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N . ' . .
On an Improvement in Boole’s Calculus of Logic. By C. 8.
- PEIRCE. ’ S

Tre pri-ncibal use of Boole’s Calculus of Logic lies in’its applica-
tion to problems concerning probability. it. éonsiéts, essentially, in a .
system of sign4 to'denote 'the logical relations of classes. The data of
any problem may. be expressed by means of these signs, if the letters
of the alphabet are allowed to stand for the classes themselves, From
such expressions, by.means of certain rules for ansformation, ex-
pressions can be obtained for the classes (of _events of things) whose
frequency is sought in terms of those” whose frequency is known.
Lastly, if certsin relations are known between the Iogical relations and
arithmetical operations, these expregsions for events can{be‘ converted
info expressions for their probability. ‘

It is-proposed, first, to exhibit Boole's system in a modified form,
and secohd, to examine the difference between this form and . that
given b Boole himself, ‘

~ Let the letters of the alplmbét dén?te classes whether of things or

of occuprences. It is obvious that ap event may either bie singular, - -

as “this sunrise,” or general, as gl sunrises.” Let the sign of -
equality with a comma beneath it €xpress numerical identity. Thus
=1 is to mean that g and %

fdeno{e'the same class, — the same
collectiorfof individuals. - '

Let a -} & denote all the individuals contained under a and 4 togeth-
er. ‘The operation here-performed will. diffe
in two respects: 1st, that it has reference to identity, not' to equality;
and 2d, that what is common to a and 5 is not taken into account twice
over, as it would be in arithmetic. The first of ?hpse diﬁ'érences, how-
c¢ver, amounts fo nothing, inasmuch as the sign of identity would indi-.
cate -the dmion in which it is founded; and therefore we may
say that . - '
1) . If Noagisé etbs=ad-b -
It is plain that R

~(2) .a—{,—a;a . A — E _!‘,' :

and also, that the process dénoted by -, and which I shall call the
process of logicul addition
That is to say .

(94.)  atbm=bda

o .5»4?‘ | and

comma may be called logical multiplication.

r from arithmetical addition

: %here any of these le

» 18 both commutative gnd associative. -
.- . .
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(4) (a4 8) 4 c= a4 & o). "v\

Let a, b denote tl{e individuals contained at once nder-the clzis_ses
aand b; those of Which a and b are the common spedies. If ¢ and b
were independent events, a, b would denote the event whose proba-

bility is the product of the probabilities of each. On tle strength of
is analogy, (to speak of no other,) the operation'indrkk;atcd by the

It is plain that

(5) ’ 2 a,a=a '

Logical multiplication is evidently a commut#tive and 'ﬁﬁsociativ_e
process. That is, - ‘ -
O Ty
) S @b ie=a,@,0) .

Logical zﬂ"dx!fa% éndi]ogical multiplication are doubly distribative,

"sothat - - A .o e
8)y— (@Y ,c=a,c4 b, )
aid . . :
) abde=(adc), (b4 o). \
. Proof.

L((zt‘a;a’-f—x—]-y-l-o

b=V + =z z-{— 0
Cmddydeto
tters may vanish. These formulms ‘compre-

hend every possible relation of @, and ¢; and it follows from them,
that ’ '

i

But S

ge=yto 5,c:;z+o a,c+b,c;y+z+9 -~ (8).

So _ ' ‘ : ‘
@b==x4o0 . d,b+c;c’+x+y+z+o.

But " ‘ o

b =gbobebyteto  (bo)mbpotetytet
@+, 0= tatyteto n()

“hb=a ¥ tatytato, @b emytato .

;
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" Let - be the sxgn of loglcal subtrhctwn i Bo deﬁned that .
S (10) Ifdfra==a a: —JZ -+ b

' 5 Here it will be observed that z is not completely determmate, It

=" may vary. froin.a to @ with b taken away. This minimum mé.y be
; denoted by a — b. It is also to be observed that if the sphere of b.
reaches at all beyond a, the expression @ — b is uninterprgtable. If |
‘then we denote the contradictory negative of a class by the letter

whlch denotes the class. 1t5elf with a line above it,* if we denote byv

a wholly mdetermmate class, zmd if we_allow [0+ 1] to be a wholly
uninterpretable symbol we have

(11.)

.which is umnterpretable unless ’

a@,b=0.- i

If we define zero by the f"ollowmg 1dent1t1es, in whxch x may be any
g class whatever, ,

e __ | ,
' then, zero denotes the class which does not go beyond any class, that
' is nothing or nonentity.

O::a:—':z:-_-.—z-‘-':c*

x,
CgA

«w. ...+ Let a;b be read a lomcally dmded by b, and be deﬁned by the ,
o 'condmoh that - S | o
(18, Ifb‘x:a_ :z:-;a;b
x is no;, fully 1eterm1ned by this condition. It will va from a )
e -+ b and Wlll be uninterpretable if a is not whaly contained
under b, Hence, allowing [1; 0] to be some uninterpretable s‘yxnbol‘ ‘j:
’ S (1) aibz=a,b4v,a,54+[1;0] a5 .
whlch is umnterpretable unless _'
, @, b=0. Coh
k Umty may be deﬁned by the followmg 1dent1txes in whlch x may be
) . . any class whatever. , s . T
’ -(15.) . I_x,x._.x x .
e B ‘ Then unity denotes the class of whick any class isa part that .

what 48 or ens.

* So that, for example, 4-denotes nota. -

._\.‘

. a+bsv,a,b+a, b+[0-—1],

'/ method is, therefore, resorted to.
J.o

i
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It is “plain that if 46; ‘the moment we allow/a: b to denote the maxi-
- mum value of a;3, ABen
"(16) L 5;1”
So that . ,;/' .

Tz ,;"'?x (1—z)=0 / f—p\ox—1

The ru]es for thc trnnsformatlon o_f' ex
/subtractlon and division would be exfy

r==07x,

préssions - involving logical
complicated. The following
) /
consisting solely of logical addition
.an muluphcatxon, being perfofmed upon interpretable symbols, can
result in nothmg nmnterpre ble. Hence, if ¢ 4 X x signifies such.
“an operation perf‘ormed upo symbols of which z lSJ one, we have
' e :z:__a yx 45, (l—-:t,‘)
where a and ¥ are inter retable. 5 ’
- It s plam, also, that ' all four operations ‘being performed in any
way upon any. symbols, will, in general, give a result of which one
ferm is mterpretab e and anothet not ; although either of these terms
. may' d.lsappear ¢ have then

9z=4,2 47, (1—a).

We have een- that if either of these coeflicients 7 and j is
terpremble the other factor of the same term is

iole expression is uninterpretable. But
9 (1) == ¢ and ¢ (0) =

J

It is ‘plain. that any operatio;

x
]

unin-
equal to nothing, or

9= 0 (1,2 + ¢ (0), (1-90)

xandy)_,..q)(landl), ,y—}—qa(landO),x,y—}-q)(Oandl),:c,y

. +¢(0aﬂd0)sx,y .

(181) 9= (p (1) +2), (¢ (0) 4 z)

@(xandy)—(q>(18ﬂd1)+ T4 7)) (p (1 and 0) 4 % 4 5
(p Qand 1) -2+ 7),(p (0 and 0) -z = §).

Developmg by (18) # + v, we have,

Try=1+1),z,54 (1 0), i:./-l-(o—l)»x:!/-i-(o = 0),%,7.
So that, by (1), -

(19. ) 1 -

Do 1-0==1 01500+ 1] 0—0__0

.

-

e 4 .:.““' X

N

I
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Developing z;y in the same way, we have*

r;y=1;1,2,y 4 1;0 s2y§ 4 051 x’y+0 0,2,

So that, by (14),

(20) 131==1 1;06=1{1;0] 0};1_.—;0 0;0=

Boole gives (20), but not (19).

In solving identities we must remember that

(21) (e h—bwa.
@2) N L L
From a - b the-value of  cannot be obtained.
(23 (aw) +b==a
@y - asb,b=a.
From'a : b the value of b cannot be detexrmined.

Given the identity - REF 0. SR

Requu‘ed to eliminate x.
g =z,¢ 1)+ ( —T),qv (M,
p(0)=z,9 Bt 1 —2)s 0 ().

Lon'xcally multlplymn these 1dent1tles, we get

e (1),¢(0)-—x,q>(1),qv(0)+(1—x):w(1),tp (0)-

For two terms disappear because of (17).
' ;But. we have, by (18), A .
T ezt e), (1 —a)=ea=0.
Multiplying logically by = we get
? El) y 2 =0

and by (1 — ) we get

7 (©),(1—2) =0.
Substituting these values abovey we have

(25.) ¢ (1), (0) == 0 when ¢ z == 0.

.

* g;b, c must always be taken:as (a;bd)f,c, not as a; (b, c).

<

"
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Given - . ex=1
Required to eliminate x.
Let f(p:r—l-—q:x—-O
¢ (1), <P(0)—(1—q>(1)) 1—9(0)=0 ,
== (), =g (0) = 1. :

;,i Now developing: ps ‘in (18), only in refercnce to ¢ (1) and ¢* (O)

insteadiof to x a>75 Y, - .
1= (= (1), (k= g () 0 (1) 9 () o (1), (1 —g ()

N
7
i

‘But by' (18) we have plsé,

+9 O, —¢ Q).

1)+¢(0)—~¢(1),¢(0)+¢(1) (1—¢(0))+¢(0) (L’*'—qv(l))

.So.that . 3

(%)x@,'¢<o+¢wr;1mM¢x;L

Booleogives (25), but not (26).

.We pass now from the consideration of zdenﬁz’zes to that of” equa-
tions. ’

Let every expression for a class have a second meaning, which is
its meaning in’ an equation. N.xmdy, let it denote the proportion of

mdm(ﬁmls of that class to be found among all the individuals ex-
amined in the long run.

_ “Then we have o N
Qry - fa=b . a=b  °.
08 e i =@ T (o,

.

. Let b, denote the flequency of U’s amon" the o ’s.” Then considered

as & class, if @ and b are events b, denotes the fact that if @ happens &
hdppcns

@) . ab=a,b

i
1

It will be convenient to set down some obvious and . fundmnen{nl

‘properties of the function bpe

(30.) aby="ba,
(31.) ¢ (hand ¢) = (p (b and o)), y
©2) - (—b)=1—13,
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b L1
=24 bayn (1 —3

‘ “1 —a,
(84.) 7 b(l_,)

(35) =60k

The qpﬁlication of the system to probabilitics may best be ex-
hibited in a few simple, examplec some of which I shall select from
Boole’s work in order that the solutions here given may be compared

(33.)

ap=1—

with his.

Examgle 1.
the propa’rnon of days upon which it thunders.
tion of days upon which’ 1t does both.

Given the pi‘obortion of days upon which it hails, and
Required the propor-

Let' 1 == days,
: p == days when it hails,
¢ ‘q = days when it thunders,

7 == days when it bails and thunders.
Pyq==
FP =P =19P

Answer. [‘hc required proportion is an unknown fr'lcubn of the /

least of the two proportions given. :
. By p might have been denoted the probability of the mfgér, ;m( by
q that of the minor premise of a hypothetical syllogism of the f?ollowmf7

Then by (29),

:

form:— .

ff a noise is heardy an explosion always takes p[ace ;
_[f a match is applied to a barrel of gunp’wder, a noise is heard ;
. If ¢ match is applied to a barrel df gqunpowder, an exploszon

alwaJs takes place. | i S S

In'this case, the value gi&en for » would have represented the proba-
bility of the conclusion. ‘Now Boole (p. 284) solves this problem by
“his unmodified method, and obtains the following answer: —

r=pgTa(J—9 Q(z '
= :0

where @ is an arbitrary constant. Iefe, if g =1 and p
That is, his answer implies that if tle m'l_]or premise be false and the

mirior be true, the conclusion must be false. That this i is ot really 50

c

/
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is shown by the above example. Boole (p. 286) is forced to the
conclusion that * propositions - which, when true, are equivalent, are
not necessarily equivalent when regarded only as probable.” This is
absurd, because probability. belongs to the events denoted, and not to’
forms of expression.# The. -probability of an event is not altered by
translation from one language to another. ’
Boole, in fact, puts- the problem into eqf¥tions wrongly (an error

which it is the chief purpése of a caleulys of logic to prevent), and
‘procceds as’ifxthe problem were as follows — /

It being known what would be the probability of Z; if X were to
“happen, and what would be the probability of Z, if ¥ were to happen ;
what would be the probability of Z, if X were to happen ? ?

But even this probl@ ha.s been wrongly sohed by him. For,
according to his’solution, where i

PZI Q—Zy T——Zx,

) rmust be at least as lar e as the productﬂfp and ¢. But if X be
/ the event that a certain man is a negro, ¥ the event that he is born
in Macsqchusetts, and Z the event that he is a white man, then ntither
P nor g is zero, and yet » vanishes.

h This problem may be rightly solved as follows : —
Letp =¥, =X,7Y
'=24,=X,Z
Y= Z,= X, Z
, Thenﬂ{—v? 5P =pq's q’
Developing these expressions by (18) we have .
P =0 0T e (55 7)
=00 + e (75 9) + v (2 ,9)-
The comparison of these two identities shows that |
r=phe ek (0 9)
 Let V=14
33
<

0y

VOL. VII.

T
g .; Z,y
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Now . Pl’ql;pl__pl,gl__’_.ql_ql’ﬁl
p i, al___jpl,;i/;zjl_ql’}—),'
And P B —1Ved =7 —sp
g , P =g~ gl =P — s q
- Then let . :
— __27,:[/,3 B .
’ 4 —;—qul.,—.— “Ysz (// ) ' N
. </ yJ7~+xr./,~+x1./,~+Eyyvs
B;‘Iﬁi; 1_1"»./
= »3/1~+x7./v~+x’./7~+‘ I
C=ply= p——. }
e ZyY,E ] ) i
-D',—'qlp’—,— z,y .‘
And we have i
Y 1 - vy .
=zP+ V(Z~—q)*1 1+ V)(Zp—-fiq)
“ 1—-Tp
e r (i) e (5)

e ()= 7 ()

H

—¥ 'Y
=1+ 7 (= r—”~)—<1+ M (=D )
Ezx. 2. (See Boole, p. 276‘.)~v Given 7 and ¢; to find p.

P>=riq : r - b, (1-— gy because p is interpretable.

Ans. The. req}med propomon lies somewhere between the pro-‘

portion of days upon which it’ ‘both hails and thunde 'rs, and that added
to one minus the proportion of days when it thunders.

Ex. 3. (Sec Boole, p. 279.) Given, out of the, nuber afqnestions
put to two witnesses, and. answered by yes or no, Lh(?\e\"nroportion that
each answers truly, and the proportion of those *ln angwers to which

- disagree.
they answer truly and the proportion they answer falsely, "

. )
L] . 3

U /
Y
|

Required, out of those'wherein they-a¥ree, the, proportion -

N { © p'=#those which the first answers truly, \

. -
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Let 1 ==the questlons put to both witnesses, | 3

L

g = thoso wlhich the secoqd answers truly, \\ \‘
r.== those .whereln they disagree, \\\\ f"‘\
w == thosp which both answer truly, .\'\ \
w'== those Wﬁicll both answer falsely. l \\\ . \,

w=p,g  Wp,g T—-P-l-q—w"}i-{—q—-w'
Now by (28.) ) ‘\ A
PFI=r+9—v - pHi=p— p+1 T,
Substituting and transposing, : \ .
® \

2u=p+qg—r w.’=2——p—-q—-7\\

T

Jow @, w, (1 —7) | |
Nowwy_, = B but w y(1—17)= m\
. -
wh(1—r )}
W= *(_ ) . butw’,(l-—-r)_—_—w"\\\\.

. —rtg—r 7
Wy = !

__2—])—'(]——7‘
rl—r e

BRI I

The differepces of Boole’s system, as given by himself, f‘rom\\ the
modification of it given here, are three. 0 \

Ist.  Boole doc‘vnot make use of the operations here termed lom(,al
addition and subtraction.” The adv: untages obtained by the mtloduc;
tion of them are (hree, viz. they give Unity to the system; they
greatly abbreviate the labor of working with it; and they enable us\
to express particular propositions.

individual of the class a comes ‘under it.
pression for some a:.

Then a = ¢,a is the ex-
Boole cannot properly express some a.

2d. Boole uses the ordinary sign of . multiplication for 10"1(’:’11
mu!upho'mon

tity into an equality of probabilities. Before the transformation can

- be made the equation has to be brought into a particular form, and

much labor is wasted in bringing it to that form.

3d. ‘Boole has no such function as @, This involves him in two

~ el

This last pomt requires illustr 'v.-:'ﬂ
tion. Let ¢ be a class only determined to be such that only some one

This debars him from conv@rting cv ery 1001ca1 iden-
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difficulties. When the probability of such a function is required, he
can only obtain it by a departure from the strictness of his System,
And on account of the absence of that symbol, he is led to declare
that, without adopting the principle that simple, unconditioned events
whose probabilities are given are independent, a calculus of logic
applicable to probabilities would be impossible.

The question as to the adoption of this principle is ccrtamly not one
_of words merely. The manner in which it is answeréd, however,
partly determines the sense in which the term « probability ” is taken,

In the propriety of language, the probability of a fact| either is, or
solely’ depends upon, the strength of the argument in its favor, sup-
‘'posing all relevant relations of all known facts to constitute that argu-

ment. Now, the strength of an argument is only the frequency with
"which sucf an an, gument will yield a true conclusion when its premises
are true. Hence probability depends solely upon the relative fre-
quency of a specific event (namely, that a certain kind of argument

yields a true conclusion from true premises) to a generic event .

(namely, that that kind of argumént occurs with true premises).
Thus, when an ordinary man eays that it is highly probable that it

will rain, he has reference to certain indications of rain,— that is; to”

a certain kind of argument that it will rain,— and'means to say that
there is an argument that it will rai, which is of a kind of which but a
small praportion fail. * Probability,” in the untechnical sense, is there-

fore a vague word, inasmuch as it does not indicate w ‘hat one, of - the -

numerous subordinated and co-ordinated genera to which every argu-
ment belongs, is the one the relative frequency of the- truth of which
is expressed. It is usually the case, that there is a tacit understand-
ing upon this point, based perhaps on the notion of an infima specigs
of argument. But an 7nfima species is a mere fiction in logic. And
véry often the reference is to a very ‘wide genus.

The sense in which the ferm should be made a tcchmca] one is
that which will best subserve the purposes of the calculus i in’ questlon.
Nov, the only possible use of a calculation of & pmba.blhty is security
in the long run. But there can be no question that an insurance
company, for example, which assumed that cvents were independent

without any reason to think that they really were so, wounld be subs

jected to great hazard. Suppose, says Mr. Venn, that an/ insurance
company knew that nine tenths of the Englishmen who go to Madeira

die, and that nine tenths of the consumptives who“go there get well. -

>
-
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How should they treat a consumptive Englishman? Mr. Venn has

~magde an error in answermg the question, but'the illustration puts in a

clear light the advantage of ceasing to speak of probability, and of

speaking only of the relatlve ﬁequency of this event to that.*

'

N L
- Five hnndred and elghty-ﬂrstlhleeilug.
April 9, 1867. — MontuLy MEBTIN(}.

The PRESIDENT in the ¢hair. _ k
The following paper was presented. ’ h

i

(‘ ~

On the Natural VC’la_ssiﬁcation of Arguments. By C. S. PEiRéE.

Parr I. §1. Essential Parts of -
In this paper, the term « argument ” will
cofmdercd as such. The term “ premise”
something- Lud down, (“thhcr in any
form of expression, or ‘only in some imagi:.
thing only virtually cbntained in what is said

clusively to that part of what is lajd down wlnd
be) relevant to the' conclusion,

AR I X~

-~ supposed to

s .

Every inference involves the Judwnlent that, if such propositions as

- the premises are are tr ue, then a proposition related to them, as the

conclusion .is, must be, or is likely to be, frue. The p]mclple 1mplled

in this ]ud;ﬁ}m , fespecting a genus of ar gument, is termed thg leading
principle of the argument. ‘

A valid argument is one whose leading principle is true.
In order that an argiiment should determine the neeessary or proba-

ble truth of its eonclusion, both the premises and leading principle
must be true,

\

§ 2. Relations between the Premises and qudzng Principle.

The leading principle contains, by definition, whatever i considered

requisite Yesides the premises to determine the necessary or probablé.

truth of' the conclusion.  And as it does not contain in itself the

sub:umpnon of anything under it each plemw, must, in fact, be

equivalent to a bubsumptlon under the leading prmcxple.

* Seoa nonce, Venn's Logic of Chance, in the North American Review far July,
1867. :

.




