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CRITICISMS AND DISCUSSIONS,

THE THEORY OF I\'I.»\TIQJEMA'I’[C.-\L FORM.

A CORRECTION AND EXPLANATION

) "
In his interesting communication to 7%e Monist of January k8¢ on ' The

v Logic of Relatives,” Mr. .C. S, Deirce, while :1lludi‘n;,' in flattering terms to my

" Memoir on the Theory of Mathematical Form,"” takes exception to the oi%n.
which he conceives to be there put for\mrd that **a relationship” is **nothing but
a complex of ‘bare connexions of p.urs of objects,” and ncg%gly states that
“while I have learned much from the sty of Mr. Kempe's Memoir, I;,lm obljged
to modify what I have found there 'so much that it will not be convenielit to cite it,
because long explan: ttions of the relation of my ‘views to his would become neces-
sary if T did so."

Any criticisnt which comes from so distinguished a logician as Mr, I’cxrcv must
of course have great weight: but in the present instance [ fu.(r that bonws dormitat
Homvrus, for Tam confident that I have never held or e xpressed, vither dlr((lly or
by implication, any such opnmm as he attributes to m. ()n the contrary, I reg’lrd
it as quite inconsistent with the fundamental prmuplvx f(xrmn]‘m d in the’ ’Vlcmou’
Iam fnlf) aliveto the many defects my essay, and am glad of this opportunity
of expse s»mg my gratitude to Mr, Peirce for a long and valuable letter of criticism,
which he sent me on January 17, 1‘\‘37, a letter which led to my msertmg a ‘‘Note"”
in the /- mur{'m,gs of the /\u\m’ ‘mr/.r\' Vol. 42 (1887), p. 193, mnmmmg some
Very necessary corrcctluns and mendllmnc of tlu Memoir.  But as that Memoir
has now for the second umc been called to the attention of the readers. of 7he
llmlhl Mr. F. C. Russall having referred to it with appreciation in the issue of
April, 1894, T'have become solicitous to maintain its reputition here at as higha
pitch as possible, and am anxjous, therefore, that no undeserved criticism should
pass unnoticed. Mr. Peirce's article fortunately affords me abundant evidence
wherein it is that he has mistaken my views, and with the permission of the Editor
I propose to indicate the nature of his misconception. In doing this I may be par-
doned if I scize the opportunity to state concisely and without reference to details,
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exactly what the fundamental principles set forth in the Memoir are. Unless 1 did
s0,.what T bave to say would be scarcely inteiligible. .

It must be obvious to the most casual observer that the subject-matter of
thought consists of much which may be disnlissctl from consideration without affect-
ing those properties which jtis the object of the logigian or mathematician to in-

vestigate The determination in any case of how much may be thus dismissed, of

what the irreducible minimum which must be retained consists, and of the causes

to which the properties of this essential residue are due, s, however . by no means

simple.  To effect such determination, is the object of the Memoir. It points out,

in the first place, that the subject-matter of exact_thought is conceived of and dealt

. Co o . i - :
with by the mind in the processes of reasoning as'consisting of @ number of sepa-

rate things, as being a plurality of “units.”  “These “units " are of every conceiv-
able description.  They may be " individualssor abstract ideas,” - to quote the
words of Mr. Peirce,--or, to quote my own ( Memoir, par. 4), may be " material
objects, intervals or ;;uriuds of time, processes of thought, points, lines, statements,
relationships, arrangements, algebraical exprdssions, operations, operators,” ete.,
etc. The task of specifying the exact objects or Meas which are thus conceived of
and dealt with by the mind in any investigation, may in some cases be one of ox-
treme difficulty, and mistakes are likely to occuranless the operation be conducted
with great care. Thus, while no difficulty miny e expirienced in enumerating this
or that ubject or idea as units which are under consideration, there m."i'y be a fail-

ure to,appreciate that their “relations " are aBo in certain cases being conceived of
P :

‘and dealt with as units, and should be included in the  enumeration ; that the Syse

tem of units before us is consequently 4 more  exte nsive one -than is supposed, and
that unless the whole field of view is brought into focm., an erroneous impression
may be created

v But, while it is important that we should ndt overlook any of the “unpts”
which are really before us, it is equally important to notice that, for the purpuse
“of defining or investigating a particular subject -matter, it is frequently useful to in-
troduce into our field of view certain ‘conceptians which, though valuable auxiliar-
ies, in such definition and "in\'cxlig'\linn,’:m«l on fccasion L’hr‘mwlw-s the subject of
our study, \Ll form no essential part of the paftic ular subje ul matter for the time

bem;., undor consideration. The “relationships | existing bul\\m_n the objects which
.compose that sul:y:(,l-nmnur,' the “"operations ™ by which one individual or plurality
of those objects may be conceived of as derived from another individual or plural-

ity, and *statements” with reference to such [relationships or opetations are in-

stances of **auxiliary units” which may be thus introduced. Here it may be neces-
sary to bear in mind that such units are mcrc}y:’ auxiliary, that they are used merely
as a temporary scaffolding, which, however useful during the course of our work,
Mmay ohscure the true proportions of the structure which it environs.

But probably the greatest caution is needed with regard to a somewhat subtle

dzmg,u,_\'i;’.., the regarding of a number of separate things or conceptions, even in-
. . v . . .
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finite in number, as if they were not many, not a plurality, but ®ie thing or one

conception only.  We have, for example, o number of objectﬁ before us, andwe
have certain relations betwegn pluralities of thosv ohj(.cts also bnforou';, and we
appreciate the fact that we are dealing with lh"sn relations as units. W here the
relation between the individuals of one plurality is different from that bct\\‘cg_:fn;_ the '
individuals of another, we also npprvci:uc the fact that the former relation jegarded
as a unit must differ from the latter relation when .c;o considered, and that con-
sequently we have szco relations before us, affl not one. But where the relation
between the units of .one plurality is, in common parlance, ** the same as™ }h:;{ be-
tween the units of another, where the two relations Ae said to be *idengical,” there
are certainly. many persons who would come to the conclusion thd? here we have

i
l)ut one relation before us, not fico. lhc- conclusion \\oubl however, be a wrung

.
one, the use of the words * the same " and **identical 8 though by no means un-

common, and in general not likcly to lead to confusion, -being here crroneous. The
two relations are no doubt 'undistinguishably :1like,"' so that **one single descrip- -

tion will apply equally to either of them™ (Whately's Logic, first edition; p:- 208

_Appendix on Ambiguous Perms), but this is not “identity,” this is n t_being 'the

same,” there are Zico relativns before us, and not one, and the failure to apprc};iate
the fact would be to overlook a matter of fundamental importance.?

q'l‘o follow this-up, let me add thb:tt, in the remarks whicli‘cnsue, when I say
that two or more objects or conccplinns_)r]jﬂ't:r. from .gach other, I do not mean
simply that they are a plurality and not one'object ot conception only, but that they
are unlike in some respect, that sumething can be said of one that is not true of.the
other or others. On the other hand, when T say that certain objects or conceptions
(in the pluraly differ in no re..cpec( whatever, 1 do'not mean that the use of the plu-
ral is erroneous and we have réally only one object or conception ‘in vigw, but 1
mean that they compose a plur’lln) of ohjécts or conceptions cach of which is un-

distinguishably like each of the othefs, so that a description of one is LquaII) ap-
0

. X vl

plicable to each of those others. %

The subject®matter of exact thought cougists #ien of a mass of **units.” These

are not, howev r[ conceived of b; the mmd as ]umbl((l together in a mere confused

heap, ‘but exhibit a certain orderly arrangement which I term mathematical

form." What exactly is this ** form." 7nd to what is it due?
In answering this questmn let mug as k my readers to take a somewhat gcnenl
view of the subject- matter of Umu;_hl © From whatéver pomt of view we regard

this, the mogt prominent feature is probably the combinatifn of variety and uni-

Address to thel [ ondon Mathematical Society on ™ I\I:nlu:m:rtics " of November Sth, 1894, Sce
Proc Lond, Mata, Sec., Vol, XXV, s &
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formity \\thh it exhibits. We, picture to ourselves things of gevery im: \ginable des-

tcnpuon differing in every possble way ;" but the representation includes objects
"here few m numbvr thcrc many, which do not differ from each other m any respect
whateved. A still greater vartety is displayed by the pluralities of lht_ things pic-
tured, the differences between which depend not only upon the number and pccu~
liarities of the individual objects of which cach consists, but also on those additional
chanctu’mhcs of unlimited -diversity, which accompany every plurality, and may
be concmd\ referred to as “relations ! Here again, though difference is present,
its absence is equally marked ; and pluralities, however complex, ate rarely unigue
but arefaccompanied by other pluralities, some by one, some by more, to which
they bear an undistinguishable resemblance,

Now putting aside the contemplation of the special pt cuiliarities nnd character-
istics of thejindividuals and relations which come under our observation in such
infinite variety, let us confine our attention to the study of the results which flow
from the mere fact that this and that individual=3r this and that plurality, difteg,
while this and that do not. We shall not, as might ac first sight be supposed, thereby
put away everything which gives life and interest to the subject-matter of our
lhoughl and leave nothing but a mere heap of dry bones.  Form remains. - The
like and unlike individuals and pluralities which zre contained in any greater plu-
rality must be distributed in some way through the whole body of individuals com-
posing that greater plurality, and the way in which this distribution is effected gives
to the latter a characteristic ** form,” which may or may not be different in two
pluralities of the same number of individuals,

Itis'this **form " which I believe to constitute all that is essential in the sub-
ject-matter of thought so far as the processes of reasoning are concerned  When
the **form " is determined, those " properties” and relations” of the subject-
matter which are the study of the mathematician and logician are also determined.
The rest is mere dress. It follows, of course, that two subject-matters which are
of like * form,™ however widely they may differ in other respects, will for the exact
thinker have precisely similaroproperties and admit of precisely similar treatment. ¥

So much for the general theory.  Now let us turn to the special matter upon
which Mr. Peirce bas misapprehended me.  For the definition of the ** form ™ of
any sy‘"clem of units it is necessary only to indicate which of those units, and which
of thu‘ pluralities of those units, differ from each other and which do not.  In ordyr
to do lthis it will not in ge mml be necessary to make the indication for each sep-

arate unit-and plumlx(\ The distribution of the various differing and non-differing

- IDitterences may exict between two pluralities though none exists between the inhividuals
which compose them.  Thus geometrical points difter in no re speet from each other, but a col-
linear triad of such points compose a plurality which difters from the plurality componed of a
triad of non-collinear points.

2See * The Subject-Matter of Exact Thought” by the \\rn:rm Nature, Vol g5 oiqn, p.
156, where the geometrical the rory of pointsand the logical theory of statements are considered

and compared in the light of the principles here set forth, ,
, .
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units and pluralities of any system is regulated by definite laws, so that a knowledge ~

of the mode of distribution of some only of these components may determine that
of the rest, and consequently the form of the system.  There are in general several
ways in which the form of a given system may be thus detcrmmed and accordingly
various different definitions of the same system may be adopted. There are certain
systems the ** forms."” of which are fully defined when we know (1) which of their
component units differ and which do not, and (2) that certain specified pairs of those
units difier from the rest. The p,urs may be of many different sorts, and so may
the larger pluralities, but the existence of all .the differences involved ds fully indi-
cated by the presence and absence of the différences between the units, and by the
dichotomy of the pairs.  As has already been stated,.the definition of the ** form
of & subject-matter may be facilitated by the introduction into our field of view of
“auxiliary units.” Now it is demonstrated in the Memoir that, by the introduction
of a proper system of auxiliary units, an enlnrged sy stem is obt;xinqd'of the special
description just alluded to. The * form " of this enlarged system being determined,
that of the smaller one obtained b\ omitting the auxiliary units is also known, an
consequently is defined by the limited specifications I have mentioned. This result
isa very important one in rcfcrmce to the graphical representation of the **torm ™
of any subject-matter of exact thought, for it enables us to effect such representa-
tion by means of a diagram consisting only of spots and of lines connecting certain
of these spots, one to one.  The Spots represent the units, unlike spots representing
units which differ, like spots those which do not. Thc various units of the system
under consideration, and also the necessary auxiliary units, being duly represented,
each by its representative spot, we have then merely to effect a proper division of
the pairs of these spots into two sets. This may be done by connectmg the two

spots of cach pair of the one set by a line, no lines being drawn in the case of the

pairs of the other set. 1t matters not which of the two sets of pairs consists of the

joined pairs, and which of the unjoined pairs for the lines are not employed to rep-- z

resent anything in the'nature of a connexion between the units represented by the
spots which are connected by those lines.  All that is needed is that all the pairs of
one set should be joined pI]ll"i, and all of the other unjoined, and that the pairs
should thus be made to differ from each mhe L
Any subject-matter of exact thought admlls then, I say, of representation by a
diagram consisting of spots, and of lmes. connecting them in the manner mdlc"tted
Such dl.u,mms are, however, sometimes used in an entirely different way from that
in which tlwv are used in the Memoir. The chemical diagrams showing the con-
“stitution of compounds, the " graphs ' of Clifford and Sylvester, and those of Mr.
Peirce in his article are instances. OIn these graphs the lines or bonds represent a ,
‘connexion,” o copul.x " a "mode of junction” between the things represented
by the spots. It isiquite comprehensible there fore that Mr. Peirce having such use
of th:,sv bonds in mind, should have suppo%d that **in Mr. Kempe's method the

spots represent the objects, whether individuals or abstract ideas, while the bonds

e
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represent the relations," zind that consequently ** Mr. Kempe scems to consider re-
lationship to be nothing but a complex of bare connexions of pairs of objects:" It
will, however, I hope, be clear from the foregoing explanatiori, and a reference to
the Memoir itself, that I do ‘not use, and have not there used, these lines or bonds
as representing any relationshipAin the nature of a '* connexion,” but simply to dis-
tinguish certainvpairs of things from others. And it will, I trust, be equally clear
that because I believe that the ‘‘form™ of any subject-matter may be defined by
statements as to the existence and non-existence of differences between ‘* units,"
and as to the éxistence of differences between pairs of those units, it does not follow
that T believe that the cémplek relationships between pluralities of units which-re-

sult from the possession of that form, are nothing but ** complexes oﬁare connex-

A. I~ Kempe,

ions of pairs of objects.’
LoxDoN.




