Proceedings for the 4 1t Annual Meeting of the
Research Council on Mathematics Learning

February 27 — March 1,2014  San Antonio, Texas




Mathematics Content Knowledge, Anxiety, and Efficacy Among Traditional and Alternative
Certification Elementary School Teachers
Brian R EVANS. ... 1-9

Rigorous Math Courses for Middle School Math Teachers

Preservice Teachers and the Representativeness Heuristic
Julie Cronin and William McGalliard.............c.ooooiiiiiiiii e 18-25

A Model for Mathematics Teacher Preperation
Daniel J. Braiher and Jonathan BOSHIC.............cccoviiiiiiiiiiii e 26-33

Draw Yourself Learning and Teaching Mathematics: A Collaborative Analysis
Benjamin R. Mcdermott and Mourat Tchoshanov..................ccoooiiiiiiiiiineenn. 34-40

Developing Preservice Math Teachers’ Diversity Awareness and Knowledge
S. Enrico Indiogine, Ayse Tugba Oner, and Gerald Kulm................................. 41-48

Secondary Mathematics Preservice Teachers’ Noticing Students’ Mathematical Thinking
Leigh Haltiwanger and Amber SiImpson...........cooiiiiiiiiii e 49-56

Preservice Teachers’ Conceptions of Representations of Equivalent Fractions and of
Fraction Units
MiChael MUZNBVE...... oo e 57-63

A Framework for Revising the Mathematical Teaching Efficacy Beliefs Instrument

Elizabeth K. Ward and Elisabeth Johnston..................cooiiiiii . 64-71
Mathematics Teaching Methods and Practice
Sage and Thyme: Cases of Teacher Affective Disposition Through the Lens of Reflective
Transphenomenality

Ruby Lynch Arroyo and Mourat TChoShanoV.............oovviiiiiiiiiiiiiiceeeaen, 72-79

Attitude Adjustment in Introductory Statistics
Melanie Autin, Hope Marchionda, and Summer Bateiha ................cc.ccoeevviinennn. 80-88

The Use of iPads to Impact Inservice Teachers’ Beliefs About Teaching Mathematics with
Technology
Ann Wheeler and Carole A. Hayata..............coooiiiiiiiiiii e 89-96

Evaluating Instruction for Developing Conceptual Understanding of Fraction Division

Proceedings of the 4 1! Annual Meeting of the Research Council on Mathematics Learning 2014 \Y



Valerie Sharon and Mary B. Swarhout.................ccooiiiiiii i 97-104

The Role of Teachers’ Questions in Support of Students’ Articulation of their Mathematical
Reasoning
Tracey H. Howell and P. HOIt WilSON.............ooiiiiiii e, 105-112

Teachers of Mathematics

Looking for Elementary Mathematics Teachers’ Common Core-Focused Instruction
Jonathan Bostic and Gabriel Matney............ccoooiiiiiiiin e 113-120

The Professional Notebook as a Vehicle for Continued Growth
Sarah lves, Kim Moore, and Geroge TINtera............coovviiiniiiiie e, 121-128

A Conceptual Model for Algebra Teacher Self-Efficacy
Colleen M. Eddy, William A. Jasper, Trena L. Wilkerson, M. Alejandra Sorto,
Sandi Cooper, Elizabeth K. Ward, Sarah Quebec Fuentes, Winifred A. Mallam,
and Yolanda A. Parker...... ... 129-137

Relationship Between Cognitive Types of Teacher Content Knowledge and Teaching
Experience: Quantitative Study of Mexican Borderland Middle School Teachers
Maria D. Cruz and Mourat TChoshanov..............c.ooveiiiiiiiiiiiiiinie, 138-145

Mathematics Learning

Three-column Proofs for Algebraic Reasoning and Justification
SBAN YBE... ittt e 146-154

Placing Students in a Mathematics Course: What Works Best?
Anna Lurie and Mary Wagner-Krankel................ccoooiiiiiiiiii i 155-162

What’s a Good Wager? Coordinating Students’ Surprising Solutions
RYAN D FOX. ..ottt e e e 163-168

Challenges of Using Virtual Manipulative Software to Explore Mathematical Concepts
Seungoh Paek and Daniel L. Hoffman................ccooiii i, 169-176

Re-Conceptualizing Procedural and Conceptual Knowledge in Calculus
Alan ZolIMan........ooi 177-181

Extending Mathematical Discourse
Keith V. Adolphson and Daniel L. Canada...................ccooiiiiiiiiiien 182-190

Task Alignment to the Common Core: How our Solution Lens Matters

Proceedings of the 4 1! Annual Meeting of the Research Council on Mathematics Learning 2014 Vi



RIGOROUS MATH COURSES FOR MIDDLE-SCHOOL MATH TEACHERS

Gary Harris Tara Stevens Raegan Higgins
Texas Tech University Texas Tech University Texas Tech University
gary.harris@ttu.edu tara.stevens@ttu.edu raegan.higgins@ttu.edu

Zeniada Aguirre-Munoz Xun Liu
Texas Tech University Texas Tech University
z.aguirre@ttu.edu xun.liu@ttu.edu

We describe our five-year professional development project targeting middle-school math
teachers. A primary focus of the project is providing the teachers with a deep conceptual
understanding of the mathematics taught in the middle grades. Our analyses to date indicate a
positive impact on the teachers’ conceptual knowledge, their math knowledge for teaching, and
their self-efficacy for teaching mathematics to diverse student populations. Preliminary findings
also suggest a positive impact on teachers’ classroom practices.

It is generally accepted that teachers of mathematics need to possess a deep conceptual
understanding of the elementary mathematics they are teaching (Ma, 1999; CBMS, 2012) and
need to have special knowledge related to the teaching of mathematics, often referred to as
mathematics knowledge for teaching or MKT (Shulman, 1987; Ball et al, 2008). In addition,
effective teachers need a strong belief in their ability to teach mathematics to diverse student
populations (Hernandez et al., 2008; Moschkovich, 2002). In this paper we describe a five-year
professional development project designed to increase the conceptual understanding, the MKT,
and the math teaching self-efficacy of in-service middle-school math teachers in a large rural
area of West Texas. We then provide a survey of the results we have obtained in relation to these
teacher outcomes. Finally, we describe our continuing efforts to further document the long-term
project effects on not only these teacher outcomes but also on teachers’ classroom practice.

Project Description

The West Texas Middle School Math Partnership, WIMSMP, is a five-year professional
development (PD) project funded by the National Science Foundation Math Science Partnership
program, beginning January 1, 2009 and ending December 31, 2013. During this time period,
two cohorts of middle-school math teachers completed a sequence of three graduate level
summer math courses: Cohort 1 (n=65) in 2009 (Course 1), 2010 (Course 2), and 2011 (Course
3); Cohort 2 (n=84) in 2011 (Course 1), 2012 (Course 2), and 2013 (Course 3). These courses
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were taught at four partnering institutions of higher education, IHE, located fairly uniformly
throughout a very large region of West Texas. The courses were taught by math faculty from
each respective IHE, assisted by designated WTMSMP math faculty. All instructors of record
had PhDs in mathematics. The focus of this paper is on the outcomes associated with teachers’
completion of this mathematically intense PD experience.

Project Courses

Each course consisted of 48 contact hours taking place on the campus of each partner IHE
during a two week period (three hours each Monday afternoon; six hours each Tuesday,
Wednesday, Thursday; and three hours each Friday morning). Each course targeted a particular
area of mathematics deemed critical for teachers of middle-school math: algebra concepts for
Course 1; geometry concepts for Course 2; and probability and statistics concepts for Course 3.
Each course also included a half-day workshop on an ancillary topic: Math Self-efficacy in
Course 1; English Language Learners in Course 2; and Cultural Diversity in Course 3.

The textbooks for courses 1 and 2 were written by the WTMSMP Principal Investigator (PI),
a mathematician with a PhD in pure math and lead author on this paper. The third course
textbook was co-authored by the project PI and two other WTMSMP math faculty, one with a
PhD in applied math and the other with an MS in statistics. Each textbook begins by identifying
the fundamental concept in its area and then proceeds to develop the area in a mathematically
logical progression. It is important to note that none of the three textbooks were aligned in any
way with any preset curriculum standards or assessment measures.

The Course 1 text (Integers and Fractions: An Investigation into the Algebraic Structure of
Our Numbers) begins with the definition of a positive integer from the view point of Bertrand
Russell (Russell, 1956). The group and ring structures of the integers are derived, followed by
the field structure of the rational numbers. Representations of the rational numbers, fractions and
decimals, are covered in detail including the meaning of an infinitely repeating decimal
“representation” of a fraction. Finally the Least Upper Bound Principle is invoked to produce the
existence of irrational numbers (Harris, 2009).

The Course 2 text (Measures of Size in 0, 1, 2, and 3 Dimensions) begins with the size of a
set of discrete points (size in 0 dimensions) being defined as the number of points in the set. A
fundamental object in each subsequent higher dimension is defined via a vertical translation of

the fundamental object in one lower dimension, and its size is defined to be the product of the
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size of the lower dimensional object times the vertical translation distance. All the usual
formulas for size of polygonal objects are derived from the sizes of the fundamental objects. The
circumference of a circle stems from the definition of the number &, the area of a circle is defined
in terms of the limit of the areas of regular polygons, and the volume of a sphere is gotten from
the classical argument of Archimedes (Archimedes, 1912). The text ends with a discussion of
fractals and fractional dimensions (Harris, 2010).

The Course 3 text (Concepts of Probability and Statistics) begins with the basic concept of

discrete theoretical probability; namely, the probability that a point chosen randomly from a

finite set of points S (sample space) is in a subset E (event) of S is the ratio iiig

counting techniques, the concepts of random variables, probability distributions, and expected

. After

values are introduced. These concepts are then extended to continuous probability involving
samples spaces in 1, 2, and 3 dimensions, leading to the standard normal density distribution.
The text ends with a discussion of statistical terms and concepts often encountered in the middle
grade classroom and state assessments (Harris, et al, 2011).
Project Participants

Sixty-one teachers from Cohort 1 and 85 teachers from Cohort 2 completed all three courses.
In each cohort approximately 80% were women. Overall the participants reported having 0 to 40
years of experience teaching math (average a little over 9 for each cohort). In terms of
mathematics background, teachers reported having taken as few as 0 college level math courses
to as many as 8 (average approximately 3.5 for each cohort). Points to be stressed are

1) There is no significant difference between cohorts 1 and 2 in any of the categories

reported above. (This is not surprising since they are all from the same region of Texas.)
2) There is great disparity among participants’ experience teaching math.
3) There is great disparity among the undergraduate math backgrounds of the participants.
Project Results

In order to make changes if necessary, it was important to assess the project’s impact on
Cohort 1 during the first two years (2009 and 2010) prior to the beginning of the second Cohort
2’s experience with the project in the third year (2011). Impact was investigated by determining
the extent to which Cohort 1’s project participation was associated with increases in key
programs outcomes: mathematics conceptual knowledge (MCK), MKT, and self-efficacy for

teaching mathematics?
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Using widely accepted and validated MKT scales (Schilling, et al, 2007; Hill, et al,
2007;Schilling, 2007), the WTMSMP researchers were able to assess the project impact on
Cohort 1 teachers’ knowledge for teaching Number Concepts and Operations, Algebra, and
Geometry (Harris, et al, 2011). In addition, the researchers used a locally created instrument (yet
to be fully validated) to assess the impact on the teachers’ MCK for geometry. All measures
increased from pre-year 1 to post-year 2 with the increases in MKT for geometry and MCK
being statistically significant. Since there was no alignment between the course texts and the
MKT measures, the researchers were pleased to see growth in the MKT scales. There was no
indication that years of experience had any relationship to participants’ MKT growth. The math
background of the participants did affect the MKT and MCK scores with those who had taken
courses beyond college algebra scoring, on average, higher on all measures, at all instrument
administrations (pre- and post-course delivery for each of the previous two summers for a total
of four time points). However, the gains were parallel meaning that the value added, as a portion
of initial knowledge, was the same for both groups.

The researchers believe this is a significant finding. Regardless of initial background, the rate
of growth was the same for all participants. This finding is particularly interesting in light of the
construct measured by the MKT measure. The MKT is not a direct measure of mathematics
concepts. That is, it captures mathematics content in the context of teaching scenarios and
decision making (Schilling, et al, 2007; Hill, et al, 2007;Schilling, 2007). Therefore, this finding
suggests that a focus on pure mathematics can yield important changes to teachers MKT,
provided the experience allows teachers’ an opportunity to translate the material into meaningful
classroom situations. This course feature was carefully integrated into each course. The results
described in the continuing work section are consistent with this interpretation of this finding.

Using well established measures, the WTMSMP researchers also found evidence supporting
participants’ growth in teaching self-efficacy associated with course completion (Stevens et al.,
2013a). As expected, participants reported increasingly higher levels of confidence in their
ability to provide instruction and engage students at each of the four time steps. Factoring in
teachers’ levels of math background revealed participants who took fewer college math courses
reported higher initial levels of teaching efficacy. This finding could be due to these teachers
having taken more pedagogically focused courses in lieu of mathematics, although the data were

not available to explore this explanation. Regardless of math background, the teaching self-
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efficacy of all teachers increased, with the teaching efficacy scores of those with more math
background approaching the scores of those with less math background by the end of Course 2
(Stevens et al., 2013a).

At Cohort 1’s completion of WTMSMP coursework, the shape of participants’ MKT growth
over the three years of the project was assessed and revealed statistically significant linear
growth for Algebra and Number Concepts (Stevens et al., 2013b). The teachers’ growth on the
Geometry MKT measure, however, was nonlinear with a large increase after Course 2 and little
additional growth by the end of Course 3. Algebra and Number Concepts scores grew
consistently over the three years of the project despite variation in course content. This growth is
consistent with Ma’s observation (Ma, 1999) that teachers’ conceptual understanding of
mathematics develops as they teach and interact with their students. The fact that geometry
MKT scores did not grow during Course 3 could be attributed to the closer alignment of the
geometry MKT measures and the content of Course 2.

Documenting Cohort 1 teachers’ growth across their WTMSMP involvement was important;
however, it was also important to show that participants’ final MKT scores exceeded those of
similar teachers who had no experience with the project. With Cohort 2 starting at the end of
Cohort 1’s participation, WTMWMP researchers were able to compare Cohort 1’s final scores to
the pretests of Cohort 2. Because the two groups of teachers reported similar levels of math
background and experience teaching prior to the start of participation, this comparison was
appropriate. Results indicated that although the MKT scores of Cohort 1 and Cohort 2 did not
differ at the pretest, Cohort 1’s final MKT scores were significantly higher than Cohort 2’s
pretest scores. Thus, after WIMSMP completion, participants outperformed similar teachers on
measures of MKT (Stevens et al, 2013b).

Continuing Work

In addition to documenting Cohort 2 participants’ growth in MKT and teaching efficacy,
continuing work will also focus on what aspects of the WTMSMP project were influential in
supporting all participants’ growth, as well as what changes in teacher practices can be observed
in middle school classrooms. Understanding what project participants perceived as most
beneficial to their learning will be evaluated through analysis of the teachers’ Q-sorts. “The
objective in Q-methodology is to describe typical representations of different viewpoints rather

than to find the proportion of individuals with specific viewpoints” (Akhtar-Danesh, Baumann,
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& Cordingly, 2008). All participants were asked to sort and rank-order the aspects of the
WTMSMP courses that most benefited their learning. We will use factor analysis to organize
participants’ perceptions into categories. This method was successfully piloted by the
researchers (Stevens et al., 2009). The analysis of the Q-sort data for Cohort 1 upon completion
of Course 1 revealed three approaches to learning; participants who focused on gaining
competence, participants who preferred to be in control of their learning, and participants who
benefited most from social learning (Stevens et al., 2013¢). Cohort 1 teachers appeared to
interact with Course 1 strategies and activities in different manners determined by their divergent
approaches to learning. These results underscore the need to incorporate variety in course
strategies and activities, and suggest the need for long term, intensive professional development
activities.

To understand how participants are taking their knowledge into their classrooms, the
researchers developed the Students Perceptions of Teacher Successes (SPoTS) instrument, which
allows public school students the opportunity to quickly rate their teachers on key behaviors
promoted by the WTMSMP project. Initial evaluation of the SPoTS yielded positive support for
its usefulness in understanding teacher practices (Stevens et al., 2013d). This instrument will be
used to investigate participants’ ongoing use of WTMSMP content in their classrooms.

Discussion

The course structures were driven by the logical development of the math content resulting in
no direct alignment with the MKT measures or the self-efficacy measures. And yet upon
completion of the three courses participants had significant increases in their mathematical
knowledge for teaching, math self-efficacy, and self-efficacy for teaching math. We believe there
are multiple factors that contributed to these increases.

First and foremost, each course provided a deep theoretical development of the mathematics
taught in the middle grades: the algebraic structure of the rational number field in Course 1; the
fundamental concept of size in 0, 1, 2, and 3 dimensions in Course 2; the transition from discrete
to continuous probability in Course 3. In addition the courses were taught by research
mathematicians, each with a PhD in mathematics and a passion for, and appreciation of the
beauty of, the mathematics being studied. Based on participant comments gathered at the final

WTMSMP retreat we believe the passion and appreciation expressed by professional
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mathematicians for the math encountered in their own middle-school classrooms was a source of
inspiration for many of the project participants.

Another factor was the emersion effect. Each course consisted of 16 three-hour sessions
completed over a two-week summer period. In each session the teachers were exposed to a
theoretical development of the concepts and then worked in groups to create concrete models or
demonstrations of the concepts suitable for use in their own classrooms. This produced a
collaborative atmosphere in which all participants, the teachers and the IHE mathematicians,
interacted as colleagues. This interaction may have contributed to a change in teachers’
conceptions of mathematics and thus measurable changes in our measures.

Of the 149 teachers who began the program 132 (59 from Cohort 1 and 73 from Cohort 2)
successfully completed all three courses. The majority of those who dropped did so because of
changes in jobs. We believe these results demonstrate that this PD program can be of significant
benefit for middle school math teachers with wide variation in teaching experience and in
undergraduate mathematics backgrounds. Moreover, we believe the kind of results we are seeing
are not likely attainable using the traditional professional development model: half-day, whole-
day, or weekend workshops scattered throughout the year. We believe that the intense, long-
term, rigorous focus on the specific mathematics content taught in the middle grades was critical
to the success of our program.
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