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34 . JOSIAIL WILLARD GIRBS, [Oct,

The necessary and soffivient condition that the equation of the
asymptotie Jines be factorableis that Jdic ) be a squarey or that
three unequal values of g, as #o Mo p, oxist for cach of which
(0 will have aeubie factor, The values g are the roois of the
equation :
v T, == 0.
ad g, == 00 quadratie o g, hence o, = 0
i o= = 2Tg0 s negidive for all read valioes of
poexeept e gy g henee twoof the roots X g (5) are real and
Pwo are isginey except ot the pinel points. But the rener-
aters throngh the pointco, 001, 5 lie in the planes o= \u, w
= p3, henee two of the cenerators are venl and two imacinarvy,
Conversely it can be shiown that if 7, =, the equation of
the asvmiptetie lines 3= factorable, henee ¢ 2= 0 i3 the necessary
and sufiicieyt conditon thar the asvmpiotic lines are redueible.
COoRNELL UNIVERSITY,
Marck 97,1903,
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 JOSIATD WILIARD GIBBS, PILD. LLD.
A SHORT SKETCH AND APPRECIATION OF 118
WORK IN PURE MATHEMATICS. -

Jostan Wirraen Gines, Professor of .\Izltlwnowtionl Phyeies
in Yale University, died after o short illness, April 28, 1903,
The loss to pure scienee in Ameriea accasioned Ly hiz death is
diffien]lt 1o overestimate, and- it seems peculiarly fitting that
zome recond ¢hould le made in this Brrrens of the work in
pire mathematies of = illustrions a member of the AMERICAN
Marmevarican Socigry. Morcover, his publications have
appearcd inaform Jucking somewhat in perspicuity and detail,
and e rathier naceessible. i

Neveferenee will hemade in the following 1o the achiev ment
of Profic=ar Gilbs in Tis chosen field of ThePmodyngmices. A
cimplete aecount of Lix work in Phvsies will be fourid in the
Asrivan Jowrad of Seicuee, Septewber, 105 T g pm-
Jposed here to give a brie! appreciation of the fdeas underlying
the following papers, which constitute Lis pablished work in
pure mathematies :

FRome pargraphs of the present shewh have already appeared in this
article. ’

<
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“Illements of Veetor Analysis,” arranged for the use of
Students in Physics.  New-Huvén.  8°. Pp. 1-36 in 1381,
and pp. 3783 In IS8, .

“On Maltiple Mgebr™ Viee-Presidential Address before
Seetion A of the American Association for the Advancement
of - Seience, published in the Peoccedings of the Association,

vol. 53, 18846, pp. 27-66,

C4O0n the Rale of Quaternions fir e Moebra ot -Yectors™

Notburey voll 43, 1391, pp. 511514
“Quaternions and the Ausdehnangslehre.”  Nutwre, vol. 14,
189, pp. 7982, A
“Quaternions and Veetor Analvsis.”  Nature, vol, 48,
1895, pp. S54=367,

It s guite apparent from these titles that the interest of
Professor Gibhs was most keen in the subject of Multiple
Algebra. In faet, for several vears he delivered at Yale Uni-
versity acourse of leetures on this topie, to which referénce will
be made helow,

The theory of dyadies as"developed in the Veetor Analysis
of 1834 must be regarded as the most important of these coni-
tributions.  For the Vector Analysis as an algehra dnes not
fulfill the definition of the linear associative algebras of Benja-
min Peiree, zince the sealar product of veetors lies outside the
veetor donain, noe is it a geometric analysis in the sense of
Grassmann, the veetor product satistving the combinargial law
but yieldine a veewor instead of 2 macnitude of thi sccond
order. While these departures from the systems mentioned
testify to the ereat ingennity and oricinality of the afithor and

do not impaie the utility of the svstem as a tool fyr the use
of students in physies, they nevertheless expose the diseipline
to the criticism ot the pure aleebraist. Such objection tulls o
the groand however in the case of the theory of flvidies, for,

this aields for i =3 a linear associative algebra of nine unics,

namely novious, the genergl nonion satisiving jan identical
equatien- of the third deeree the Hamilton-Cafley equation
(O Veetor Analvsis, Wilson, Chapter V), :

el

Vs

: U -3
Tt s easy 1o make elgar the precise point of vie@gdopted g

in the Vice-Presidentinl’ Address, aud also -in his warm dd-
fence of Grassmann's priority rights as against Hamiltony.
in the first article in Nafure. He points out that the key

by Profeszor Gibbs insthis matter.  This is well ('xlmnndi\\l/

1
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to all matricular algebras i< to be found in the open {or inde-
terminate) product, (i e, products in which no cquations sub-

sist between the factors), and, after callivi atiention to the hriof

development of this product in Grazsmann’s work -of 1844,
affirmz thar Svlvester’s assienment of the date 1838 to the
‘Cseeond Dirth of algebra ™ (this being the veur of Cavleyis

Mewmoir on Matrices), must he changed to 1894, Girasssann,

however, ascribes ,vcr;\,:.liu](x,inv;]v;ovn:mce~m the open ]H'lvn]‘\ﬂ‘t"'"

regarding it as affording no i portant application=. Ou the
contrary, Professor Gibbs assions 10 it the very first place’in
the three kinds of multiplication considered in the Ausdehn-
ungslelire, sinee from it may he devived the algebrie wnd the
combinatarial product, and shows in fact that both of these may
be expressed i terms of indeterminate products. Thus the
multiplication rejected by Grazsmanu hecoies, from the stand-
point of Professor Gilibs, the key to all others. The oviginality
of the latter’s treatinent of the algchra of dvadics, as contrasted
with the methods of ather authors in the allied theory of
matrices, consists exacily in this, that Professor Gilbe regards
a matrix of order 2 ax a multiple quantity in 5% units, each of
which is an indeterminate product of fwo factors. ©n the
other hand, C. S. Peirce, who was the first 1o recognize (1870)
the quadrate lincar associntive algehras identical with matrices,
uses for the units a lefter pair, Lut docs not regard ¢hiz combi-
“oation as a product.  Tn addition, Professor Gibbs, following
the spirit of Grassmann’s svstem, dacs not confine bimself to
one kind of multiplication of dvadics, as do Hamilton and
Peirce, but considers two sorts, hath originating with Grass-

mann.  Thus it may_ be said that. gnadeate. or matvienlar. ...

algebras are hrought entirely within the wonderful svstem ex-
pounded by Grassmann in 1844, ’

As already remarked, the expozition of the theory of dvadies
given in the Veetor Analvisis is not in accord with Grassmann’s
system.  Ina footnof@ of Lis Viee-Dresidential Addris Pro-
fessor Gibhz shows the Slight modifieation necessary for this
purpose, while the subject has Leen treated in detail and in all
generality in his Lectures on Multiple Alecbra,

Inorder to bring the algebra of dyadics within the systery ==

invented by Grassmann it is,only necessary to, replace the
dyadic of Veetor Analysis, that ix, the, indetcrminate product
of twa vectors, by the indeterminate product of two magnitudes
of Grassmann’s svstem the sum of whose orders (in general
-~ - 7’

W . ‘

1903.] JOSIAH WILLARD GIBBS. . ' 37

3

different) s always cqual to n, the order of the system
itself. '
The details are brietly as follows: Suppose that
[

.-.' ’
ATt »

are the fundamental units of the svetem s then decivad units are

e e dormpd rop tiede 714}'—t;11{ing all lN)Sr“rlt:' 1‘1-(;'{ngt_\;ruvr;(_vmﬂing- to-

the combivatorial law
Thus we obtuin
n{n—1)"1-2 units of the seéoud order, of the tvpe ee,;
a(n— 1) (e —2), 1-2-3 of the third ordery of the Wpe o8
_ - ete.,
n of the (n — Ljth order, of the type e, .- - e

u—l;

cand one of the nthoorder, e, 7~ e | which for brevity we set
equal to-unity.  The 2 units of order 2 — 1 ¢an be chosen and
desiznatedd

e e §
(U(':) !(n

such that 7 = 1, but 2o =0, % [,
4 J . LI .

From these units we torm the fundamental dvads, by multi-

plying any unit of order # into any other of ovder 2 — r, usine
the sicn o indieate the indeterminate product.  This vives

for example
| ple,

nto fundamentdd dgads o7z
[a(n — 1y 1.2] « « e,/ 67,

since, by Grassmann’s regressive law of multiplication anv unit
of order 1 — 2 may be expressed in the form Tl

From the fundamental Gyads are formed as in the Veetor

Allili-\'sii the l]./','(llll.lfn'

Y — o o vy T ]
I)l = Z Ui s Gy (b3 = Z Uiy ki€ 00 ete.,
[

LAEE

s : . ol ¢

the a’s being ordinary sealars. : ‘
Profeszor Gibhs next asks the auestion : What disteibutive
products of dvads ov dyadics are simple and useful 2 "OF these,



JOSIATL WILLARD GIRDS, [()Lt

he finds two, ((»nupnnxhn' pluml\ to- the doubie r/u( ‘md
4."()( e eross juml!lu%‘ of Dr. Wilson' sV vetor ;\n.ll.\:h, page
300N Forexample, the first sort gives -

m’:cm'din: as ' I

This Taw of m"‘nplu ithan 3= exactly that of €U 8, I’( irec’s vide,
and accordinglv the alvebr or dy: wlics lu el mnm the double-

dot Jaw of mulnnhvmu.x is precisely the matrienter alochr of

+ the author mumnnul o
rllli.' r]ml[m'—(:/"’i\x\' 1;4"(/711'_'(‘ is <]('ﬁ!]('(1 ])}' the ]:1\\'

e _'._",
[ (“-’1‘
s

i e, gives a dyad of difftrent tepe. o the Veetor Analvsis,
‘h(n’.u\(l o new 1ype of dvad resalzs and we have, in contra-
diction fo G rassmann s system for o= 3 one type of dvad onby.

Thiz sceond type of }umh)c is a distinet ((nnmlmtm'l to the

alzebra of (,]}.xdl(~, as the development on pages 306-33 1 uf',

the Veetor Analv=iz of Dr. Wilzon abumd: antly proves.

Yor geometric n]\p]u.nmn this comes ont in the following
very mtgrcxtmﬂ' way. - Suppose w=4; then quantities of the
first orller ‘mav be upr(«cmul as ]»4~llll~ in ordinary gpace, and
the general dudw b, gives a gene val collineation 7. Now the

dy adic '

Jis T expressed in line colirdinates, i.oe., is the correponding
collineation of Plitcker’s line: geonietry 5 moreover

is T expressed in tanzentinl or plane cui_':r«]in:l‘r\&, while
simply the determinant of 7. _

This hrief =ketc will show, thevefure, that Professor Gibhs’s
e\pnq[mu of the algehra of d\mlw treats of these multiple
gquantitics not only as lnear Operators oi g antities of the first
order, to which the investigations of all authors on the related

»
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topic of matricular algebras ave limited, but also as operators
within the eative depived dogiain of (dvassoonn, The lectures
contain a very simple amd elecant treatmedt of varions quies-
tions in the theory ol matvices, including Svlvester's Jaws of
nullity and lateney, ‘the proot of the identieal e fuis ation and the

reduction of a dy vadie to a cononical form both in the general

and ~'[wl'i'll Ciae=,

Lt i dnteresting and gradifvine to- uote that the jnterest
arouscd in the ceneral subjeet of \Inltlp'c Aleehra among bis
pupils, stimulat ed and diveerod by Protessor P mpnnt thmunh
his lectures on Hype reorples Numbers, has resulted in zoveral
noteworthy pub i Ltmm by the late -Preofessor Starkweather
and by D, 11 1\\n(~ \\hvu-h exhibit the method and spirit-of
I)LHJJIHH] Peiree’s. mcmmt}' ;Linear Associative Algebras in o
new and remarkahly trﬂn‘hl v'_‘-gh[. ) L
S Peecey F. Swvrrn,
SHEFFIELD SC”L\'TIF(‘ e oo [~ ’

July, ‘Hh

NOTES.

AT the forty-second annual convention.of the National eduea-
tional association, held in Boston, July 6210, 1903, a contierence
on mathenatios was condueted by Professor DL E. Suarri,. The”
topic considerced was the orcanization and the work of assoeia- -
tions of teachers of mathematios. Over two hundred teachers
of mathematios frem varions prts of the conntry wore pn\uxt
at the conference, und the foifowing prpers were read: ¢ On
the work of the € vntml as<ociation of seience and mathematies
teachers,” by Mre. € EL Covsrocr s % On the New England
Aszsociation,” by Mr. E. H, Nrcnors; « On the proposed asso-
ciation for the middle swtes and Marvland,” by Dr. J. S.-
Frescrc: ©On the investization being m wle 1u \:mv Eneland

Cas to geomaetry in the ErUINAr S hunl by Mre, WIS Canie-

BELL ;- Oncthe report of the copunitice Jmanmtwl l)\ the A=
ERIC AN MATHEMATICAL SoctETy, on colleoe entrance reguive-
ments,” by Professor 1 W, [\IH' ; ¢ The reladion of these
assoctations to the AMERICAN M.\HH-..\L\’I’IC.\I, SocreTy,” by
Professor W, . Oscoon. From the inguivies made at the
conferenee it is pr robable thit several assoeiations will be formed

during the coming year, . .




