
Real Analysis Preliminary Examination
May, 2025

DIRECTIONS: Complete seven (7) of the following nine problems, and indicate in 
the box below which seven problems should be graded.

If you do not do this, then problems 1-7 will be graded. Strive for clear, detailed, and 
legible solutions.

PROBLEMS

1. Let 𝜇∗ be an outer measure over 𝑋 and 𝐴 be a 𝜇∗-measurable set. Prove that if a set 𝐸 ⊂ 𝑋
has the property that 𝜇∗(𝐸 𝐴) = 0, then 𝐸 is 𝜇∗-measurable.

2. Let 𝑚∗ be the Lebesgue outer measure on 𝒫(ℝ) and 𝑚 be the Lebesgue measure. Prove that 
∀𝐸 ⊂ ℝ, ∃ a Borel set 𝐵 ⊂ ℝ such that 𝐵 ⊃ 𝐸 and 𝑚(𝐵) = 𝑚∗(𝐸).

3. Let (𝑋, ℳ, 𝜇) be a complete measure space and 𝑓, 𝑔 ∶ 𝑋 → [−∞, ∞] such that 𝑓 = 𝑔 a.e. If 
𝑓 is ℳ-measurable, prove that 𝑔 is also ℳ-measurable.

4. Compute

lim
𝑛→∞

∫
∞

0

𝑥√
1 + 𝑥𝑛 𝑑𝑥

and justify all your steps.

5. Let 𝑓 be a Lebeqgue integrable function over ℝ. Prove that ∫∞
0 ∫∞

ln 𝑦 𝑒−𝑥𝑓(𝑥) 𝑑𝑥𝑑𝑦 exists, and

∫
∞

0
∫

∞

ln 𝑦
𝑒−𝑥𝑓(𝑥) 𝑑𝑥𝑑𝑦 = ∫

∞

−∞
𝑓(𝑥) 𝑑𝑥.

6. Let 𝜈1, 𝜈2, 𝜇 be finite signed measures such that 𝜈1 ⟂ 𝜇 and 𝜈2 ⟂ 𝜇. Accepting the fact 
without proving that 𝑎𝜈1 + 𝑏𝜈2 is a signed measure for any 𝑎, 𝑏 ∈ ℝ, prove that

(𝑎𝜈1 + 𝑏𝜈2) ⟂ 𝜇.

7. Suppose 𝑓 ∈ 𝐶[𝑎, 𝑏], −∞ < 𝑎 < 𝑏 < ∞, and for every nonnegative integer 𝑘, ∫[𝑎,𝑏] 𝑓(𝑥)𝑥3𝑘 𝑑𝑥 =
0. Show that 𝑓 ≡ 0 on [𝑎, 𝑏].

8. Let 𝑋, 𝑌 be Banach spaces over ℝ, 𝐿(𝑋, 𝑌 ) be the space of bounded linear operators from 
𝑋 to 𝑌, and {𝑇𝑛} ⊂ 𝐿(𝑋, 𝑌 ) which converges pointwise on 𝑋 to a function 𝑇. Show that 
𝑇 ∈ 𝐿(𝑋, 𝑌 ).

9. Suppose 𝑓 ∈ 𝐿𝑝(𝑋, ℳ, 𝜇) for all 1 ≤ 𝑝 < ∞ and that there exists a constant 𝑐 > 0 such that 
‖𝑓‖𝑝 ≤ 𝑐 for all 1 ≤ 𝑝 < ∞. Prove that 𝑓 ∈ 𝐿∞(𝑋, ℳ, 𝜇).
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