Real Analysis Preliminary Examination
May, 2007

Do 7 of the following 10 problems. You must clearly indicate which 7 are to be graded.
Strive for clear and detailed solutions.

Lo Let 0.< f, < fowhere £, and f are measnrable fanctions and T f, () = f(r) for every . Prove
ooy

that  fim /f,,(.r) S //(1)

20 Let (XO MU be a a-finite measure spicce. Show that there are at most countably many a € X tor
which je({a}) > 0.

3. a. Let B(X) denote the space of bounded complex-valued functions on the set X with the uniform
wetric pOf, g) = sup{|f () — gt e € X} Prove that B(X) is complete.

b IF X is a topological space. lof BCX) denote the space of hounded contimions complex-valned
hunctions ou X, Prove that BC(X) is a closed subspace of B(X).

4. Let f € L%(R) with respect to Lebesgue measure. Prove that

[ can be represented in the form
f=g+h where g € LY(R) and b e L¥(R).

Cdx
- Let P =(0,o¢). Define a Borel measure feon P by pn(B) = / hady Let f,9 € Li(p).

B

4]

a. Prove that the set
A=AdwelP it~ f(e/t)g(t) isin L' (1)}
satisfics u(P\ A) = 0.

b. Prove that the function

.
/ fle/t)glt) di(t). z € A
/),(.'l:) = 70
0, otherwise
is in L'(;l,).

(Note: You need not prove that fl/t) is measurable.)

6. Let X and Y be Banach spaces. Let {T.} be a sequence of bounded linear operators from X to
Y such that for each @ € X, lim T, () exists in Y. Define T(r) = lim T,(x). Prove that T is a
I

o2 %2

bounded linear operator from X 1o Y.

=~

A function f: fa, b} — R is called Lipschitz if there exists M > O such that [ f () — f(y)] < M|z - y]
tor all .z, y & [a,bl. Prove that [ is Lipschitz if and only if it is absolutely continmous and f'ie) is
bounded iw.e. on fa. b].

8. ac State the Radon-Nikodym Theoren.

b Prove it tor a-finite 1acasures, asstining the resalt for finite measirees,

ENoLes van necd nol Prove migueness.)

9. Let f oo bl -2 2 be a Lebesgne mtegrable function. and let ¢ > 0. Prove that there CXIsts i
)

polynomial p siuch that Sley = pla)l de < ¢

oy

L. Let [ beareal vilned Dinction o 1), Fpad Mo,

a. Suppose that [ s differentinble on (0. 1) and TSN Prove that s bounded.
b Suppose that [ is differentiable ae. (worl. Lebesgiue mensuve; on (0. 1) and ST M oeverywhiere
that [ s defined. Does it follow that 1 is bonnded? udly justily your answoer,



