Real Analysis Preliminary Examination
August, 2010

Do 7 of the following 9 problems. You must clearly indicate which 7 are to be graded. Strive
for clear and detailed solutions.

1.

Let p be a complete measure. Prove that if f is a measurable function and if f = g y-a.e., then g is a
measurable function.

Let £ C P(X) and p: & = [0,00] be such that € £, X € £, and p(#) = 0. VA C X, define

p*(A) = inf Zp(E EeEandACUE

7=1
Prove that p* is an outer measure.

Let f be a nonnegative element of L'[0,1]. Prove that

1
lim / (F@)Y* dz = m({z € [0,1]|f(x) > 0}).

N300 0

Suppose {f.} C L* (nonnegative measurable functions), f, — f pointwise, and [ f = lim, a0 fo <
0o. Prove that for all F € M
/ f= lim fn
n— 00

. Let 1 <p < oo, ! + E =1, f e LP(R), and g € LYR). Prove that
r q

fste) = [ e -t

exists for every z, ||f * glloc < ||fll»llgll4, and f * g is uniformly continuous.

Suppose f is absolutely continuous on R and f € L*(R). Prove that if, in addition,

lim w dr =0,
t—0% Jp t

then f = 0. (Hint: begin your work with Fatou)

Let f: R™ — R be Lebesgue measurable. Assuming that Lebesgue measure is translation invariant,
prove that the Lebesgue integral is translation invariant, i.e. prove that if f € L'(R"), then

/f(l”) dm™ = /f(;r, + 1) dm™.

Suppose that there exists a p < oo such that f € LY N L™ for all ¢ > p. Prove that
Ifllee = lim [ f]],.
q—ro0

(Warning: Your argument should also show that the limit exists.)

Let X and Y be normer vector spaces and T be a bounded linear transformation from X to Y. Define
S:Y" = X* by S(f) = foT. Prove that S is a bounded linear transformation and that ||S|| = ||T].
(Possible hint: Hahn-Banach.)



