Real Analysis Preliminary Examination
Mav 2011

Do 7 of the following 10 problems. You nwst clearly indicate which 7 are to be graded.
Strive for clear and detailed solutions.

Iet m denote the Lebesgue measure on B, Prove or disprove: there is a measurable set
i C E with the property that for every hounded intovval 7. (AN Iyjmi =1/2.

20 Let (N.®) be a measurable space and oy € . Deline a measure d,, on this space by
O B = \, (1) (you may assume withont proof thar O, 08 @ measure). Show that if f s
0y- meaxmal le then /\ foddy,, = flrg)

3. Let (X.®. 1) be a measure space and {f,} a sequence of measurable functions on X. Let
v |

E denote the sct of points o at which the sequence { .01} does not converge. Show that £

1s measurable.

4. Suppose fis a Lebesgue integrable function on B with the property that j, Jdm =0 for
every mmterval /. Show that f = 0 a.e..

5. Suppose f e Cla.b] and for every nonuegative inteeer A ][ P Cflyett da = 00 Show that
f=0on[all.

6. Let (N.®. 1) be a finite measure space.

(i) Show that L*(X. ) C LN X ).

(i) Suppose that { f, },=1 s a Cauchy sequence of functions in L2(X p). Show that { .},
1s also Canchy with respect to the Li-norn.

7. Determine lim ————— du. (As alwavs, vou must justify cach step.
y
el [‘1/” ! \ . . . S /
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8. Show that L>[0.1] is not separable.

9. Let H be a Hilbert space with inner product (—. -} and « a nonzero element of . Define
a function F'on H by F(r) = (. ).

(1) Show that £ is continuous on H.

(ii) Show that Fis an open mapping.

100 Let Vo=V = {1.2....} and g = » be the counting wmeasure on X aud Y respectively.
Let

22700 e =y
floeyy)=q =242 ifr=y+1.
0. otherwise.
Computo/ ]3 /(z g) dvly) dpd. [) / flroy) dulr) dely). j\X) I dlple)y < viy))
and / o STy d(ply > 1/(3/))‘ Exp }(nn in detail why thwe results dou r (ont,‘lzuh(‘t the

theorens of Fubnn and Tonelli.



