
Real Analysis Preliminary Examination
Augrrst,  2007

Do T of the fol lowing 1O problems. You must clear ly indicate which 7 are to be graded.

Str ive for c lear and detai led solut ions'

1. FoI i r  f ixcr l  r11 € i rR. lct  1r(E) --  {  |  
i f  : r11 € E

(a) I,rovc that 1r is a, rnt:asru'c orr the a-;rlgelrt'a 2(R) of all sttllstrts of iR.'

I '

(b) Finrl 
.l 

l ',tr ftrr a givtrtt l itttt 't iotr /' rlt 'f iutrtl on R'

2. Provc ur tlisplove: Evury rcal-virht<rtl tttcilsrtrtrbltt futtr:tiott .ry otr R which salisfics

r r r ( { r ;  €  " R :  l 9 ( r ) l  > . i } )  a  + ,  V c r  €  ( 0 , o c ) ,  i s  i n t e g r a b l e  o n  R '
d '

3.  Le t  (X ,M,p)  bearneasurespaceand le t  i /1 )p ,  beasequet rce in .Lp(X,  M,p)  s t tch tha t  Dt r  l l / * l l ,  <

oc. Prove that ![=r /6 couvel'$es in thc trp nortn'

4 .  S r r y r p < . r s e  J e  L p ( X . M , t t ) { i r r i r " l l l ( p < o c a n d t h a t t h e r e e x i s t s a t : o t t s t a t r t c ) 0 s u c h t h a t l l / l l r S c
l i r r  a l l  1 (  p  (  r c .  P r o v c  t h a t  /  e  L n ( X . M , p ) '

5 .  L t : t  ub( :as igued r r )oasr l reor r  t lu l  n teasurab les l rac t t  (X ,  M)  a r ; . )  I r l t  l r ' l  =  u t  +z=.  w l t< l rc l  u  =  u+ -u*

is the Jordan Decornposit ion of y.  Plove that lz l (E) : .upI l "@)1, wherc the srtpretntrrr t  is taken
t = t

over al l  U' i=,  E,:  E with E; pa. i rwistr  dis. ioint .

d. I)t:l itrs a l1rr1l rr)oirslrro l/ olr r. topologi<:al spat:t: to bc rr:grtl,rt'r ' if t:;tr;h Bot't:l st:t, B has the followirrg

propcr ty :  Fo l  car ,h  e  )  0 ,  thc rc r :x is ts  a . I I ( ) i )onset  [ /  z rn r l  a t : los t t r l sc t  Fs t tch  tha t  FC B C[ /  t r t td

1r(L/ \  F) <..  Provr:  that i f  p is a f i l i te Borcl  nlc?Isuro ott  a t t t r : t l i r :  spac(r X, tht :n p is regular '

(Hi,nt: Cotuirlet'th,t: c:la,ss A o,f Bon'l sr:ts utlt;i,clt, lt,uue tlt,e sto,t,etl t 'egu,lo,rit 'y proqtr'rt11,)

7. Let, g | [o,.bl -+ R be absolutclv continuous and rronotone. Prove that if E C la',b] with m(E) = 11

theu rn (9(E) )  :  0 '

8. Sulrpose I,\11, u is a o-lilritc signcd rnrlasrlro alrd p is a o-filrit.e n)easures on (X,M) such that u 1<. 1t.

I f  g  e  L t ( X , M .  z ) ,  p r o v e  t h a t

tltt
, , ,1r ,  L ' (X.M. t , \  o , , ,1  

/  !  t l t t  =  
. l  u#,  0 , '

{J .  Ls l  
' I ' :  H -+ H l re a } l t . , r r r r rk :< l  l i r rc iu 'o1;crat  r l r  o I r  a  l l i l l t t t r t  s l ta t : t '11.  Pl r lvr :  t } rat

( i r )  t l r r : rg sx is t ,s  a urr i<1rrc l r<rr r r r rkr< l  l i t rcar  opcl ' i t l ,o t  ?*  ot r  H st t<:h that  (?. / .  f l )  :  ( l ' ,7-9)  fbr  a l l

,f '11 e H at<l

(b )  l iT l l  -  l l 7 - l l .

(H in t : . f rn  (b ) . . f i , r ' s t ,  l t r t t r r ' . l l " l l  : s r r1 r { l (7 . f . . , / ) l  , l l . l ' l l  <  t . l l r i l l  <  1 } )

l ( ) .  l , c t  . l  ( -  l , ) 1 ( ( r . r r ) )  ; L r u l  { i  ( : r )  =  [ "  
! - ' - 1 '  , l /  I i r r  t )  < i : r  1 q .  P L e v l  t , l t i r t  r /  €  1 , ] ( ( 0 . 2 ) )  . u r l' t t ,

f ' l ' "
I  9 ( , , , )  d r  -  

|  . l ' (  t )  r l t  .
. /11 , l  l


