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THE PSYCHO-PHYSIC LAW. AND STAR MAGNI-
C TUDES. ‘ L

BY .)OSI}I'II JASTROW, PII, D,

L

The abplicatidu of the.psych()—.physic law to the

relation between the estimated and the photometric-
- ally measured brightness of the'stars has good

aims to rank at once as the most practical, most
important, most interesting and historically valuable -

illustration of the significant natural fact which that
law formulates. The magnitudes were assigned to
the stars at' a time when no objective method of
measuring - the light e¢mitted by them existed, and
_the stars were thus graded Dbecause that seemed the
best way of arriving at a roughly quantitative no-
ion of their relative illuminating powers. The cye
was used as a natural (psychical) photometer, and
now that artificial (physical) photometers 1'e;1r1'ai1ge
these magnitudes, it is possible and important to
trace the (psychophysical) relation bLetween these
two photometric scales. In fact, this very relation
(with the exception, perhaps, of the physiological
rescarches of E. H. Weber) did most to suggest to
Fechner the formulation of his law. As he point-
_edly remarks, in this field the psycho-physic problem
was solved before it was stated. .
It will perhaps be well, before passing to the mag-
nitudes themselves, to illustrate by an analagous
instance what the psycho-physic relation in question
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really means. * For this purpose the historically first
suggestion of the psycho-physic law, dating from
Danicel Bernoulli (1730 or ff‘&l) and elaborated by
Laplace, will be the best. Bernoulli introduced into
the calculation of probabiliiies the distinction be-

‘tween the value and the emolument of money. By

the first he meant the buying power of the coin, by
the latter the amoung of the additional pleasure,
comfort, etc., the.money could bring in any one
case. In other words, while a dollar will buy

for A as it will for B, C and D the same amount of
sugar, or of bread, yet the real value of that dollar

will be much more to B than it will to AifBisa
poor man and A a‘“wealthy one. If A were to find
a‘dollar on the <s}reet it would produce in him only
the very slightest, if any, addition of pleasure or sat-
isfaction, while if B found the dollar it would mean
to him a very great 'llapl)illosé-illcl'ement indeed.
To get a proportionately equal pleasure A would per-
haps have to gain ten thousand dollars by a rise in
his railroad stocks. The notion that underlies these
commonplaces is that the amount of pleasure, the
import of an addition of ‘wealth, depends upon the
wealth already possessed, being greater when that
is less, and less when that is greater; and the most
plausible’ supposition is that, ceteris paribus, (for

one’s liberality or avarice, and a hundred other cir-

cumstances, can alter this) the import, that is, the
emolument, is inversely as the wealth. If my for-

tune amounts to $5,000 and my neighbor’s to

810,000, an additional 8600 is worth lwice as much

"to me as it is to him; to have an equal increase he

must get §1,000 when I get $500, in which case our
fortunes are increased by one-tenth their whole
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amount. Hence ¢equal emoluments’ - 'means
«equal ratios” of the original \.veﬁ}th. . Fmally,
suppose A has $1,000 and I'give him $100; I now
want to iigain so increase his fortune that he fe.els
himself as much benefited as he did by the first in-
: c;'e'ase ;&that is, I want to give him an equal ratio of
his fortune, or an emolument equal to the first. To
do this I must give him %110, and to give l{im a
" third «equal emolument” I must give him 8121 ;
and for a fourth, 8133.10; for a fifth, $146.41, and
éo on. .To produce an arithmetical series of 1, 2, 3,
4, etc., equal emoluments, I need a geon.letmcal
series  of money-quantities, and the function ex-
pressing the relation of an arithmetical .a11d.~ a
geometricéd progression, that converts multiplying
into adding is the logarithm. Hence we may say
that the emolument is the logarithm of the wealth ;
and by widening the conception of the wealt.h to the
general one of a physical stimulus of any kmq, and
similarly putting sensation in general fo'r the par=
ticular sensation caused by an il_lcrease in mon_ey,
you have the psycho-physic law. Th? practical
difficulty is to prove thqt an increase of stimulus has
always the same effect when it forms an equat part
of the stimulus‘éah'“eady present, instead of assuming
it as was_done above. S .

In thé'fstars we have a large number of stimuli
of all variations of intensity, and to introduce order
into this series we roughly divide them into classgs
or Ihagllitudes. This classification dates from Hip-
parchus, (about 150 B. C.), who happened .to choose
six such magnitudes, to one or other of which every
star visible to the naked eye could be assigned. The
stars of the -first magnitude, by theif preéminent

STAR MAGNITUDES. . 115

brightness, probably first attracted the attention,
and gat to be first-enumerated ; then in a descending
scale the second, third, fourth and fifth, leaving all
the faintly visible stars for the sixth, The magni-
tudes were determined presumably with the inten-
tioh of making as much apparent difference in toto
between one magnitude and the next above it, as
between it and the next below it. That Hipparchds's
catalogue happened to be divided into Just six mag-
nitudes we must regard as largely a matter of acci-
dent ; an accident in the same sense as it is an acci-
dent that our foot is just 304.8 mm., and not a little
more or a little less. . With a more delicate eye Hip-
parchus might have made twelve magnitudes by
making each magnitude half its’ present compass ;
and, in fact, he indicated in regard to some stars
that they were rather larger or smaller than the
average star of the magnitude to which it was
assigned by the terms pifwy and eidoowy. The
point of interest is to see whether ‘the magni-
tudes presumably thus of equal compass, forming
to the mind a decreasing arithmetical series, will |

‘have for the photometric quantities of light emitted

by average stars of each magnitude a geometrical
serics decreasing by a common fractional ratio.
If this is found to be true, then the psycho-physic

law holds, and astronomers: must take it into
account,

The first notice of the existence of such'a ratio
and of its determimation that I can find is given hy
Steinheil (1835). Steinheil’s photometer has an ob-
ject glass divided into two halves, and the light of
the two stars to be compared is thrown by prisms,
one into one and the other into the other half. Both
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stars are- put out of focus ‘so as to appear as discs.
. by sliding the half objective towards the eye- piece,
and the brighter disc is enlarged until the two are
cqually bright; whereupon the posmon of the two

hglf objectives, “with refelencé\to the focal distance -

(by the law of inverse squares), shows the relative
reductions of the light. " For Lllustlatlo«n sm\e he
-chose thirty stars whose estunat%d magmtudbs were
known, and he e).pressed }/he amounts of light
emitted by eachiin terms of one of them. Arrang-
ing these in fite “classes, hé finds that there is a
ratio by which the amount of light of a star of any
magnitude is fo be multiplied in order to equal in
brightness a 'star of the next higher magnitude : that
this ratio is tolerably constant, and equals on the
averago 2.83i.. Fechner's revision of these obselva-
tions gives 2.702.. L

At.about the same time Sir John Herschel madg a
'smnlo.r comparison of stars at the-Cape of Good

Hope but concluded that the .quantities of light -

emlttql by stars of various magnitudes forme(} a
series of inverse squares, such as 1 ! L i oy ete
But Fechner has shown that Hei‘schel’ 5 own observa-
tions 1cally correqponql more accumtely to a geomet-
rical progression’ with #he ratio ;.. than to the
series above proposed, the sum of the de'viutio/ns by
least squares being 2.71% for Herschel’s series and
‘only 2.2291 for the geometrical series. (As Mr.

\ .
Peirce says, “So powc,rful is this natural inflience

- [to make equal ratios correspond to’ equal’ mtelvals]
that even Sir John IImschel’s scale, whi¢h was con-
ceived by its author to conform to a very different

- photomistric law, really does, conform to this and not

" to the one he desired to follow.”
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Johnson, in 1851, compare.d the light of two stars
by reducing the light of.the brighter (by diminish-
ing the aperture of the object glass) until it equalled

_ the latter, and fowpd as the ratio of light between

two magnitudes 2.358 from sixty stars of from the
£1 to the 9.7 magn\fude Johnson also deduces the
following ratios from the catalogues of previous
astronomers, and asqxgned to each an appropriate
welght to mark its reliability. He makes for Her-
schel 2,46 (wt. 1), for Struve 2.61 (wt. 2), which
would be 2.41 if he had ‘taken 13 ifistead of 12
magmtudes as limit of telescopic vision; for Otto
Sttuve 2.46° (wt. 1), for Argelander 2.32 (Wt 3), for
(;Sr\'bombudge 2.58 (wt. 1.5), for his own 2.36 (wt. 4).
Stampfer (1852), from the observation of 182 stars
of fourth to tenth magnitude, fixed the. ratio as
2 ')19 and from the observation of small planets

S 2.045.

[Dawes (1851), by a péqﬁ&iar and much discredited
method arrived at a ratio of 4.00. This has been
80 unfavorably criticised, and so many sources of

¢ error in it hay f&been pointed out, that it wﬂl not be

considered here. ]
Pogson (1857) compared the light of stars by find-
ing the size of the apeTtlre of the object glass neces-

- sary to extinguish their light, and concluded that the

ratio (from observations of thirty-six.small planets
and'stars) is.2.427; but proposes as the ratio to be
adopted by astronomer 2.072, Whose logarithm is
just 4. ’ ”®

+  Seidel, (1861) who used Argelander s estimations
of magnitudes ‘and photometrically measured 175
stars with a Steinheil photometer, deduced 2.8606 as

the ratio, mainly from determination of the hrighter
9




118 ' JASTROW :

stars. He mentions, however, that the ratio is sub-
ject to many irregularities, and that perhaps it
decredses as the stars decrease in brightness.. Mr.
Peirce deduces 2.754 as Seidel’s ratio from stars to
the 3.5 magnitude. ’ .

Wolff calculate$ from his observations that the
‘ratio for passing from the 2nd to the 2.5 magni-
tude is 1.52:1; from 2.5 to 8 is 1.53:1; from 3 to 4
is 1.51:1; but 8.5 to 4; 4 to 4.5 and 4.5 to § have

smaller ratios, on the average: only 1.34:1, This
‘gives: for the higher entire magnitudes 2.310, for -

the lower '1.’79'5.\ .. .
From Zgjllner's observations of forty-two stars
(1st to 6th- magnitude), the ratio 2.761 was deduced ;
from 102 stars (2d to Gth magnitude) of the same
observer, 2.366. ' : . E
. Dr. Rosen’s observations of 100 stars. from the
5th to 10th magnitude give, according to Peirce,
the ratio 2.839, with an indication of a higher ratio
for the brighter stars. o . ‘

Mr. Peirce, from his own observations, deduces for
stars (1.5 to 6.5 magnitude) 2.773, but on throwing
‘out certain stars affected lgya constant error 2.449 for
- stars of 4.5 to 6.5 inagnitude. Mr. Peirce gives reasons
for believing that the Steinheil photometer is‘apt to

make the ratio in question too large. Steinheil and

Seidel, who used this instrument, give by far higher

values than other observers, and the determination

of the same twenty-seven Tstars gives for Seidel
2.780, for Zollner 2.4275. . ‘

" On the whole, Mr. Peirce prefers to Consider the

ratio as slightly decreasing with the magnitude, and -

proposes the formula, log. p=0.486—.0162m., which
-empirically satisfies the observations of Seidel, Rosen
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and himself. Here p is the ratio in question and m

the average magnitude. .
One sees from these facts (1) that the existence of
a ratio by which the quantity of light emitted by a
star of one magnitude is to be multiplied to express
the light emitted by a star of the next higher mag-
nitude has been questioned by Herschel alone, whose
own. observations, however, show that he was
wrong ; (2) that [with the exception of Dawes] the
ratio thus found does not differ very considerably
from 2.5 in different observers, and (3) that there

-are many indications that this ratio is not quite con-

stant, but decreases with the magnitude.

Under these circumstances it seemed to the writer
well worth while to reinvestigate this ratio through-
out- the visible scale of star magnitudes from the
valuable photometric comparisons which Prof. Pick-
ering (with the assistance of Mr. Searle and Mr.
Wendell) has made at the astronomical observatory
of Harvard C'ollege. (v.' Memoirs of that Obs., vol.
XIvy). e _

Their method of observing stars was by means of -
the meridian photometer. The essential parts of
this instrument consist in two right angled prisms to
reflect the two stars to be compared into the two
similar . objectives of a horizontal telescope ; of a
system of adjusting apparatus by which the stars
thus observed could be kept in the centre of the
field; of a double-image prism of Iceland spar and
glass set in the tube near the focus of the objectis s,
in order to split the emerging pencil from each ob.
jective intQ two, and so adjusted as to make one
péncil from one objective coincide with the opposite-
pencil of the other objective ; of an eye-piece through
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which the two centrally coinciding pencils pass,’in -

front of which is placed a Nicol with an eye-stop of
such an aperture that it will cut off ‘the two outside
pencils, allowing only the central one to pass: of a
graduated circle attached to the eye-piece and ‘the
Nicol. The pole star was always used as the con-
-stant star, and an observation consisted in determin-
ing the angle through which the Nicol must be rotated
from the point where the two lights are equal to the
point where the pole star disappears, the relative
brightness of the two stars being measured by the
square of. the sines of these angles. Adopting the
proposition of Pogson, that the logarithm of the
ratio of light between two successive magnitudes is
4, it is easy to form a table of photometric magni-
tudes corresponding (to the nearest tenth) to the
-angles thus determined. |- A

In all, 4,260 stars of from the first to the sixth .

magnitude were thus observed in 7500 series, in-
cluding 94,476 separate (:omparismd.- The special
sources of error avoided by this method are that one
star -is seen at a time, and contrast with bright
neighboring stars is avoided ; that the combined
light of several stars is never mistaken for one : that
errors 'resulting from the relative position of stars do
not  occur; that all stars are observed near the

meridian, thus facilitating the correction for atmos--

pheric absorptio®, and so on. (v. original.)

An important part of the work consists in the

comparison between these photometric magnitudes
and the eye estimates of former observers, with a
discussion of their deviations. 1t is these tables that
have been here used.

By a simple formula with which Prof. Pickering, for

1
|

Lt
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whose aid I desire publicly fo record my obligations,
‘has kindly furnished me, these tables can be trans-
formed so as to become directly useful for the present
purpose. That is. the eye-estimations of magnitude

of the several observers can be compared with the

Harvard photometric determinations of the same
stars (or equivalent stars), and the ratio which each
observer more or less unconsciously used for passing
from one magnitude to the next may be deduced.
It must not, however, be supposed that these estima-
tions arc entirely independent of one another. There
was almost an unbroken tradition which. to a greater
or less extent, cither determined the estimation of
the magnitudes themsclves or influenced the habit

- of those who made new estimations.! -

The resulting deviations between observers are

1“In Ptolemy’s catalogue of stars, which is supposed to date from
Hipparchus, we find the stars ranged in six orders of brightness
called magnitudes. The earlier observers not only imitated this
method of indicating the brightness from Ptolemy, but also, cach
of them derived immediately from the study of the Almagest and
its comparison with the hieavens the habit which determined
the limit of hrightness between stars which he would assign to
different classes. This must, ut least, have been the casc with
Sufi and with Tycho Brahe. Ulugh Beg was, no doubt, influenced
by Sufi, as well as by Ptolgmy directly, and Hevelius was in the
same way influenced by Tycho. It appears that down to about
1840, Bayer’s Uranometria enjoyed a high reputation. Argelander
showed, however, that its magnitudes were simply extracted from
Tycho’s catalogue [and from the Almagest in most cases, s.
Argelander, De fide Uran. Bayeri, p. 15 (E.)], and he himgelf
proceeded to make a Uranometria Nova. It i% o be presumed,

_therefore, that he endeavored to model his scale of magnitudes
.upon that of Tycho, although he may have sought to improve upon

Tycho's seale Dy-making the intervals between the limits of suc-
cessive nmgnitm{es such as would seem equal. All observers of
stars visible to the naked eye since Argelander have sought to
conform to his scale. It is, thus, ensy to understand how a. the
observers have, roughly speaking, the same scale of magnitudes,
On the other hand the sca{)e of SirJohn Ierschel, which was based
on common Inglish tradition from Flamsted (who perhaps imi-
tated Hevelius, but was a careless observer of magnitudes), is very
different.”” (. S. Peirce, Harv. Annals, vol. 1X., p. 1-7, where

ig also given an ingenious diagram illustrating the differences
between various observers,
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many, and are, with regard to the completeness of

the survey, the total number of magnitudes used,
the fineness to which the estimations were made,
and the method of making them.

The tables of Prof. Pickering, which are readily
serviceable for my purpose, are those comparing the
photometric measurements with the estimations of
Ptolemy, Sufi, Struve, J. Herschel, the Uranometria,
Nova of Argelander, the Durchmusterung of Arge-
lander, Behrmann, Heis, Hotizeau, the Uranometria,
Argentina of Gould, Flammarion, the Bonn obser-
vations, (Argelander), and of Prof. Pickering him-
self. Other of the tables there given are also indi-
rectly useful for this purpose. . SN

The total nuniber of estimations tl‘us furnished is
-very near twenty thousand, all but eighty-five of
which fall between the 1st and the 7th magni-
tude. The estimations of each observer were dis-
tributed in a somewhat peculiar manner, there
being always an undue number of stars estimated
as being just of the 2d, 3d, etc., magnitude than
of the 2d to 3d, 8d to 4th, etc., when that mode
of estimating magnitudes was used. "The rule fol-
lowed in condensing tables arranged on this- plan
was to sub-divide them into divisions in which the
even magnitudes came at the centre and the inter-
mediate divisions to either side, dividing the exactly
intermediate division into two, and counting half

for the group above and half for that below, when

necessary. Moreover, the average photometric re-
sult corresponding to ‘any one magnitude, or sub-
division of a magnitude, was weighted by the
number of stars observed as of that magnitude;
and the stars of intermediate magnitudes were
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weighted by half the sum of the number of stars
to either side of the even magnitude with which
they were grouped, so as to bring the average esti-
mation at exactly an even’ magnitude. Where the
tables were given in 10ths of magnitudes, both the
photometric result and the eye-estimates were
weighted by the number of stars observed, and the

- groups formed by taking all the stars from the

middle of one magnitude to the middle of the next,

. counting the number of just 1.5, 2.5 magnitudes
g (=] b

etc., as half for each. The photometric results cor-
responding to exactly one magnitude of interval
were then calculated from the“'average_ weighted
10ths of eye-estimation (which seldom differed much
from unity in either direction). With the excep-
tion of the eye-estimates of Professor Pickering,’
which were made with reference to the photometric
magnitudes as well as ‘with especial care and with
the avoidance of many sources of error (and of a few

observations by Sir J. Herschel, which have not been

here considered), all the tables show one serious and
one more or less decided deviation ; they estimate
stars of the first magnitude too bright. Or perhaps
one ought to say that some of the stars of the first
magnitude are so intensely bright that they make
the average star of the first magnitude much too
bright; or again, that the stars enumerated as of
the first magnitude really should be sub-divided
into two, those of the first magnitude and those
few breéminently bright stars which one nught
term the Oth magnitude. It is also to be remem-
bered that there are fewer of these stars to be-
observed, and thus greater room for error. A
similar  but opposite effect is noticed in the fact
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“that in the six .cases in which basis is given for
calculating the ratio of 7th to 6th magnitude this
ratio is too small; these six ratios present great
discrepancies, and the result is not of great relia-
bility. My method of correcting for these errors is
to calculate the curve which the other four ratios
follow and ‘calculate the positions at the «9.1°
and the «7-6 "’ ratio from the formula thus obtained.

Another peculiar irregularity is to be found in the
two ancient catalogues of Ptolemy and Sufi. The
ratio from «3-27 to «4-3" undergoes only a very
slight fall or in Sufi's case even a rise, but in pass-
ing from «4-3" to «5-4” a sudden and most de-
cided fall. I see no ready way of accounting for
this except perhaps that these observers may have
had in mind a general comprehensive distinction
between bright and faint stars, and that in the
desire to separate the two they made a gap between
the 1-2-3 and the 4-5-6 magnitudes. No such effect
occurs at all in the modern catalogues. On the
whole, as the importance of these catalogues for
this purpose is slight, it seemed better to omit the
ratios in question, and perhaps it might be best to
omit Ptolemy’s and Sufi’s catalogues altogether, the
effect of which would be to slightly lower the re-
sulting ratios.2 |

The 2-1 ratio, 7-6 ratio, etc., means the ratio for passing from an
average star of the 2nd to an average star of the lst magnitude;
from one of the Tth to one of the 6th, and so on. o

- 71t should be added that Houzeau’s table gives a value for pass-
ing from the 6.7 to the 6th magnitude, which I could not use.
Bebrmann's ratio for 2-1 from only five stars, and the Bonn obser-
vation ratio of 5-6 from twenty-two stars were also not used, for
evident reasons. .
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" The general average of all' the tables here used
gives ‘the "following table, including all the above
corrections : :

i AY. of
IR T S T A T

' I
I
Magnitudes. ! 1. :
| : i ‘ i
Logarithms of } | (.5572) L4147} .5780; 8360 .3125( (.2501) ' .3608

Ratios. § 1Corrected! | ! : Corrected:
| 4474 ' | | 2732
Carreeted i iCorrected

g 2.802 ; ’ i 1.876

]
! i
}

“ Weight, i.e. ): : 1 ! ‘
?- 818.51791.5 3746.5) 97?2‘ 2428.5

Number of ob-
servations,

! !
! ! : H g |
Ratios. ...... ’I (3.607) 12508 2.388'2.1673| 2.053' (1.779) ' 2.203
I

I

'

It is evident that the ratio decreases with the mag-
nitude, and the empirical formula thus calculated by
the method of least squares that hest satisfies these
results.is log. o. -~ 49974 — 03486 m. or, p.
3.16 (.922’@) m. Mr. Peirce’s results by the same

~method give log. o. — .48 — 0151 m. 1 ;’ '
" The following table shows the divergence between
« the observed and calculated ratios by my formula.

o

i The logarithms are given. It should be said that
e = oooow—- the magnitude, m, means the
E Observed. Calealated. © Mmean magnitude, e. g., for pass-
,4474?5 4745 ing from 3-2, the value of m i
. 4147 ; A1259 25 As will De seen, the result

- 37?2 i n’iiéf | when we plot the logarithins is a

s | sy | Straight line, with a more de-

e | oemars . cided inclination than that of
o " L Mr. Peirce. The resulting curve

_'The methods of deriving these averages is as follows: A; r de-
riving the (logarithm ofy the ratio for passing from one magnitude
to the next above in the way already described, all these results are
grouped with their approximate weights and expressed in loga-
rithms.” The weighted average logarithm for each group, 2.1,

‘ 3.2, w8y ete., is caleulated, and these form the uncorrected
serics of loparithms given in the table. The reasons for slotting
the logarithms rather than the ratios themselves is that t{le loga-

. rithmg Jorm the simpler mathematical curve, a straight line, for
comparison, and in addition obviate the distinetion etween the
ascending ratios and their reciprocals, the descending ratios,

¢
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T as well as the theoretical curves
“of Mr. Peirce and myself are
-l§ given in the figure, q. v.

It should be added that facts
7| favoring this interpretation of
Fechner's law exist in other kinds
i of sensation; but perhaps not in
sufficient quantity to allow of a
- quantitative determination such
as is here made. Tt is universally
| admitted that the accuracy of
Fechner’s law (or Weber's law,
; for from this point of view the
. two are simply two different modes
of experimenting) suffers a deviation both when the
stimulus  becomes very intense and when it be-
comes very slight. A more or less extended inter-
mediate region in which the law holds is generally
supposed, and the deviations at the extremes, which
are admitted to be of opposite mnatures, would
then form a broken line somewhat like this—
e . But it is certainly more nat-
ural to suppose that the curve is more regular and
can be represented by g straight line inclined

throughout. Such is the result which the consid-

eration of star magnitude suggests and formulates.
Whether and in what way this result is to be taken
into account by astronomers must be left to them to
decide.! To the psychophysicist this method of
testing the law is of very especial interest, amount-
ing almost to a new psycho-physic method; even

'The astronomers have generally adopted the ratio whose logar-
ithis .4, i ¢., 2,512, ag proposed by Pogson. The average of the
above values is .3603 (or 2.993). IT we confine ourselves to stars
down to the fifth magnitude the average is .39635 (2.492).

RTPIPE

STAR MAGNITUDES, 127

though it be one rough in its nature and limited in -

‘its applicability. The psychological processes in-

volved in this kind of experiment differ so much
from those employed in the more ‘current experi-
mental methods, that a comparison between the two
is extremely valuable i and is made the more so as it
is capable of furnishing the grounds of the validity
of the inference from Weber's to Fechner’s law.

The general conclusion reached by my investiga-
tion is that the law regulating the ratio of Jight be-’
tween stars of one magnitude and those of the next
above or below it, is the psycho-physic law as formu-
lated by Fechner, with the modification, however,
that the ratio in question, instead of being perfectly
constant, decreases’ slightly with the brightness of
the star, and may provisionally be regarded as fol-
lowing the -empirical” formula, log. p = .5102 —
-0353 ., where p is the ratio of the light of one
magnitude to that of the next below it and m is the
magnitude intermediate between the two between
which the ratio is to hold. All this is claimed for
stars down to the sixth or seventh magnitude only :
what the law is for fainter stars remains to be deter-

mined, :




