Topology Preliminary Exam
May 2025

Directions

Endeavor to provide details for any arguments made during the
course of a proof that are as complete as possible. If any major
theorem is used in any argument, give a precise statement of that
theorem.

There are eight questions on the exam. You will be graded on your seven
best answers.

Problems

1. Consider the real line R and its quotient by the subspace of rational
numbers Q:
r~y< (xe€Q and yeQ).

Prove that the quotient is not Hausdorff.

2. Determine whether the following spaces are homeomorphic. Make sure
that you provide a proof:

(a) The spaces

X:={2zeC:1<|2|<2} and Y:={z€C:1<|z] <2}

(b) The circle and the sphere
St i={(z,y) eR?:a? +¢* =1}, and
S% = {(z,y,2) ER3: 2?2 + o2 + 22 =1},
(¢) The spaces

X:={(r,y) €eR?: |z| <1} and Y :={(z,y) €R®:|z| > 1}.



. Let z,,,n € N be a sequence of points in a metric space X that converges
to a point x € X. Prove that the set

K :={z}U{z, :neN}
is a compact subset of X.
. Consider the lines in the plane given by
L, := {(:zz,y) €ER?:2>0 and y= %}, n=12,...

Set -
zy = (1,0) and C :={zy}U U L,.

n=1

Prove that C'is a connected subset of R?.
. Give a complete proof of the Tietze Extension Theorem.

. Let p: X > Xbea covering space mapping a basepoint T, € X to
a basepoint x; € X. Prove that any path v : [0,1] — X with initial

point z; has a lift 4 : [0,1] — X starting at z,

pey=r.
. Consider the unit disc and the unit circle in the complex plane,
D:={z2€C: |2/ <1} and S':={z€C:|z|=1}.

Consider the action of Z/nZ on S*;

-
k-z:= e¥z, keZ/nZ,zc S

Let Y be the quotient of D by the relation
z~k-z, keZ/nZ,zc S

Note that only points on the boundary S* are related. Using the Seifert-
Van Kampen Theorem or otherwise, compute the fundamental group
of Y.

. Consider the two circles
Cp:={z€C:lz|=1} and Cy:={z€C:|z—1]=1}

and denote their union by C' := C; U Cy. Using Mayer-Vietoris or
otherwise, compute the singular homology groups of C.




   ℝ 


   ℚ 


   𝑥  ∼  𝑦  ⇔  (  𝑥  ∈  ℚ     and     𝑦  ∈  ℚ  )  . 


   𝑋  ∶  =  {  𝑧  ∈  ℂ  ∶  1  ≤  |  𝑧  |  ≤  2  }     and     𝑌  ∶  =  {  𝑧  ∈  ℂ  ∶  1  <  |  𝑧  |  <  2  }  . 


           𝑆  1      ∶  =  {  (  𝑥  ,  𝑦  )  ∈    ℝ  2   ∶    𝑥  2   +    𝑦  2   =  1  }  ,     and           𝑆  2      ∶  =  {  (  𝑥  ,  𝑦  ,  𝑧  )  ∈    ℝ  3   ∶    𝑥  2   +    𝑦  2   +    𝑧  2   =  1  }  .    


   𝑋  ∶  =  {  (  𝑥  ,  𝑦  )  ∈    ℝ  2   ∶  |  𝑥  |  <  1  }     and     𝑌  ∶  =  {  (  𝑥  ,  𝑦  )  ∈    ℝ  2   ∶  |  𝑥  |  >  1  }  . 


     𝑥  𝑛   ,  𝑛  ∈  ℕ 


   𝑋 


   𝑥  ∈  𝑋 


   𝐾  ∶  =  {  𝑥  }  ∪  {    𝑥  𝑛   ∶  𝑛  ∈  ℕ  } 


     𝐿  𝑛   ∶  =  {  (  𝑥  ,  𝑦  )  ∈    ℝ  2   ∶  𝑥  ≥  0     and     𝑦  =    𝑥  𝑛   }  ,    𝑛  =  1  ,  2  ,  …  . 


     𝑥  0   ∶  =  (  1  ,  0  )     and     𝐶  ∶  =  {    𝑥  0   }  ∪    ⋃    𝑛  =  1   ∞     𝐿  𝑛   . 


   𝐶 


     ℝ  2  


   𝜌  ∶    𝑋  ˜   →  𝑋 


       𝑥  ˜   0   ∈    𝑋  ˜  


     𝑥  0   ∈  𝑋 


   𝛾  ∶  [  0  ,  1  ]  →  𝑋 


     𝑥  0  


     𝛾  ˜   ∶  [  0  ,  1  ]  →    𝑋  ˜  


       𝑥  ˜   0  


   𝜌  ∘    𝛾  ˜   =  𝛾  . 


   𝐷  ∶  =  {  𝑧  ∈  ℂ  ∶  |  𝑧  |  ≤  1  }     and       𝑆  1   ∶  =  {  𝑧  ∈  ℂ  ∶  |  𝑧  |  =  1  }  . 


   ℤ  /  𝑛  ℤ 


     𝑆  1  


   𝑘  ⋅  𝑧  ∶  =    𝑒      2  𝑘  𝜋  𝑖   𝑛    𝑧  ,    𝑘  ∈  ℤ  /  𝑛  ℤ  ,  𝑧  ∈    𝑆  1   . 


   𝑌 


   𝐷 


   𝑧  ∼  𝑘  ⋅  𝑧  ,    𝑘  ∈  ℤ  /  𝑛  ℤ  ,  𝑧  ∈    𝑆  1   . 


     𝐶  1   ∶  =  {  𝑧  ∈  ℂ  ∶  |  𝑧  |  =  1  }     and       𝐶  2   ∶  =  {  𝑧  ∈  ℂ  ∶  |  𝑧  −  1  |  =  1  } 


   𝐶  ∶  =    𝐶  1   ∪    𝐶  2  



