Real Analysis Preliminary Examination

August, 2025

DIRECTIONS: Complete seven (7) of the following nine problems, and indicate in
the box below which seven problems should be graded.
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If you do not do this, then problems 1-7 will be graded. Strive for clear, detailed, and
legible solutions.

PROBLEMS

1. Let u* be an outer measure on X and {£,}3° be a sequence of subsets of X (not necessarily
p*-measurable) such that Z:;O:l w*(E,) < oo. Prove that both E = ﬂzozl U;zo:k E, and

F = Uzozl ﬂzo:k E, are p*-measurable.

2. Let (X.M,p) be a finite measure space and {f,}{° be a sequence of measurable functions
such that lim, =0 a.e. Let

n—oo Jn

E,={a:|fia)| <1 Vk>n} and E={z: lim f,(z) =0}

lim
n—oo
Prove that -

Ec|JE, and lim p(ES) =0.

n—oo

3. Let (X.M,u) be a measure space and f : X — [—00, 00| be M-measurable. Prove that if f
is integrable, then |f| < co a.e.

4. Let (X, M, p) be a finite measure space and f € L' (X, M, ). Prove that

tim [ 11 dp = plf € X - fla) £ 0}
X
5. Let f,g € LY(R, £, m), and
fxg(x)= /f(y —z)g(y) dm(y).

Prove that f * g € L'(R, £,m) and

/f*gdm:/fdm/gdm.

6. Let (X, M,v) be a signed measure space. Prove that for any £ € M

\V|(E) =sup{|v(A)|+ |v(B)|: A,BeM, E=AUB, ANB=10}.



7. Let X be a normed space and = € X be a nonzero vector. Prove that there is a bounded
linear functional f such that
X = ker(f) @ span(z).

8. Let E be a closed subspace of a Hilbert space H and {v; : i € N},c4 be an orthonormal basis
for E. Prove that for any z € H, z = 221 (x,v;)v; converges in E, and z is the unique vector
in E closest to z.

9. Let g € L*(R, £,m) and 1 < p < co. Define a linear operator T'on LP(R, £,m) by T'(f) = fg.
Show that T'is a bounded linear operator on LP(R, £,m) and |T'|| = ||| s-
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