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etion to the Mathemuationl Society of the University of which an account
is civen in the present number of the Zireular.  The Ezcursus also con-
fains an incidentul diseus wion of Jucobi’s theory of tho relation betwcenA‘:’:
the aseending und descending developments of an Algebraical Fraction,;

na Series, by J. J. SYLVESTER.

Proof of a well:lnown Development of a Contmucd Ploducf
’ \

[ ALsiriet of & paper read at the University Mathematical Society, I.mu:u'; 17, ISSU |

To provo that the general term in the development in a scries of pawers
of a of the reeiprocal of (1 — a){l — ax)... (1 — az¥) (say of Fx) iy
J—ai ) (L—widd) o (Ll ) 2 (L 2) (1= 23) (1-—'x).a,»
suy J.oeJ, 1 proceed us follows., o

I cull the coctlicient of a7/ in the development X,,' and show that ovcry
linear factor of X is contained in J,.

Auy mdx factor, say (w—f) ), i8 a pr.mm\

P) Jc.i

b uny iuteger such that J--=
o

f;\ctor' of zr—=1, \vhcté 7

— L‘—?— =1 and it is unrepeated.

- P ;

Ll e ==p, and let the negative minimum residue of i —— 1 in respect to
r e — 4. .

Then Fs is equsl to tho product of 6 lincar functions of « divided by s
power of {1 — ar), and conscquently the only powers of a (say a%) which
appear inits development will be thoso for which the residue of 0 in respect

, i40 i f
. ¢, and consequently & + — E— -—‘F‘f
r

"Henee af will not appear therein: so Lnut X’; vanishes when any factor
of J, is zero, und consequontly sinco ov ery such fuctor is unrepeated .\;
wm.nxﬁ Jeo.

“But J, is obviously ot tho degree 1 in z, and X which isthesum of the
j-ary homogenous products of 1, z, z2, ..., z'is of the eamo degreo.
Hesies the two functions of x ean only differ by a constant factor. On
making w==1, Iz becomes (x —a)—7; so that .\ becomes

AN
- 2.

tr,is0,1,2,..

[ — =

and Jr Leeormies the product of vanishing fractions
) IS I 55 B U S 1 —ziti | 2 J41
- ]_:‘I*“, l;’;;',...'_1’“‘—‘—,~.C,(J+l) Z yr e . i—--
Henee X ,‘ Q. E. D.

The: expansioh of {1 — a)(l — az?)... (1 — ax') in terms of powers of
a 1y bo veritied in {I\(, mManner. .

1t is not witheut interest to observe (if the remark hus not been mado
before) how this developaent is cofinected by the principle of corres-
potdence with tho preeeding one,

Throwiig out by xnl}ltiplicntion the factor (1 —a) in the denominator of
Iz we obtuin the reciproesl of (—ac) (1—az?). .. (1—az) sy

i
under the form
z

TR (J—uh)(l——_xﬂr Yoo (l—z)t'..._l‘}uw.{,.

(=) T =) T =R

Cei wpuently the number of ways in which » can be divided into

exuctly , arts 1,2, .., i (repetitions admissible) is tho cocfiicient of «7

in the o*;;.;msmn according to ascending powers in z of the above mulii-
plive i aJ,

Dut if any sueh nartition: be arranged in as condmr" order, and 0, 1, 2,
c(J—1) be udded (each to each) to its components, it is converted mto
n partition without repetitions, and by a converso process of subtraction
cach such partition is convertible into one of the former, but in which
cither Tepeiition or non-repetition is allowable.  Henco the unrepetitional

oy

partitions of n—"-

_,-/ into j parts limited not to exceed 1—j--1, havo
& one-tu-Gne correapondence with the free partitions of 2 into j parts limis
ted not to exceed 4, und must be equal to them in number. Hence the
¢octiicivnt of af in G(—z) may Lo dedueed from that of al in ((u:)—‘l by
multiplying tho latter by 23— and chnnf*mg iinto i —j +1 Henco
the generul term in G(—=z) will bo

‘(1—r)+ )(1-——:r/+").,,(1_xl) |"+1 .

U"*'L)U'::‘m—w"") z ¢ af which is right,

o

.
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When ==cc each of these developments (like a multitude of others,
incluging the Theta-functionsymay be obiined intuitively by {the graphi-
cal methed of points given in my comiunication to the Johns Hdpkins
Scientific Association at its lust meeting; it remains o dedideratum to
apply the samne method-to the above two developments, or either of them,
for the case of 1%

In the Ferrers, Franklin, Durfee-Sylvester und other conjugate systems
of partitiony, the partible number gihe same for the corresponding pure
titions; in this last example, (andq@giigke will be shown to be the use in
the ‘grd,..ﬂcul development of the ' function, and its generalizations),
the gne.to-one corrcaponduxce is between partitions of two different
numpery,
N

*Not 50 -~ the result derived springs from the immediate spplication of a gencral logle
cal Printiple ag will Liereafter be shown,

Erratum, by 3. 3. SYLVESTER.

Iy the argicle headed A Word on Nonions in the Circular, No. 17, p.
242, pear the middlo of the page, for the words T%ose forms can be derived
Jrom an alyebra given by Mr. Charles S. Peirce, (Logic of Relatives, 1870),
read My, C. S. Peirce informs me that these forms can be derived from his
Iogic of Relalives, 1870. I know nothing whatever of tho fact of my own
personul kowledge. 1 have not read the paper referred to, and am nog
acQuainted with its contents. The mistake originuted in my having left
instructions for Mr, Leirce to be invited to supply in my final copy for the
press, such reference as he might think called for. Io will be doing |
servide to Algebra by showing in these columns: how he derives my forms
from his logic.t The npplieation of Algebra to Logic is now an old tala
—the i\ppllgnllon of Logic to Algebra marks n inr more advanced stadium
in the evolution of the human mt\.lkct the sume muy be eaid as regards
the gpplication by Descartes of Analysis to Geometry, and the reverse

application by Eisenstein, Dirichlet, Cauchy, Riemann, and others, of
chmetry to Analysis—so that if Mr. Ycirce accomplishes the task pro
pesed to him, {bis ability to do which I do not call into question), he wil
have raised himself as far above the level of the ordinary Algebraic logi
cinns ns Riemann’s mathematical stand-point tops that of Descnrtes.

Itis but justico to Boole’s memory to recall the fuct that, in one of hig

piapers in the Philosophical Transactions, he has made a reverse use o
Jogic to establish a certain theorem concerning inequalitics, which is ver
far fro;n obvious, and which I think he states it took him ten years td
dequee frow purely algebraical considerations, huving previously seen i
thrgugh logical speetacles— I mean, by the aids to vision ufforded him by
bis logical ealeulus :,this theorem I Lelieve (or at leust did so when it was
present to my mind] must of necessity admit of » much more comprehen
sive form of statement, '

*1 have also @ great repugnance to being made to speak of Algebras iu the plural:
“"uld ag lief ackuowledge a plurality of Gods as of Algebras,
11 bad understood Mr, Peirce Lo say that these forms were actually coutaimd in hifs
lllQmUll’

On the Non-Tuclidean Geometry, by W. E. STORY.

Apstract of an article in the American Journal of Mathematics, Vol V, No, 2
L =

The non-Euclidean Geometry may be considered from cither of twy
Puinls of view; its peeuliarities muy be regarded us due to a constau

urvature of space (distance being menfured in the ordinary-way), or 4
t}10 use of & peculinr kind of xm.uhn]nont (Drofessor Cayley's  projec
tive" measurement). Tt is from the hftter standpoint, which offers som
degided analytical advantages over the other, that the subject is hiere con
sidered.  Professor Klein bas generulized the detinitions of the projectiv
digtances between two points and between two planes; in this pape
angylogous definitions are given for the distances between o point and
plang, a point nnd a line, a planc and a ling, and two st nirht lines, ang
the conditions for parallelism and porpondu-ulnrlty are estublished. W
spek of pomts, pluncs and straight lines as geometrical *“ clements’) ©
different specics, and deseribe the mutual relution of two coincident points
two coincident planes, o plane and o point in-it, & straight line and'
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cation to the Mathematical Society of the University of which an account
is given in the present number of the Circular. - The Ezcursus also con-
tains an incidental discussion of Jacobi’s theory of the relation between
the ascending and descending developments of an Algebraical Fraction.

Proof of a well-known Development of a Continved Product
in a Series, by J.J. SYLVESTER.

[Abstract of a paper read at the University Mathematical Society, January 17, 1883].

To prove that the general term in the development in a series of powers
of a of the reciprocal of (1 — a)(1—az)... (1 — axi) (say of Fz) is
(I—ai+) (1—ait?) ... (1—aiti) - (1—az)(1—22) ... (1—2).q;
say Jzat, I proceed as follows. -

I call the coefficient of a/ in the development Xj;, and show that every
linear factor of X is contained in Jy.

Any such factor, say (¢ —pj), is & primitive factor of =r—1, where r
is any integer such that Ezy — X EL =1anditis unrepeated.

r a
Let © == p, and let the negative minimum residue of i — 1 in respect to

r be — d. .

Then Fp is equal to the product of & linear functions of « divided by a

- power of (1 — ar), and consequently the only powers of a (say af) which

appear in its development will be those for which the residue of 6 in respect
. 5 R A 6
to »,is 0, 1, 2, .. . d, and consequently E:—r— — E;—— E;— =0.

Hence ¢/ will not appear therein: so that X; vanishes when any factor
of J is zero, and consequently since every such factor is unrepeated Xj
contains Jz . . :

“But J, is obviously of the degree ¢j in z, and X; which is the sum of the
j-ary homogenous products of 1, z, 2%, ..., «¢is of the same degree.
Hence the two functions of = can only differ by a constant factor. On
making @=1, Fz becomes (x —a)—%; so that X; becomes

G+HG+2) .- (+7)

2...14 .
and Jz becomes the product of vanishing fractions ‘
1— i+l 1—ai+2 1 gi+i i+2 g4

1—z %
Hence X;=J,. Q.E.D. ;

The expansion of (1 — az)(1 — az?)... (1 — azi) in terms of powers of
a may be verified in like manner. . S ’

It is not without interest to observe (if the remark has not been made
before) how this development is connected by the principle of corres-
pondence with the preceding one. )

Throwing out by multiplication the factor (1 — &) in the denominator of

Fz we obtain the reciprocal of (1—awx) (1—az?)...(1—az?), say

U p——r oo l—xi ,7;.6., (j+1),T,-. .

1
— h
O under the form

(1 —2i+1)(1 —gi+2) ... (1—ziti=))
14+...4 =) . 0—2%) ... A== ciai 4. ..

Consequently the number of ways in which » can be divided into
exactly j parts 1, 2, . . . ¢ (vepetitions admissible) is the coefficient of x»

“in the expansion according to ascending powers in x of the above multi-

plier of aJ. :

But if any such partition be arranged in ascending order, and 0, 1, 2,
... (j—1) be added (each to each) to its components, it is converted into
& partition without repetitions, and by a converse process of subtraction
each such partition is convertiblé into one of the former, but ih which
either repetition or non-repetition is allowable. Hence the unrepetitional

2
partitions ofn—J o) J into j parts limited not to exceed i—j--1, have

& one-to-one correspondence with the free partitions of n into j parts limi-
ted not to exceed 7, and must be equal to them in number. Hence the
coeflicient of ‘a/ in G(— z) may be deduced from that of af in (Gx)—! by
multiplying the latter by 2%(;?—) and changing 4 into i—j+-1. Hence
the general term in G(— ) will be
(I—zit)(1—ait+?). .. (1—ai) &#+1

T—2)(l—a?) ... l—a—1), 2 qj which is right.

When i — oo each of these developments (like a multitude of others,
including the Theta-functions) may be obtained intuitively by the graphi-
cal method of points given in my communication to the Johns Hopkins
Scientific Association at its last meeting; it remains a desideratum to
apply the same method to the above two developments, or either of them;
for the casc of @.%

In the Ferrers, Franklin, Durfee-Sylvester and other conjugate systems
of partitions, the partible number is the same for the corresponding par-
titions; in tbis last example, (and the like will be shown to be the use ir
the graphical development of the Theta-function, and its generalizations),
the one-to-one correspondence is between partitions of two .different
numbers.

* Not s0o — the result derived springs from the immeédiate application of a general logi-
cal principle as will hereafter be shown. -

Erratum, by J. J. SYLVESTER.

In the article headed A Word on Nonions in the Circular, No. 17, p.
242, near the middle of the page, for the words Those forms can be derive!
from an algebra given by Mr. Charles S. Peirce, (Logic of Relatives, 1870},
read Mr. C. S. Peirce informs me that these forms can be derived from his
Logic of Relatives, 1870. I know nothing whatever of the fact of my own
personal knowledge.* 1 have not read the paper referred to, and am nos
acquainted with its contents. The mistake originated in my having left
instructions for Mr. Peirce to be invited to supply in my final copy for the
press, such reference as he might think called for. " He will be doing =
service to Algebra by showing in these columns how he derives my forms
from his logic.t The application of Algebra to Logic is now an old tale
—the application of Logic to Algebra marks a far more advanced stadiumi
in the evolution of the human intellect; the same may be said as regard:
the application by Descartes of Analysis to Geometry, and the revers:
application by Eisenstein, Dirichlet, Cauchy, Riemann, and others, o
Geometry to Analysis—so that if Mr. Peirce accomplishes the task pro-
posed to him, (his ability to do which I do not call into question), he wil
have raised himself as far above the level of the ordinary Algebraic log:-
cians as Riemann’s mathematical stand-point tops that of Descartes.

1t is but justice to Boole’s. memory to recall the fact that, in ore of hi:
papers in the Philosophical Transactions, he has made a reverse.use ¢
logic to establish a certain theorem concerning inequalities, which is'ver)
far from obvious, and which I think he states it took him ten years t
deduce from purely algebraical considerations, huving previously seen &
through logical spectacles — I mean, by the aids to vision afforded him by
his logical calculus: this theorem I believe (or at least did so when it wx
present to my mind) must of necessity admit of a much more comprehen:
sive form of statement,

*T have also a great repugnance to being made to speak of Algebras in the plural:
would as lief acknowledge a plurality of Gods as of Algebras. . oL

+1 bad understood Mr. Peirce to say that these forms were actually contained in ki
memoir.

On the Non-Euclidean Geometry, by W. E. STORY.

[Abstract of an article in the American Journal of Mathematics, Vol. V, No. 21.

The non-Euclidean Geometry may be considered from either of tw:
points of view; its peeuliarities may be regarded as due to a constas
curvature of space (distance being measured in the ordinary way), OT
the use of & peculiar kind of measurement (Professor Cayley’s “projec
tive’” measurement). It is from the latter standpoint, which offers som:
decided analytical advantages over the other, that the subject is here cox
sidered. Professor Klein has generalized the definitions of the projectiv
distances between two points and between two planes; in this pape
analogous definitions are given for the distances between a point and
plane, & point and a line, a plane and a line, and two straight lines; an
the conditions for parallelism and perpendicularity are established. W
speak of points, planes and straight lines as geometrical ¢ elements? ¢
different species, and describe the mutual relation of two coincident point:
two coincident planes, a plane and a point in it, a straight line and



