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Teacher professional development activities in the USA take many forms
from half-day workshops that focus on particular topics or classroom
techniques to long term course work that offers university level credit. With
few exceptions, the primary goal of such activities is to enhance the
teachers’ classroom effectiveness and improve student achievement. In this
article, we describe a professional development model that strives to
provide middle school mathematics teachers with a deep understanding of
the mathematics they teach, and our attempts to measure its influence on
their mathematics content knowledge.

Keywords: professional development; mathematics knowledge for teach-
ing; algebraic structure; measurement

1. Introduction

In the late 1980s the mathematics community in the USA began to place much
attention on the mathematics preparation of primary and secondary school
mathematics teachers. The Mathematical Association of America put out its call
for change [1] and the National Council of Teachers of Mathematics (NCTM)
announced its curriculum and evaluation standards for school mathematics [2] and
its professional standards for the teaching of mathematics at the primary and
secondary levels [3]. At the same time, a discouraging report on the preparation of
USA elementary school mathematics teachers came out of a major conference held at
the University of Chicago [4]. Inspired by these events, we initiated a project to
reform the mathematics courses required of all students at our university who were
preparing to teach in the primary grades. Our efforts resulted in a three course
mathematics sequence required of all such students [5,6].

The results of the Trends in International Mathematics and Science Study [7]
released in 1999 fueled a greater sense of urgency in the USA education community
when it showed that USA eighth grade students demonstrated significantly lower
proficiency in mathematics than students from Singapore, The Republic of Korea,
Chinese Taipei, Hong Kong, Japan, Canada, Australia, and seven European
countries. The same year Ma [8] published the results of her extensive study
comparing the characteristics and practices of middle school mathematics teachers in
the USA with those of middle school mathematics teachers in China. Ma found that

*Corresponding author. Email: gary.harris@ttu.edu

ISSN 0020–739X print/ISSN 1464–5211 online

� 2011 Taylor & Francis

http://dx.doi.org/10.1080/0020739X.2011.611908

http://www.tandfonline.com

D
ow

nl
oa

de
d 

by
 [

T
ex

as
 T

ec
hn

ol
og

y 
U

ni
ve

rs
ity

] 
at

 0
9:

16
 2

6 
A

ug
us

t 2
01

4 



the Chinese teachers exhibited a much deeper conceptual understanding of the
mathematics they were teaching than did their USA counterparts. She emphasized
the need for middle school mathematics teachers to have a deep conceptual
understanding of the elementary mathematics taught in middle school. However, a
recently released report from the National Academy of Sciences paints a rather bleak
picture of elementary mathematics education in the USA. The report contends that
more than half of the teachers of grades 5–8 (middle school) in the USA neither
majored in mathematics nor are certified to teach mathematics [9, p. 6]. These
findings contributed to an increased interest in the enhancement of the professional
development opportunities for the middle school mathematics teachers.

There is a long history of formal professional development programmes targeting
primary and secondary teachers in the USA. The publications by Loucks-Horsley
et al. [10] and Wei et al. [11] contain a summary of the development of, rationale for,
and current state of such professional development programmes in the USA.
Typically, all school teachers in the USA are required to participate in professional
development activities in order to maintain their teacher certifications, but standards
for such participation vary from state to state, and even from one school district to
another within states. However, approximately 90% of all school teachers in the
USA regularly participate in professional development activities [11]. Typically such
activities involve attendance at half-day, or full-day workshops that provide lecture
or presentations that promote specific classroom suggestions or interventions [12].
We are doubtful whether such professional development activities can provide these
teachers with the deep conceptual understanding of middle school mathematics as
identified by Ma [8] and recommended by the NCTM [13].

With funding from the National Science Foundation (NSF), we embarked on a
project to develop a different professional development model for middle school
teachers of mathematics: the West Texas Middle School Math Partnership
(WTMSMP). The cornerstone of our model is a collection of three intensive, 2
week summer mathematics courses offered at four institutions of higher education to
middle school teachers of mathematics in our region. The purpose of this article is to
examine the influence this model had on the participants in its first 2 years of
implementation. We now proceed with a description of the first two of these courses.

2. The courses

2.1. Theoretical foundation

We believe that it is necessary for the teacher of middle school mathematics to have a
deep conceptual understanding of the mathematics taught in the middle grades.
However, such knowledge alone is not sufficient. The question of just what skills and
knowledge are required of an effective middle school teacher was posed by Shulman
[14,15] in the late 1980s and has been a topic of intense research ever since. Shulman
referred to such knowledge as pedagogical content knowledge (PCK). Deborah Ball
[16], working with various colleagues, has focused on knowledge specific to teaching
mathematics and expanded Shulman’s ideas to include mathematical knowledge for
teaching (MKT).

Much of PCK consists of practical knowledge such as knowledge of pedagogy,
content, classroom management, curriculum, student learning, development. In
addition to these types of knowledge and skills, MKT contains specialized content
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knowledge (SCK) [16]. SCK tends to be more theoretical and conceptual; for
example, with focus on the teachers’ ability to detect and correct student
mathematical misconceptions, and their ability to assess the validity and general-
izability of a student’s non-standard approach to solving problems encountered in
the middle school mathematics curriculum [17, p. 6].

Ball has assigned specific knowledge and skill criteria to Ma’s call for middle
school teachers to have a deep conceptual understanding of the mathematics taught
in middle school. It is this that has driven the development and delivery of our
mathematics courses.

2.2. Course 1

Course 1, titled ‘Integers and fractions: An investigation into the algebraic structure
of our numbers’, begins with the natural numbers from the point view of Bertrand
Russell’s [18] idea of number classes, and addition is defined by combining (disjoint)
number classes. The commutative and associative properties follow naturally. Zero is
defined to be the integer with number class the empty set, then by postulating the
existence of additive inverses, the structure of the group of integers ensues. Exercises
involve teachers discussing common student misconceptions and possible ways of
addressing them. Also, teachers are asked to create novel classroom activities and
concrete models demonstrating the various concepts, and they are asked to evaluate
each such activity and model. For example, the teachers are asked to provide such a
model that demonstrates the meaning of 5þ (�2)¼ 3 and 2þ (�5)¼�3. In one
class, a group came up with the following model: Let 5 represent 5 dogs, �5 represent
5 bones, 2 represent 2 dogs and �2 represent 2 bones, with addition being the
obvious combination of dogs and bones. After a brief discussion, another group of
teachers decided this model was flawed because combining 5 dogs and 5 bones,
results in 5 dogs and no bones. Immediately, the first group saw the problem and
suggested that it could be corrected by letting the positive integer represent the
number of hungry dogs. With that change, the model was deemed by all to be
acceptable for use in the classroom.

Multiplication of positive integers is defined as repeated addition and extended
axiomatically to the set of all negative integers (additive inverses of positive integers),
thus developing the ring structure of the integers. The multiplicative inverse of an
integer is postulated. Addition and multiplication involving integers and multipli-
cative inverses of integers are axiomatically defined to preserve all the existing ring
structure, leading the rational number field. Again, teachers are asked to provide
classroom activities and concrete models for all these operations.

Finally, the least upper bound principal is introduced, leading to the existence of
irrational numbers. All of this is done using only concepts introduced in middle
school mathematics classes.

2.3. Course 2

Course 2 is titled ‘Size in theory and practice’ and covers topics from geometry with
emphasis on measure (size) of sets in zero, one, two, and three dimensions. The size
of a zero-dimensional set (a finite set of points) is defined to be the number of points
in the set.

International Journal of Mathematical Education in Science and Technology 953
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The basic one-dimensional set is defined to be the set swept out by a zero-
dimension set of size 1 (a set with one point) translated a finite distance in a straight
line (a line segment). The size of such a set is defined to be the measure of the
distance the point is translated. Different units of linear measure are discussed and
compared. The distance formula for line segments in the plane is defined via the
Pythagorean Theorem (gotten via an algebraic argument, area not yet having been
discussed). Perimeters of polygons are discussed. This chapter ends with the
definition of the number � and the circumference of circles.

The basic two-dimensional set is defined by the region swept out by a line
segment that is perpendicularly translated a given distance (a rectangle). The size
(area) of such a region is defined to be the size (length) of the line segment times the
perpendicular translation distance. The area formulae for all the polygons typically
considered in middle school are derived from this basic concept. The area of a circle
is defined as the limiting value of the areas of the inscribed regular polygons, and the
area formula for the circle is obtained.

The basic three-dimensional set is defined by the region swept out by a rectangle
that is perpendicularly translated a given distance (rectangular right prism). The size
(volume) of such a region is defined to be the size (area) of the rectangle times the
perpendicular translation distance. Again, all the usual volume formulas for prisms
are obtained. Cavalier’s principle is used to find formulae for the sizes of slant prisms
and cylinders, and parallelograms and triangles with same height and base. Much
effort goes into providing a rigorous derivation of the volume formula for a pyramid.
The volume of the sphere is gotten using a very clever argument attributed to
Archimedes [19].

Course 2 ends with a discussion of fractal dimension, with the teachers working
through the online examples provided by Connors [20]. As with Course 1, Course 2
contains many exercises in which teachers are asked to construct activities and
models suitable for use in their middle school classrooms.

At the time of this writing, 64 in-service middle school mathematics teachers have
completed Courses 1 and 2. The influence of these courses on the teachers’
mathematics content knowledge (MCK), as well as their MKT, is the subject for the
remainder of this article.

3. The influence on MCK and MKT

3.1. Participants

Of the original 65 WTMSMP participating middle school mathematics teachers,
83.1% were women (n¼ 54) and 15.4% were men (n¼ 10). One person failed to
report gender. In Year 1 (summer 2009), participants reported an average of 10.46
years (SD 7.35) ranging from 1 to 32 years. When asked about years of experience
teaching mathematics, participants reported teaching mathematics for an average of
9.26 years (SD¼ 6.59), ranging from 0 to 27 years.

Mathematical background was determined in Year 1 by asking participants to
identify mathematics courses of a certain type taken in college (e.g. college algebra,
pre-calculus, calculus, statistics, and differential equations). Participants were
assigned one point for each course type taken and these points were summed.
An average total sum of 3.63 (SD¼ 2.50) was calculated, with range of 0 to 8.

At the start of Year 2 (summer 2010), three participants stepped out of the
project. A fourth withdrew prior to the completion of the second course. Due to
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some submission of incomplete measures at certain time points, the analyses of the
MCK data included 60 participants and analyses of MKT data included 58 partic-
ipants for the Algebra and Geometry tests and 59 participants for the Number
Concepts (NC) and Operations test.

In the spring of 2010, a solicitation for comparison teachers yielded 14 volunteer
middle level teachers, 1 man and 13 women. Comparison group teachers reported
teaching an average of 10.61 years (SD¼ 8.32) and teaching mathematics an average
of 7.89 years (SD¼ 5.41). Comparison teachers were located in each of the three
regions of the WTMSMP project.

3.2. Instruments

Teachers’ mathematics knowledge for teaching was assessed using the MKT scales
developed for the Study of Instructional Improvement and Learning Mathematics
for Teaching projects located at the University of Michigan. These scales, developed
using data from teachers and mathematicians, include measures that assess
knowledge for teaching NC and Operations, Algebra, and Geometry [21]. Validity
studies evaluating the MKT scales have included cognitive interviews [22],
unidimensional and multidimensional Item Response Theory (IRT) mapping [23]
and associations between the MKT scales and student outcomes as well as
mathematics instruction [24]. Although structural evidence that supports differen-
tiation between the mathematics knowledge specific to teachers and common
mathematics knowledge is lacking [25], higher teacher MKT scores have been found
to be positively related to higher quality mathematics instruction [24,26] and gains in
student learning [27]. The MKT tests include items that range from easy to difficult
in level, with the expectation that difficult items will be answered correctly by only a
small number of test takers. Thus, an IRT score of 0 indicates that a participant
solved about 50% of the problems correctly; however, a score of 0 does not
necessarily indicate that the participant scored in the average range as the test is not
norm referenced. The results only provide information concerning how well
participants performed on the present administrations of the MKT.

As there was no attempt to design the course materials in any direct alignment
with the MKT measures, the WTMSMP researchers created a mathematics content
knowledge (MCK) measure specifically aligned with the geometry and measure
content of Course 2. The MCK instrument consists of 36 items, to each of which the
teachers are asked to respond ‘true’, ‘false’, or ‘I don’t know’. Items were created by
the mathematician who developed the WTMSMP course curriculum and evaluated
by a second mathematician who has contributed to course development and
instruction. Correlations between the MCK post-test and the three MKT post-tests
for Year 2 were predominately moderate ranging from r¼ 0.61 (p5 0.001) with the
Geometry MKT measure to r¼ 0.76 (p5 0.001) with the NC scale. These results
seem to reflect that although the instruments share content, they also assess different
constructs. Additionally, the correlation between the MCK and teachers’ total
number of years teaching was statistically non-significant and small (r¼�0.10,
p5 0.47); whereas, the correlation between the MCK and teachers’ self-reported
mathematical background was statistically significant and moderate (r¼ 0.50,
p5 0.001). These findings further support that the focus of the MCK is on the
assessment of mathematical skill rather than teaching.
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3.3. Methodology

Participants completed parallel versions of all three MKT measures: the 2007 Middle
School NC scale comprised of 30 items for form A and 32 for form B, the 2005
Middle School Geometry (Ge) scale comprised of 19 items for form A and 23 for
form B, and the Middle School Algebra (Al) scale comprised of 33 items for forms
A and B. All three measures were administered at four time points: pre- and post-
Course 1 in summer 2009 and pre- and post-Course 2 in summer 2010. For the
algebra and geometry scales, version A was administered at the pre-test and version
B at the post-test. However, administration of parallel versions was counterbalanced
(half received version A and half version B at the pre-test followed by the
appropriate corresponding test at the post-test) for the NC measure, as evidence for
statistical equivalency of the two parallel versions was reported to be weaker than
observed for the other measures [28]. In summer 2010, all participants were given the
MCK measure in pre- and post-Course 2 format. All measures were completed and
submitted electronically.

Raw MKT scores were converted to IRT scores given in standard deviation units
with tables provided by the test developers. A term for using the MKT tests is that
MKT scores not be discussed as raw frequencies or number correct. Thus, we utilized
IRT pre- and post-test gain scores in this study.

The MCK items were scored as follows: a score of 0 was given to a wrong true or
false answer, a score of 1 was given to an ‘I don’t know’ response, and a score of
2 was awarded to a correct true or false answer. We view a score of 0 as an indication
of a misconception and a score of 1 as simply indicating a lack of knowledge. Raw
scores were divided by 36, thus providing an indication of the participants’ content
knowledge level on a scale from 0 to 2.

3.4. Results

Profile analyses [29] were used to evaluate the parallelism, equality of levels, and
flatness of profiles for each of the MKT measures. Participants who did not take
mathematics beyond college algebra were included in one group (n¼ 15) and those
that did were included in the second group (n¼ 42). Analyses of each measure were
conducted with the scores of the four time points treated as multiple dependent
variables. Paired t-tests were then used to compare the Year 1 MKT pre-tests and
Year 2 post-tests and to compare the Year 2 MCK pre-test scores and Year 2 MCK
post-test scores, as the MCK measure did not exist in Year 1. Finally, analyses of the
difference between WTMSMP participants’ Year 2 MKT post-tests and comparison
participants’ spring 2010 MKT scores were conducted. Prior to conducting all
analyses, descriptive statistics were computed and statistical assumptions for
subsequent analyses evaluated.

3.4.1. Differences in growth based on mathematical background

Profile analysis results for each MKT measure were similar. The profiles of group
1 and group 2 teachers were similar or parallel. That is, there was no interaction
observed between group and time. Additionally, the profile of the two groups
combined was predominately flat. This means that the slopes for the combined
groups between each segment (i.e. time one and time two, time two and time three,
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and time three and time four) did not differ significantly from zero. Finally,

a significant difference was observed between groups for each MKT measure. The

teachers who had taken mathematics courses beyond college algebra did score, on

average, higher on the collected set of each measure. Table 1 presents the statistics

for each research question as well as the estimates of observed power, which were

somewhat low to suggest the small sample size may have influenced the ability

to determine statistical significance.

3.4.2. Overall growth of participants

Paired sample t-tests for each MKT measure (pre-test Year 1 and post-test Year 2)

and the MCK measure (pre-test and post-test) revealed a significant increase for

Geometry (t(57)¼ 2.38, p¼ 0.02) and the MCK measure (t(59)¼ 11.84, p5 0.01).

The average total IRT score gains from the pre-test Year 1 to post-test Year 2 and

the average knowledge level gains from the MCK measure in Year 2 are presented in

Table 2. The comparable IRT and MCK median data are presented in Table 3.

Table 1. Profile analysis results.

Research question
MKT

measure F df Significance
Partial eta
squared

Observed
power

Parallelism
(Wilks’ criterion)

NC 1.32 3, 53 0.28 0.07 0.33
Algebra 0.36 3, 52 0.78 0.02 0.12
Geometry 1.34 3, 52 0.27 0.07 0.34

Flatness
(Hotelling’s criterion)

NC 0.89 3, 53 0.45 0.05 0.23
Algebra 0.83 3, 52 0.48 0.05 0.22
Geometry 1.01 3, 52 0.40 0.06 0.26

Equality of levels NC 8.40 1, 55 0.01 0.13 0.81
Algebra 12.93 1, 54 50.01 0.19 0.94
Geometry 5.90 1, 54 0.02 0.10 0.67

Table 3. MKT IRT median score pre-test Year 1 and post-test Year 2, MCK median score
pre-test Year 2 and post-test Year 2.

MKT-NC MKT-Al MKT-Ge MCK-Ge

Pre-1 Post-2 Pre-1 Post-2 Pre-1 Post-2 Pre-2 Post-2

�0.15 0.02 �0.18 �0.09 0.53 0.97 1.39 1.75

Table 2. Average MKT IRT gain from pre-test Year 1 to post-test Year 2, MCK average
gain from pre-test Year 2 to post-test Year 2.

MKT-NC MKT-Al MKT-Ge MCK-Ge

Average gain 0.17 0.12 0.17 0.29
SD 0.72 0.65 0.56 0.19
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Although comparisons for NC and Algebra revealed increases, these were not
statistically significant.

3.4.3. Differences between participants and non-participants

The 14 comparison group teachers were matched to 14 WTMSMP participants
based on years teaching mathematics, years teaching, and region. Although exact
matches could not be made across all three variables, years teaching mathematics
was closely matched for each pair. Paired sample t-tests were conducted for each of
the MKT measures, including NC, Algebra, and Geometry to assess differences
between comparison teachers’ spring 2010 performance on MKT measures and
participant teachers’ Year 2 post-test performance. Statistically significant differ-
ences were found for NC (t(13)¼ 2.94, p¼ 0.01) and Algebra (t(13)¼ 2.88, p¼ 0.01).
These findings indicate that WTMSMP participants achieved higher scores on the
NC and Algebra MKT measures than comparison group teachers.

3.5. Discussion

The aforementioned results suggest that the WTMSMP is progressing in its
development of mathematics educators’ mathematics conceptual knowledge and
mathematics knowledge for teaching. Profile analyses revealed that the grand mean
of all time points for each of the MKT measures differed depending on the
participants’ mathematical background. Those who had taken no more than a
college algebra course performed significantly lower on each MKT measure than
those who had taken courses beyond college algebra. However, the profiles of the
two groups were parallel to suggest that they had the same patterns of gains over the
four time points. This suggests that regardless of mathematical preparation, teachers
were responding similarly to the WTMSMP content. Even though the flatness of
profiles could not be rejected to suggest statistically significant growth over time, a
review of plots as well as subsequent paired-samples t-tests indicates that the
participants’ MKT scores are increasing. Collectively, these results are promising
and support that all participants are benefitting from the project. An increase in
power, which will be achieved as a second cohort of the WTMSMP project will add
to the sample size, may help in documenting statistical significance.

In response to the concern that the MKT measure’s emphasis on teachers’ use of
mathematical knowledge in the classroom might limit the ability to evaluate
WTMSMP participants’ growth in conceptual knowledge for mathematics, the
WTMSMP team members developed and administered an additional instrument
based on conceptual understanding of WTMSMP course content. Although
evaluation of the psychometric properties associated with the instrument is currently
limited, the participants showed a statistically significant increase in their post-test
scores in comparison to the pre-test. This indicates that participants’ mathematical
understanding is improving.

Finally, a comparison between WTMSMP participants and matched non-
participating teachers further supports the influence of the WTMSMP project. The
analysis of participants matched to mathematics teachers with similar teaching
experience revealed that participants outperformed non-participants on the MKT
tests of NC and Algebra.
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WTMSMP participant growth in mathematics knowledge for teaching may be
slow, but aspects of MKT are complicated. The MKT measures do not solely assess
teachers’ mathematical knowledge. Instead, they measure how teachers use their
mathematical knowledge in the classroom. One premise of the WTMSMP is that
teaching deeper conceptual knowledge of mathematics to teachers will change the
way that teachers teach through their ability to develop more meaningful examples,
react flexibly to student questions, and easily identify student misconceptions and
errors. The WTMSMP participants need time and support to transfer their new
conceptual knowledge learned in the summer courses to their classrooms. This
application may require more support than what is received only in summer sessions.
The project also includes spring conferences and online social networking; however,
these aspects are currently not as well developed as the course content.

4. Conclusions

An emphasis on quality teacher development has emerged in response to the poor
mathematics performance of American youth in international comparisons. Despite
clear recommendations generated from empirical study for the design of mathemat-
ics teacher development [10], most educators participate in time- and content-limited
day-long workshops that are not formally evaluated for their effect on mathematics
teacher and student outcomes, such as increased knowledge and skill for both
teachers and students. WTMSMP was funded by the NSF to address and study this
issue through the development of mathematics coursework designed and imple-
mented specifically by mathematicians to facilitate middle level mathematics
teachers’ conceptual knowledge for mathematics. After its first 2 years of
implementation, data analyses indicate that WTMSMP participants’ mathematics
knowledge for teaching and conceptual knowledge for mathematics are increasing
regardless of the initial skill level of teachers. Additionally, evidence suggests that
participants may have the knowledge to use their mathematics knowledge in their
classrooms in a more effective manner than similarly matched peers. The present
findings support that the development of mathematics knowledge for teaching is a
process that requires intense study over time.
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