions.

PROBLEMS

1. Let 𝜇∗ be an outer measure on 𝑋 and {𝐸𝑛}∞
1  be a sequence of subsets of 𝑋 (not necessarily 

𝜇∗-measurable) such that ∑∞
𝑛=1 𝜇∗(𝐸𝑛) < ∞. Prove that both 𝐸 = ⋂∞

𝑘=1 ⋃∞
𝑛=𝑘 𝐸𝑛 and 

𝐹 = ⋃∞
𝑘=1 ⋂∞

𝑛=𝑘 𝐸𝑛 are 𝜇∗-measurable.

2. Let (𝑋.ℳ, 𝜇) be a finite measure space and {𝑓𝑛}∞
1  be a sequence of measurable functions 

such that lim𝑛→∞ 𝑓𝑛 = 0 a.e. Let

𝐸𝑛 = {𝑥 ∶ |𝑓𝑘(𝑥)| ≤ 1 ∀𝑘 ≥ 𝑛} and 𝐸 = {𝑥 ∶ lim
𝑛→∞

𝑓𝑛(𝑥) = 0}

Prove that
𝐸 ⊂

∞
⋃
𝑛=1

𝐸𝑛 and lim
𝑛→∞

𝜇(𝐸𝑐
𝑛) = 0.

3. Let (𝑋.ℳ, 𝜇) be a measure space and 𝑓 ∶ 𝑋 → [−∞, ∞] be ℳ-measurable. Prove that if 𝑓
is integrable, then |𝑓| < ∞ a.e.

4. Let (𝑋, ℳ, 𝜇) be a finite measure space and 𝑓 ∈ 𝐿1(𝑋, ℳ, 𝜇). Prove that

lim
𝑛→∞

∫
𝑋

|𝑓|1/𝑛 𝑑𝜇 = 𝜇({𝑥 ∈ 𝑋 ∶ 𝑓(𝑥) ≠ 0}).

5. Let 𝑓, 𝑔 ∈ 𝐿1(ℝ, ℒ, 𝑚), and

𝑓 ∗ 𝑔(𝑥) = ∫ 𝑓(𝑦 − 𝑥)𝑔(𝑦) 𝑑𝑚(𝑦).

Prove that 𝑓 ∗ 𝑔 ∈ 𝐿1(ℝ, ℒ, 𝑚) and

∫ 𝑓 ∗ 𝑔 𝑑𝑚 = ∫ 𝑓 𝑑𝑚 ∫ 𝑔 𝑑𝑚.

6. Let (𝑋, ℳ, 𝜈) be a signed measure space. Prove that for any 𝐸 ∈ ℳ

|𝜈|(𝐸) = sup {|𝜈(𝐴)| + |𝜈(𝐵)| ∶ 𝐴, 𝐵 ∈ ℳ, 𝐸 = 𝐴 ∪ 𝐵, 𝐴 ∩ 𝐵 = ∅} .



7. Let 𝑋 be a normed space and 𝑥 ∈ 𝑋 be a nonzero vector. Prove that there is a bounded 
linear functional 𝑓 such that

𝑋 = ker(𝑓) ⊕ span(𝑥).

8. Let 𝐸 be a closed subspace of a Hilbert space 𝐻 and {𝑣𝑖 ∶ 𝑖 ∈ ℕ}𝛼∈𝐴 be an orthonormal basis 
for 𝐸. Prove that for any 𝑥 ∈ 𝐻, 𝑧 = ∑∞

𝑖=1⟨𝑥, 𝑣𝑖⟩𝑣𝑖 converges in 𝐸, and 𝑧 is the unique vector 
in 𝐸 closest to 𝑥.

9. Let 𝑔 ∈ 𝐿∞(ℝ, ℒ, 𝑚) and 1 ≤ 𝑝 < ∞. Define a linear operator 𝑇 on 𝐿𝑝(ℝ, ℒ, 𝑚) by 𝑇 (𝑓) = 𝑓𝑔. 
Show that 𝑇 is a bounded linear operator on 𝐿𝑝(ℝ, ℒ, 𝑚) and ‖𝑇 ‖ = ‖𝑔‖∞.



     𝜇  ∗  


   𝑋 


   {    𝐸  𝑛     }  1  ∞  


     ∑    𝑛  =  1   ∞     𝜇  ∗   (    𝐸  𝑛   )  <  ∞ 


   𝐸  =    ⋂    𝑘  =  1   ∞     ⋃    𝑛  =  𝑘   ∞     𝐸  𝑛  


   𝐹  =    ⋃    𝑘  =  1   ∞     ⋂    𝑛  =  𝑘   ∞     𝐸  𝑛  


   (  𝑋  .  ℳ  ,  𝜇  ) 


   {    𝑓  𝑛     }  1  ∞  


       l  i  m     𝑛  →  ∞        𝑓  𝑛   =  0 


     𝐸  𝑛   =  {  𝑥  ∶  |    𝑓  𝑘   (  𝑥  )  |  ≤  1      ∀  𝑘  ≥  𝑛  }           and           𝐸  =  {  𝑥  ∶      l  i  m     𝑛  →  ∞        𝑓  𝑛   (  𝑥  )  =  0  } 


   𝐸  ⊂    ⋃    𝑛  =  1   ∞     𝐸  𝑛            and                 l  i  m     𝑛  →  ∞      𝜇  (    𝐸  𝑛  𝑐   )  =  0  . 


   𝑓  ∶  𝑋  →  [  −  ∞  ,  ∞  ] 


   ℳ 


   𝑓 


   |  𝑓  |  <  ∞ 


   (  𝑋  ,  ℳ  ,  𝜇  ) 


   𝑓  ∈    𝐿  1   (  𝑋  ,  ℳ  ,  𝜇  ) 


       l  i  m     𝑛  →  ∞      ∫  𝑋   |  𝑓    |    1  /  𝑛      𝑑  𝜇  =  𝜇  (  {  𝑥  ∈  𝑋  ∶  𝑓  (  𝑥  )  ≠  0  }  )  . 


   𝑓  ,  𝑔  ∈    𝐿  1   (  ℝ  ,  ℒ  ,  𝑚  ) 


   𝑓  ∗  𝑔  (  𝑥  )  =  ∫  𝑓  (  𝑦  −  𝑥  )  𝑔  (  𝑦  )    𝑑  𝑚  (  𝑦  )  . 


   𝑓  ∗  𝑔  ∈    𝐿  1   (  ℝ  ,  ℒ  ,  𝑚  ) 


   ∫  𝑓  ∗  𝑔    𝑑  𝑚  =  ∫  𝑓    𝑑  𝑚  ∫  𝑔    𝑑  𝑚  . 


   (  𝑋  ,  ℳ  ,  𝜈  ) 


   𝐸  ∈  ℳ 


   |  𝜈  |  (  𝐸  )  =    s  u  p       {  |  𝜈  (  𝐴  )  |  +  |  𝜈  (  𝐵  )  |  ∶    𝐴  ,  𝐵  ∈  ℳ  ,      𝐸  =  𝐴  ∪  𝐵  ,      𝐴  ∩  𝐵  =  ∅  }   . 


   𝑥  ∈  𝑋 


   𝑋  =    k  e  r   (  𝑓  )  ⊕   span   (  𝑥  )  . 


   𝐸 


   𝐻 


   {    𝑣  𝑖   ∶  𝑖  ∈  ℕ    }    𝛼  ∈  𝐴   


   𝑥  ∈  𝐻 


   𝑧  =    ∑    𝑖  =  1   ∞   ⟨  𝑥  ,    𝑣  𝑖   ⟩    𝑣  𝑖  


   𝑧 


   𝑥 


   𝑔  ∈    𝐿  ∞   (  ℝ  ,  ℒ  ,  𝑚  ) 


   1  ≤  𝑝  <  ∞ 


   𝑇 


     𝐿  𝑝   (  ℝ  ,  ℒ  ,  𝑚  ) 


   𝑇  (  𝑓  )  =  𝑓  𝑔 


   ‖  𝑇  ‖  =  ‖  𝑔    ‖  ∞  



